LINEAR 
ALGEBRA 
WITH 
VECTOR 


HIM VadsOTV AVANI 


ACOWd YANNI ANY XOLDA 


axb 


N 978-81-7884-707-8 


CYBER TECH PUBLICATIONS 
4264/3, Ansari Road, Darya Ganj, New Delhi-110002(India) 
Ph.:011-23244078, 011-43559448 Fax: 011-23280028 
E-Mail: cyberpublicationsdelhi@ yahoo.com 


E-Mail:cybertechpublications @ gmail.com 
Website: www.cybertechpublications.com E 


sgovas 19 


AND 
INNER 
-PRODUCT 
PACES 


WLIW “dH 


H. R. MITTAL 


The “Linear Algebra with Vector and ete 
Product Spaces” books has been specially 


written to the requirements syllabus of the 
students of all Indian Universities. The Subject 
matter has been discussed in such a simple 
way that the students will find no difficulty 
to understand it. The proofs of various 
theorems and examples has been given with 


nute details. Sufficient problems has also 
rious universities 


uthor will feel 


mi 
been selected from va 


examination papers. The a 
amply rewarded if the book serve the purpose 


for which it is meant. Suggestions for the 


improvement of the book are always 


welcome. 
The aut 
readers who point out erro 
which in spite of all care n 
there. 


hor shall be thankful to the 
rs and omissions 
right have been 


The author will feel highly obliged to 
all students for their constructive suggestions 
and healthy criticism of the book which will 


go a long way in the improvement of the text. 
CONTENTS 


e Vecto Spaces 
Introduction, Algebra of Subspace, 
Linear dependence and linear. 
independence of vectors, linear 
Independence, Relation of 
Isomorphism in the Set of all Groups, 
Transference of group Structures, 
Field, Characteristic of Field, 
Ordered Integral Domains. 

e Inner Product Spaces 
Introduction, Product of Two Spaces, 
Metric Spaces, NOrm or Length of a 
Vector in an Inner Product Space, 


Orthogonality, Orthogonal Set. 


Rs. 800 


Linear Algebra with Vector 
and Inner Product Spaces 


l 
l 


R AND INNER 
GEBRA WITH VECTO 
LINEAR ALO" PRODUCT SPACES 


All rights reserved. No part of this publication may be reproduced, 
stored in a retrieval system or transmitted, in any form or by any 
means, electronic, mechanical, photo copying, recording or otherwise, 
without the prior permission of the publisher. 


Published by : 


G.S. Rawat for Cyber Tech Publications 
4264/3, Ansari Road, Daryaganj, New Delhi-110002 (India) 
Ph.: 011-23244078, 011-43559448 Fax: 011-23280028 
E-Mail: cyberpublicationsdelhi@yahoo.com 
Website: www.cybertechpublications.com 


PREFACE 


The "Linear Algebra with Vector and Inner Product Spaces” 
books has been specially written to the requirements syllabus 
of the students of all Indian Universities. The Subject matter 
has been discussed in such a simple way that the students will 
find no difficulty to understand it. The proofs of various theorems 
and examples has been given with minute details. Sufficient 
problems has also been selected from various universities 
examination papers. The author will feel amply rewarded if the 
book serve the purpose for which it is meant. Suggestions for 
the improvement of the book are always welcome. 


The author shall be thankful to the readers who point out 


errors and omissions which inspite of all care might have been 
there. 


The author will feel highly obliged to all students for their 


constructive suggestions and healthy criticism of the book 
which will go a long way in the imporovement of the text. 
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VECTOR SPACES 


INTRODUCTION 


Vector Space our their importance to the fact that so many models arising 
in the solution of specific problems turn out to be vector spaces for this reason 
the basic concept introduced in them have a certain university and are ones 
we encounter, and keep encountering, in so many diverse contexts. Vector 
Space can in large part, trace its origins to topics in Geometry and Physics. 


ALGEBRA OF SUBSPACE 
Theorem 1: 


The intersection of any two subspaces W , and W, of a vector space V(F) 
is also a subspace of V(F). 


Proof: 
Since 0 e W, and W, both therefore W, œ W, is not empty. 
Let a, B € W, ^ W, and a, b € F. 
Now a e W, MW Sae W anda e W,, 
and Bp e W, Oo W,> 68 eW, and B e W, 
Since W, is a subspace, therefore 
a, b e F anda, ß, e W, => aa + bp ew. 
Similarly a, b, € F and a, ß, € W, => aa + bp e W 
Now aa + bB e'W,, aa + bp ce W,>aa+bB e WW, 
Thus a, b, € F and a, B, € WoW => aa + bB e WAW, 
Hence W, A W, is a subspace of V(F). 


Note: The union of two subspaces of V(F) may not be a subspace of 
V(F). For example if R be the field of real numbers, then W, = {(0, 0, z); 
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W, and (0, 5, 0 
two subspaces of V2(R). We have (0, 9, 3) € W; ( ) 
z € R} are 
e W,. 
But (0, 0, 3) + (0, 5, 0) 
e W,. Thus W, Y W, is not ¢ 
is not a subspace of V,(R)- 


€W,Vv W, since neither (0, 5, 3) 


"0.7 ddition. Hence W, U W, 


losed under vector a 


Theorem 2: 
Arbitrary intersection of jefe xi 
of subspaces of vector space is a Su space. 


ces Le., the intersection of any family 


Proof: 


Suppose V (F) be i 
subspaces of V. And T is an index set s 


of V. 
Let U=A W,= {xe V:xeW,Vte TH 
teT 


ace and let {W,: t e T} be any family of 
a vector sp uch that Y t e T, Wt is a subspace 


be the intersection of this family of subspaces of V. Then to prove that U 


is also a subspace of V. > 
We know that U # Ø, since at least the zero vector C of V is in 


W, VteT. 


Now let a, b, e F and a, f, be any two elements of ^ W, E- 


Then a, B e W, V t e T. Since each W, is a subspace of V, therefore 
aa + bB e W, V t e T. Thus aa + bB € ^ W, 
teT 


Thus a, b, € F and a, B, e OW > aa + bhe nW. 
teT teT 


Hence ^ W, is a subspace of V(F). 
teT 


Theorem 3: 


The union of two subspace is a subspace if and only if one is contained 


in the other. 
3 Suppose W, and W, are two subspaces of a vector space V. 
Let W, c W, of W, c W, Then W, U W, = W, or W.. 
W,, W, are subspaces and therefore, W, U W, is also a subspace. 
ely, suppose Wu W, is subspace. 


Vector Spaces 
To prove that W, c W, or WwW g Wy 


Let us assume that W, is not a subset of W, and W, is also not a subset 
of W1. ; i 


Now W, is not a subset of W,>4a6c W and a ¢ W, (1) 
and W, is not a subset of W,> 48 € W,andB ¢ W, 
.-(ii) 

From (i) and (ii), we have 

a e W, U W, and B e W, U W, 
Since W, U W, is an subspace, therefore 

a + B is also in W, vu W 
Buta +B e W, UW, 
= a +B e€ W, or W, 
Suppose a + B e W. Since a e W, and W, is a subspace, therefore 

(a + B)-a =f is in Wo 


But from (2), we have B ¢ W,. Thus we get a contradiction. Again 
suppose that a + B e W,. Since B e W, and W, is subspace, therefore 
(a + B)-—B=ais in W.. But from (1), we have a | W,- Thus here also we 
get a contradiction. Hence either Wew or WEW. 


Smallest subspace containing any subset of V(F). Let V(F) be a vector 
space and S be any subset of V. If U is subspace of V containing S and is 
itself contained in every subspace of V containing S, then U is called the 
smallest subspace of V containing S. 


The smallest subspace of V containing S is also called the subspace of 
V generated or spanned by S and we shall denote it by the symbol {S} or 
by (S). 

It can be easily seen that the intersection of all the subspaces of V(F) 


containing S is the subspace of V(F) generated by S If {S) = V, then we say 
that V is spanned by S. 


LINEAR DEPENDENCE AND LINEAR INDEPENDENCE OF 
VECTORS 


Linear Dependence 


Definition: Let V(F) be a vector space. A finite set (2, @, i QBS Sf 
vectors of V is said to be linearly dependent if there exist scalars a Pa ere 
a, € F not all of them 0 (some of they may be zero) such that 


aja, + aa, + aa, +... + aa = 0. 
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E 

R INDEPENDENC 

gues Let V(F) be a vector space. A finite set {ap Ay o a} of 
. Defi ; 


s said to be linearly independent if every peewee Jorm 
is sa 


vectors of V igen 
= åE F, SES 
+. + an 0, 4, 


a, 4 a,Q@, 


<i Sn. 

=a, = 0 for each I < ; nae 

A ietinite set of vectors of V is said to be linearly independent i its 
ny i 


ry finite subset is linearly independent, otherwise it is linearly dependent 
eve 


RELATION OF ISOMORPHISM IN THE SET OF ALL GROUPS 


Theorem: ; : 
The relation of isomorphism in the set of all groups ts an equivalence 


relation. 
Proof: 


We shall prove that the relation of isomorphism denoted by = in the set 
of all groups is reflexive, symmetric and transitive. 


Reflexive: If G is any group, then G = G. Let f b the identity mapping 
on G ie., let £ G — ie., let f: G > G such that f (x)= x Y x € x G. Obviously 
f is one-one onto. Also if x, y are any elements of G, then f (x) = x and 


Fly) =y. 
Also f (xy) = xy [.. fis identity mapping] 
= f (x) f (y). 


<. f is composition preserving also. Thus f is an isomorphism of G 


onto G. 


Hence G=G. 
Symmetric i.e., G = G' > G' => G. Suppose a group G is isomorphic 


to another group G', Let f be an isomorphism of G onto G'. Then f is one- 


one onto and preserves compositions in G and G'. Since f is one-one onto, 


therefore it is inversible ie., f! exists. Also we know that the mapping 
f' is also one-one onto. 


Now, we shall show that f !: G' > G is also composition preservirg. Let 


x', y' be any elements of G'. Then there exist elements x, y e G such that 


Now f!(x'y) =f"! [fF («) f [(y)] 


faj=x f @M=y 


(1) 
i: fix) = x, f(y) = y 


[From (2)] 


= f! [f (xy)], since f (xy) = f (x) f (y) 
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= KY [by def. of f '] 
ope See 3 os Ha 6B [From (1)] 
.. f! preserves compositions in G' and G. 
Hence G'=G. 
Transitive i.e., G = G', G' = G" = G = G". Suppose G is isomorphic 
to G' and G' is isomorphic to G". Further suppose that f. G — G' and 


g: G' — G" are the respective isomorphic mappings. We know that the 
composite mapping g o f: G —> G" defined by 


(gof}@)=glf@)]Vxeg 
is also one-one onto if both f and g are one-one onto. 


Further if x, y are any elements of G, then 


(g o f) (xy) = g [f (xy)] [by definition of g o f] 
= g [f 6] fo) [. f is composition preserving] 
= g [f 0) g [If O) [- g is also an isomorphism] 


= [(g 0 f) ©) [e 0 f) O). 
Hence the relation of isomorphism in the of G onto G” and G = G". 


Hence the relation of isomorphism in the set of all groups is an equivalence 
relation. 


Note: The relation of isomorphism in the set of all groups will partition 
the set of all groups into disjoint equivalence classes. If G, is any group, then 
all the groups isomorphic to G, will form one equivalence class. If G, is 
another group not isomorphic to G,, then all the groups isomorphic to G, will 
form another equivalence class, and so on. 


TRANSFERENCE OF GROUP STRUCTURES 


Theorem: 


If G is a group and G' is a set equipped with a composition (supposed 


dznoted multiplicatively) and if there exists a one-one mapping f of G onto 
G' such that 


f (ab) = f (a) f (b) Y a,b € G, 
then G' is also a group isomorphic to G for the composition in question. 
Proof: 


To show that G' is a group we are to show that the composition in G' 
satisfies the group postulates. 


Linear Algebra with Vector and Inner Product Spaces E TTEN 
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6 a 

a’, bi, c' are any three elements of G'- Since f ie ee we un et 


Associatively: Suppose ero nla k b, c of G such that f (a) = 


is an onto function, there exi | 
cro fo=¢ | ene ted ty 


Now (ab) o' = If @ FO FO) 
= [f (ab)] f (©) 
= f [(ab) c] F.. Multiplication is commutative, i.e., 
= f [a (be)] a.b = b.a v a, berf. 

= f (a) [f (bc)] = f (a) [f (b) FO] | E,. Multiplication is associative, i.e., 


= a’ (b'c): ESA | E A PER en 
Therefore the composition in G' is associative. | 


i i identity of G. Then f (e) is an 

istence of Identity: Suppose € 1S the identity o { | e 
Slog G'. If a’ is any element of G’, there exists an element a I G such that ie T 
Sid F,. To every non-zero element a in F there corresponds an element a 


Now [f (e)] a' = [f (@)] [f (@)] = f (ea) = f (a) = a’. t (or 1/a) in F, such that aa =1. 
Also a’ [f (e)] = [f (a)] [f (e)] = f (ae) = f (a) = a'. 

<. f (e) which is the f-image of the identity e in G is the identity in G'. 
Existence of Inverse: If a' is any element of G’, there exists an element 


F,. 3 an element denoted by 0 (called zero) in F such that 


iti . To eac i i ai 
[- f preserves compositions] F, To each element a in F there exists an element —a in F 


[. fis composition preserving] 


[by associativity in the group G] 


such that a + (-a) = 0. 


F,. 3 a non-zero element denoted by 1, (called one) in F such 


F,. Multiplication is distributive with respect to addition i.e., for all a, 
b, c in F, we have a(b + c) = a.b + ac. 

The clement 0 is identity element for addition composition in F. It is 
ey called the zero element of the field. Obviously (F, +) is an abelian group. If 
a € G such that f (a) = a. O a e F, then a is called a non-zero element of F. The element 1 is identity 

Now a e G >a"! e G where a” a = e = aa". element for multiplication composition in F. It is called the unity of the field. 
Also f(a”) is an element of G'. | In a field each non-zero element is invertible ` i.e., possesses inverse for 
Now [f (a!) a’ = [f (a)] f (a)] = f (a a) = f (e). multiplication composition. 
O PEET = -1y) = Kanes Note : In future we shall denote the multiplication composition in a field 
Also a’ [f (a) = [f (a)] [f (@"')] = f (aa?) = f (e). ; 
> ( ) L @ IF : )] Salt: (e) F not by the symbol ‘.” but by multiplication notation. Thus we shall omit 
f (a"') is the inverse of a' in G'. Thus every element of G' possesses ‘* and we shall write ab in place of a.b. 
inverse. 
~. G' is a group. Subfield 

Definition : Let F be a field. A non-empty subset of the set F is said 

to be a subfield of F if K is closed with respect to the operations of addition 


Definition : Suppose F is a non-empty set equipped with two binary and multiplication in F and K itself is a field for these operations. 


Pa operations called addition and multiplication and denoted by ‘+’ and ‘.’ 
respectively ie. , for all a, b e F we havea + b e F and a.b e F. Then CHARACTERISTIC OF FIELD 


e +, is called a field, if the following postulates Every field is an integral domain. Therefore the characteristic of a field 


Aegean F is 0 or n > 0 according as any non-zero element (in particular the unit 
an F, Addition is commutative, i.e., element 1) of F is of order 0 or n. 

; Peet he bta va ber. Thus in order to find the characteristic of a field F, we should find the 

F, Addition is associative, į e. order of the unit element 1 of F when regarded as a member of the additive 

: d group of F. If the order of 1 is zero then f is of characteristic 0. If the order 
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of | is finite, say, n then the characteristic of F is n. 


Then characteristic of the field of real numbers is 0. 


The characteristic of the finite field (I,, +,, x,) is 7 where L = {0, 1 
2, 3, 4, 5, 6}. ; i 


Conditions for a Subfield 
Theorem: 


The necessary and sufficient conditions Jor a non- 
field F to be a subfield of F are 


lLaeK,be K>a-beK, 
2,.aeK,04#beK = ab' eK. 
Proof: 


empty subset K of a 


The conditions are necessary: Suppose K is a subfield of the field F. 
Now K is a group with respect to addition. Therefore b € K > -b e K. 
Also K is closed with a respect to addition. 


ae K, be K>a+(-b)eK>a—-be K. 


Now each non-zero element of K possesses multiplicative inverse. 
Therefore 0 #b e K> b"'€ K. 


But K is closed with respect to multiplication. 
a6, 0 #6:e.K > ab" ¢ K: 


Hence the conditions are necessary. 


The conditions are sufficient: Suppose K is a non-empty subset of F 
and the conditions (1) and (2) are satisfied. 


As we have proved in subrings, we can prove that with the help of 
condition (1), (K, +) is an abelian group. (Give the same proof here]. 


Now let a be any non-zero element of K. Then from (2) we have a eK* 
O0#aeK>aa'ec€K>1lekK 


Now | e K, therefore again from (2), we have 
leK O¢8:e B= la’ eK = ae K. 


Each non-zero element of K possesses multiplicative inverse. 
Now let a e K and 0 + a e K. Then b” e K. 
From (2), we have 


a e K,0#b'eK=>a(b')eK=> abe K 
Also if b = 0, then ab = 0 and 0 € K. 


Vector Spaces 


ab e K V a,b, € K. 


Associativity of multiplication and distributivity of multiplication over 
addition must hold in K since they hold in F. 


ORDERED INTEGRAL DOMAINS 


Definition: An integral domain (D, +, ) is said to be ordered if D 
contains a subset D_ such that 


1. D, is closed with respect to addition and multiplication as defined 
on D. 


2. Va €D, one and only one ofa =0,a eD ,...a € D_ holds (principle 
of Trichotomy). 


The elements of D, are called the positive elements of D, all other non- 
zero elements of D are called negative elements of D. 


Ordered Field 
A field (F, +, :) is to be ordered if it is ordered as an integral domain. 
The integral domain (1,, +, -) of all integers is ordered. 


The set I, of all positive integers is the set of the positive elements of 
this integral domain. We know that the sum and product of two positive 
integers is again a positive integer i.e., 1, is closed with respect to addition 
and multiplication. If a € I, then either is a zero or positive or negative i.e., 
either a = 0 or a € I, or -a  I,. The field of rational numbers is an ordered 
field. The field of real numbers is also an ordered field. But the field of 
complex numbers is not an ordered field. 


Theorem 1: 
The field (C, +, :) of complex numbers is not ordered. 
Proof: 


Suppose C is an ordered field and C, is the set of Positive elements of 
this field. The additive identity i.e., the zero element is 0 + i0. 


Now i# 0. 

By the principle of trichotomy either i e D, or -i e C., 

Now C, is closed with respect to multiplication. 

eO -le C => iGi=-tec, 

Thus ifi e C, its additive inverse —i also belongs to C,. This contradicts 


the principle of trichotomy i.e., the condition (2) of the definition of an 
ordered integral domain. 


ae 

EAS, 
md 
AX 


fy eee | 
Teen 


ae ae 


ith Vector and Inner Product Spaces 
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10 
t its additive inverse 


e that -1 € C,, we can show tha 
le of trichotomy. 


Similarly if we assum 
i also belongs to C,. T 
Hence the field of complex 


his again contradicts the princip 
numbers is not an ordered field. 


Theorem 2: 
The field (l, +p % ? where 
not ordered. 


p is a prime and I, = {0, l, na p- tis 


Proof: 
Suppos 
the field. The zero element 0 
Now 1 = 0. The additive inverse of | is p 
of ordered field either | € P or its additive inverse P 
But P is closed with respect to +y 
eM Ne i 
Teer goatee! 


e |. is an ordered field and P is the set of positive elements of 


f this field is 0. 
_ 1. According to the definition 
Be ey 


Therefore 1 € P > „upto p — I times € P 
=> p-leP. 
of trichotomy. Similarly assuming that 


This contradicts the principle 
itive inverse | also belongs to P. 


p- 1 e P we can show that its add 
This again contradicts the principle of trichotomy. 
Hence the given field is not an ordered field. 


Theorem 3: 
Let D be an integral domain with unity element 1. If D is an ordered 


integral domain show that 1 is a positive element of D 


Let D be an ordered integral domain with unity element 1. Let D, denote 
the set of positive elements of D. 
Suppose | ¢ D,. 
Now 1 #0. Since 1 ¢ D,, therefore by the definition of an ordered integral 
domain, 
-1 e D, 
> ¢)CIeD, [.: D, is closed with 
: respect to multiplication] 
= 1 e D, which is a contradiction. 


4 Hence l € D, ie., | is a positive element of D. 


Vector Spaces 


POLYNOMIALS OVER A FIELD 
Theorem: 


If F is a field, then th 7 
alsa e set F [x] of all polynomials over F is an integral 


Proof: 

Every field is a inte i 

; gral do : 

polynomial domain over the hae we OE a Oe ee ee 
Polynomials Over a Integral Domain 
Theorem: 

If D is an integral d ' 
integral domain. å omain, then the polynomials ring D [x] is also an 
Proof: 


i Pi sa a alge ring without zero divisors and with unity element 

ee one : ar ' ring. To prove that D [x] is an integral domain 
. x] is commutative, (2) is wi i 

and (3) possesses the unity element. , (2) is without zero divisors 


D [x] is commutative. Let f (x) = 
; =a +ax+ax? +... = 
+ b,x? +... be any two elements of D tel. : MOETS ‘eee 


If n is any non-negative integer, then the coefficient of x" in f (x) g (x) 


ee Sab; = b.a m 
is J py J ° since D is commutative 


i+j=n i+j=n 
= Coefficient of x" in g (x) f (x). 
f (x) g (x) f (x). Hence D [x] is commutative ring. 


- is the unity element of D, then the constant polynomial 1 + Ox + Ox? 
+ Ox’ + ... is the unity element of D [x]. We have 


isy t ON + oe +...) [1 + Ox + On" + 08" +. 
a (8/))ix + (a1) +... apt ax ag? ta: 
He The polynomial 1 + Ox + 0x? + ... or simply 1 is the unity element 
D [x] is without zero divisors. Let 
Tin) > 6, + ax +-a,x* +... +42", ae 0 
$1) D bx + be +s, + be be 6 


be two non-zero elements of D [x]. 


with Vector and Inner Product Sp 
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zero polynomial ie., the zero element of p 

e coefficient of f (x) g (X) namely a b of ty 
1 n 

on-zero elements of D and D is without a h 

ro 


pe p [x] is an integral gonna, 


cE PROPERTIES 


orem I: and 0 be the zero vector of V. Then 


Let V(F) be a yector space 
(i) a0 = ovaeF. 


) 0a = y. 
fij 0a = 0Y aE 
mica--waveckhyes V. 
vaeF,Vae V. 


(iv) (- a) = — (aa) 
peepee eet md vo P e V. 


wj a= 02a=0 ora = 0. 


Proof: 

A proofs is very easy and follows the lines of the analogues result 
proved for rings for this reason we give it briefly and with few explanations, 
Here 

(i) We have a0 =a (0 + 0) 

= a0 + a0. 
>.. 0+a0 + a0 [o> a0 e V and 0 + a0 = a0] 
Now V is an abelian group with respect to addition. 


ce = 0+ 0] 


Hence by right cancellation law in V, we get 0 = a0. 
(ii) We have 0a = (0 + 0) a 

= 0a + Oa. 
+ 0+0o =a +00. 


[. 0=0+0] 


[ 0a e V and 0+ 0a = 0a] 


Now V is an abelian group with respec a 
; t to 
by right cancellation law in V, we A = agian of vectors. Therefore 


(iii) We have a [a + (- a)] = ax + a (- a) 
> a0 = aa + a (- a) 
> 0=aa+a(—a) 


=> (~a a is the additive inverse of ac) 
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>a C=) = (ax): 
(iv) We have [a + (— a)] a = aa + (—~ a) a 
=> 0a = aa + (- aja 
=> 0=aa+(a)a 
=> (— a) a is the additive inverse of aa 
=> (- a) a = — (aq). 
(v) We have (a — B) = a [a + (- B)] = aa + a (- B) 
aa + [- (aß) [e aC B) = — ap) 
= aq — aß. 
(vi) Let aa = 0 and a + 0. Then a" exists because a is a non-zero element 
of the field F. 
- aa = 0 => a"! (ax) = a' 0 
=> (2z'aja=0 
=la=-0>a= 0. 
Again let ax = 0 and o # 0. Then to prove that a = 0. Suppose a # 0. 
Then a"! exists. 
- aa = 0 > a! (aa) = a0 
=>(a' apa =0 
>la=0>a=0. 
Thus, we get a contradiction that œ must be a zero vector. Therefore a 
must be equal to 0. Hence a + 0 and aa = 0 > a = 0. 


Theorem 2: 
Let V (F) be a vector space. Then 
(i) If a, b e F and a is anon-zero element of V, we have 
ax = ba >a = P. 
(ii) If a, B € V and a is a non-zero element of F, we have 
aa = aB > a= b. 


Proof: 
(i) We have aa = ba => aa — ba = 0 = (a—b) a = 0. 
But a x 0. Therefore (a-b)a=0=>a-b=0>a-b. 
(ii) We have aa = aB > aa - aß = 0 > a (a — $) = 0. 
But a # 0. 
Therefore a (a — B) = 9 
>a-p=0>a=B8. 


a 
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pACES 
yar oR SUBS y a vector space over the field F and W c y. Ti 
pefinition: Le Pe Myy itself is a vector space over F with res 


is called a ee addition and scalar multiplication in V, ia 
ons O 


to the operati 
: ifi or a non em, 
suficient condition fc pty subset W fa 


subspace of V is 
W > aa + bp € W. 


Proof: 
of: sary. If W is a subspace of V, then W must be close 


The condition neces. pa 
under scalar multiplication and vector addition. 


Therefore acFaeWw>ace W 
and beF pe W=>bp eW. 
Now aa e W, bp € W => aa+ bp e W. 
Hence the condition is necessary. 
The condition is sufficient. Now suppose W is a non-empty subset of y 
satisfying the given condition i.e., a, b, € F and 
a, Bp e W=> aa + bf eW. 
Taking a = 1, b = 1, we see that ifa, B € W then 
la + 1p e W 
>at+fBPe W. [ae W>a € V and lo =a in V] 
Thus W is closed under vector addition. 
Now taking a = — 1, b = 0, we see that if a e W, then 
(- l)a+aa € W [in place of B we have taken a] 
>-(la)+0eW>-aewW. 
ets a of eament of W is also in W. 
, 0= 0, we see that if a e W, then 
Oo+0aeW>0+0EW>0c W. 


Thus the zero 
on vector of V belongs to W. It will also be the zero vector 


are also the elements of V, therefore vector 


well as commutative į ; 
EATA utative in W. Thus W is an abelian 
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Now taking B = 0, we see that if a, b, €e F and a e W, then 
aa + b0 e Wie. aa +0 eW ie, aa e W. 
Thus W is closed under scalar multiplication. 


The remaining postulates of a vector space will hold in W since they hold 
in V of which W is a subset. Hence W (F) is a subspace of V (F). 


Note: If we are to prove that a subset W of a vector space V is a subspace 
of V, then it is sufficient to prove that 


a, b e F anda, B, €e W > aa + bf è W. 


Theorem 2: 


The necessary and sufficient conditions for a non-empty subset W of a 
vector space V (F) to be a subspace of V are 


f)aeW, BeEW>a-Bew. 
(i)a e F, a e W >aa eW. 


Proof: 

The conditions are necessary. Let if W is a subspace of V, then W is 
an abelian group with respect to vector addition. Therefore a e W, B e W 
=> a — B e W. Also W must be closed under scalar multiplication. Therefore 
the condition (ii) is also necessary. 

The conditions are sufficient. Again let W is a non-empty subset of V 
satisfying the two given conditions. From condition (i), we have 

aeWaeWra-aeW>d0e W. 

Hence, the zero vector of V belongs to W and it will also be the zero 
vector of W. 

Now0eW,aeW>0-aeW>-ae W. 


Thus the additive inverse of each element of W is also in W. 

Again a e W, B eWsaeceW,-BPpeW 

= a-Ch)eWrartpew. 

Thus, W is closed with respect to vector addition. 

Since the elements of W are also the elements of V, therefore vector 
addition will be commutative as well as associative in W. Hence W is an 
abelian group under vector addition. 


Also from condition (ii), W is closed under scalar 
remaining postulates of a vector space will hold in W sin 
which is a superset of W. Hence W is a subspace of V. 


multiplication. The 
ce they hold in V 
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Theorem 3: dition for a non-empty subset w 
ficient con ; Q, 
The pea pks hipsi of V is that W is closed under addition 
vector space 


and scalar multiplication in V. 


itself i tor spac 

cal a ha a ir V. “ft W must be closed with respect to these two 

scalar mu , 

positions. 

Š a condition is sufficient. Now let that W is a non-empty subset of y 
and Wis closed under vector addition and scalar multiplication in V. 

Let a e W, if 1 is the unity element of F, then— 1 € F. Now W is closed 

under scalar multiplication. Therefore, we have 


_jeRaeW>Claew=-(la)e W 


Proof: e over F with respect to vector addition ang 


=> -aeWw 
Thus the additive inverse of each element of W is also in W. 
Hence W is closed under vector addition. 
Thereforea e W,-aeW>at(-a)eW 
= 0 e W where 0 is the zero vector of V. 


Hence the zero vector of V is also the zero vector of W. Since the 
elements of W are also the elements of V, hence, vector W is an abelian group 
with respect to vector addition. 


[ae W>ae V and la = a in vj; 


Also, we know that W is closed under scalar multiplication. The remaining 


postulates of a vector space will hold in W since they hold in V of which 
W is a subset. 


Hence W itself is a vector space for the two compositions. 
-~ W is a subspace of V, 


ELEMENTARY BASIC CONCEPT 


4 S eeg + baling set V is said to be a vector space over a field 
Bei Gena c &roup under an operation which we denoted by +, and 


FiveV i i 
z there is defined an element, written av, in V subject 


(i) a (V + w) = dv + dw 
(ii) (a + B)v = av + By 
(ili) a (Bv) = (ap) v 
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(iv) V = v. 


for all œ, B € F, v w e V (where the 1 re 


7 eee resents the uni 
multiplication). p unit element of F under 


Note: In axiom (i) above the + is that of V, whereas, in axiom (ii) on 
the left hand side it is that of F and on the right hand side it is that of V. 
We shall consistly use the following notations: 


(a) F will be a field. 


(b) Lower Case Greek Letters will be elements of F; we shall often refer 
to element of F an scalars. 


(c) Capital Latin Letters will denote vector space over F. 


(d) Lower Case Latin Letters will denote elements of vector space we 
shall often call elements of a vector space vectors. 


Definition: Let (F, + .) be a field. The elements of F will be called 


scalars. Lei V be a non-empty set whose elements will be called vectors. Then 
V is a vector space over the field F, if 


1. There is defined an internal composition in V called addition cf 


vectors and denoted by '+'. Also for this composition V is an abelian 
group. 


. There is an external composition in V over F called scalar 
multiplication and denoted multiplicatively i.e., aa e V for alla € F 


and for all a e V. In other wards V is closed with respect to scalar 
multiplication. 


3. The two compositions i.e., scalar multiplication and addition of vectors 
satisfy the following postulates: 


(i) a(a+Pp=aat+aBVaeFandVvVaB eV. 

(ii) (a+ b) a = aa + ba Va, b, €FandVael. 

(iii) (ab) a = a (ba) Va, b eF and Va eV. 

(iv) la = a Y e V and | is the unity element of the field F. 


When V is a vector space over the field F, we shall say that V (F) is 


a vector space. If the field F is understood we can simply say that V is a vector 
space. 


(i) a + B e V for all a, B, e V. 

(ii) a +B =P + a for all a, B, € V 

(iii) a + (B + y) = (a + B) + y for all a, B, y e V. 
(iv) There exists an element 0 € V such that 
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and a = a + 0 where q e W0 € Wa 


Thus, a € V can be expressed in at least two different ways as sum of 


V. 

+a =a y a E A . ° < $ 

0 atbecall ed the zero vector. It is the additive identity | 
The element 0 € va | an element of W, and an element of W,. This contradicts the fact that V is 

in V y there exists a vector — & € V such | a direct sum of W; and W.,, 
E A 

= Gases additive Inverse. PRE Vector | ' Hence 0 is the only vector common to both W and W, ie., W 

= Thus, the conditi 24e,W, OW, 
= {0}. ; onditions are necessary. 


tor 
(v) To every vec me should p 


The conditions are sufficient, I et V = W, W, 3 j W, A W, {0}. 


3 x is called the negative 0 
| DIRECT SUM OF SPACES a Then to show that V is direct sum of W, and W.. 
| Vector Space as Direct Sum of agi rel dlatW, Wy.» W „be subspaces ' Be ot wv is ve 5i a pee V can be expressed as sum of an 
| persion: ve į R es oa of Wy Ss „ W, if every element oa nt of W,. Now to show that this expression is 
ve eai a in one and only one way as a = a, + a, Pet if passible, 
a=a,+0,a€V,a, e W,, a, eW, 


| +... + a, where 
| - 
| a, € W, a, € Wp = 
ep ee and a = B, +B, B, € W, B, € W, 


a direct sum of its two subspaces W, and W, | 
Then to show that a= B, and a, — B. 


v=wW,tW, but also that each vector V can 
We have ata =B +6 
1 2 


f an element of W, and an element of W,,. 
ted by the notation V = W, © W., 

nted by 1 2 | > a, -B= B, - œ 
Since W, is a subspace, therefore 


| Disjoint Sabspaces 
Definition: Two subspaces W, and W, of the vector space V(F) are said a, € W,, B, € W, 
> a, -f, ew. 


pe Me 


If a vector space V(F) is 
| then we should have not only 
| be uniquely expressed as sum 0 
| Symbolically the direct sum 1s represe: 


| to be disjoint if their intersection is the zero subspace i.e., if W, O W, = {0}. 
| Theorem: % Similarly B, — a, € W. 
| The necessary and sufficient condition for a vector space V(F) to be oa 2, — Pp, =a, E W, A W 

direct sum of its two subspaces W, and W, are that But 0 is the only vector which belongs to W, ^ W,. Therefore 

CE-TI aip 0 > a p; 

eat ENEO Also B,-2,=0> a, =p, 

Baa Fee re Siete Thus each vector a € V is uniquely expressible as sum of an element 

Proof: W, and an element of W,. 

of W, and an element of W,. Í Dimension of a Direct Sum 
Theorem: 


Therefore we have V = W, + W, 
Let, if possible 0 +a € W, ^ W. 

and we can write 1N W, Then a € W, a € W, Also a e V 
a = 0 + a where 0 € W, a € W, 


If a finite dimensional vector space V (F) is a direct sum of its two 


subspaces W, and W, then 
dim V = dim W, + dim W, 


aoin. 
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= 1, Also let the sets of vectors S, = fa, 
e some bases of W, and W, respectively 


that dim V = dim W, + dim W,, we should therefore 
In order to PION" "We claim that the set 


mV mte 
prove sf Be, 5, = {ety Gar Ont B,, By» Be 
mee ia the set S is linearly independent. Let 

aja, + a0, On bP, + b,B, +... + bB, = 0 
a,a, + a, a e (b,B, + b,B, RAET b,b). 
aa, + a,0 +...+4,%, E W, 
— (bp, + b,B, + + * bp) € W,. Therefore 
aja, + a,0, +... +a a, E W,oW, 
a NSN 
But V is the direct sum of W, and W,. Therefore 0 is the only vector 
belonging to W, ^ W, Then we have 
aa, + a0, + + E = 0, 
b,b, g b,B, 6 a b; ag 0. 


Since both the sets {0,, O,,..., Om and {B Po- B,} are linearly 
independent, therefore we have 
a, $0, 4, = Ou a= 0, 
De Be Un By 
Therefore S is linearly independent. 
Now we shall show that L(S) = V. 
Let a be any element of V. Then 


& = an element of W, + an element of W, 


=a — combination of S, + a linear combination of S 
= a linear combination of S. 
~ L(S) = V. 


S is a basis of V. Therefore dim V=m+/ 
‘Hence the theorem. : 
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Complementary Subspaces 


Definition. Let V(F) be a vector space and W,, W, be two subspace of 
V. Then the subspace W, is called a complement of W, in V if V is the direct 
sum of W, and W, 
Existence of Complementary Subspaces 


Theorem: 


Corresponding to each subspace W , of a finite dimensional vector space 
V(F), there exists a subspace W, such that V is the direct sum of W, 
and W, 

Proof: 


Let dim W, = m. Let the set S, = {a,, @,,...s a} bea basis of W,. Since 
Sisa linearly independent subset of V, therefore S, can be extended to form 
a basis of V. 


Let the set S = {a,, O,,..., Q B,. Ba- B,} be a basis of V. Let W, be 
the sub-space of V generated by the set 8, = (Bi Pps Po- 


We shall prove that V is the direct sum of W, and W,,. For this we shall 
prove that V = W, + w, and W, ^o W, = {0}. 


Let a be any element of V. Then we can express 
a = a linear combination of S 
= a linear combination of S, + a linear combination of S, 
an element of W, + an element of W.. 
oo = Ww 
Again let B € W, ^ W, The B can be expressed as a linear combination 
of S, and also a linear combination of S,. So we have 
B=aa,taa,t+..+ aa, = b,B, + bP, + -- bp, 
aa, a +... + ao, — bh — b,B, - -- bB, = 9 
=a, 70, 8,> Ofte OO 0, b, = 0,..., b, = 0 since Q), Qy- 
a. Pi Basu B, are linearly independent. 
B = 0 (zero vector). 
Thus W, 9 W, = {0) Hence V is the direct sum of W, and Wo 


COORDINATES 


Let V (F) be a finite dimensional vector space. Let B = {O> O- a} 
be an ordered basis for V. By an ordered basis we mean that the 
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| 22 +1 some well-defined way i.e., the vectors 


| vectors of B have th places in the set B are fixed. 


nd,- 0 
ing the first, seco ; 
pies e V. Then there exists 4 uniq 


ee $ xa; z 
PETET eet ia 
such 1 lee Iled the n-tuple of coordinates of a relative 
x 


sth . 
l The n-tuple (Xp Xp *n alar x, is called the i™ coordinate of g 
i is B. The sc ar X; 
| to the ordered basis 


3 basis B. : 
relative to the ene that for the same basis set B, the coordinates of the 
It should be si ly with respect to a particular ordering of B. The basis 
vector & vi e neat! ways. The coordinates of a may change with 
set B can be 0 


change in ordering of B. 


FINITE DIMENSIONAL VECTOR SPACE . 7 
Definition: The vector space V(F).is said to be or trcaslone I 
or finitely generated if there exists a finite subset of S of V such that 
V=L (9. <n 
The vector space V, (F) of n-tuples is a finite dimensional vector space. 
The vector space F[x] of all polynomials over a field F is not finite 
dimensional. There exists no finite subset S of F [x] which spans F[x]. 4 
vector space which is no finitely generated may be referred to as an infinite 
dimensional space. Thus, the vector space F[x] of all polynomials over a field 
F is infinite dimensional. 


Existence of Basis of a Finite Dimensional Vector Space 
Theorem: 


There exists a basis for each finite dimensional vector space. 


Proof: 


Let V(F) be a finitely generated vector space. Let S {a,, a,,..., a} be 
a finite subset of V such that L(S) = V. Without loss of generality we may 


suppose that no member of S is 0. 


If S is linearly independent, then S itself is a basis of V. If S is linearly 
dependent, then there exists, a vector a, € S which can be expressed as a 
linear combination of the preceding vectors O Ors- A. 

. Ý a 
If we omit this vector a, from S, then the remaining set S' of m- 
yy Dareery Gy Dig penny OL, 


also generates V i.e. V = L(S'). 


l vectors 
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For if æ is any element of V, then L(S) = V implies that a can be written 


as a linear combination of o,, o.,,..., a In this linear combination we can 


replace a, by a linear combination of O,, Ay ..., Q Then a will be a linear 
combination of &,, @,,..., Œ p O;,,-... @,,- Thus V will be equal to L(S'). 


If S' is linearly independent, then S' will be a basis of V. If S' is linearly 
dependent, then proceeding as above are shall get a now set of m—2 vectors 
which generates V. 

l Continuing this process we shall, after a finite number of steps, obtain 
a linearly independent subset of S which generates V and which is therefore 


a basis of V. At the most it may happen that we shall be left with a subset 
of S which contains only one non-zero vector and which spans V. We know 
that a set containing a single non-zero vector is definitely linearly independent 
and so it will form a basis of V. 


If a finite set S of vectors spans a finite dimensional vector space V(F) 
there exists a subset of S which forms a basis of V. 


Invariance of Number of Elements in the Basis of a Finite 
Dimensional Vector Space 


Theorem: 


If V(F) is a finite dimensional vector space, then any two bases of V have 
the same number of elements. 


Proof: 


Suppose V(F) is a finite dimensional vector space. Then V definitely 


possesses a basis. Let S, = {a @,,..., &,} and S, = {B,, B- B,} be two 
bases of V. We shall prove that m = n. 


Since V = L(S,) and B e V, therefore B, can be expressed as a linear 
combination CFO Ga. Oo Consequently the set S, = {B Qp Oy- @,} 
which also obviously generates V(F) is linearly dependent. 

Therefore there exists a member a, + B, of this set S, such that a, is a 
linear combination of the preceding vectors B,, &,, O,,..., @, ,- If we omit the 
vector a, from S, then V is also generated by the remaining set 

S, = {By Gy Oars Oa Aaa BF: 

Since V = L(S,) and B, € V, therefore B, can be expressed as a linear 

combination of the vectors belonging to S,. Consequently the set 
Sy = {By Bys ys, Ogres Ups Shapes a} 


is linearly dependent. Therefore there exists a member a, of this set S, such 
that a is a linear combination of the preceding vectors. 
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Obviously a. will be diff i : ; 

SSG aa ee Get If we at ae Ha ne Ka PRG Ca Pl is nearly 
i ; clude the vector aj from S,, then the remaining set 

will generate V(F). 


We may continue to proceed in this manner. Here each ste 


ee ! P Consists in 
the exclusion of an a and the inclusion of a B in the set Sis 


Obviously the set S, of a's cannot be exhausted before the set S, of B's 
otherwise V(F) will be a linear span of a proper subset of S, and thus S will 
become linearly dependent. : 


Therefore we must have m ¢ n 
Interchanging the roles of S, and S, we shall get that 


n <m. Hence m = n. 
Example: 


For the vector space V (F), both the sets 
S, = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} 
and S, = {(1, 0, 0), (1, 1, 0), (1, 1, 1)} 
are bases as can be easily seen. Both these contain the same number of 
elements i.e., 3. 
Dimension of a Finitely Generated Vector Space 


Definition. The number of elements in any basis of a finite dimensional 
vector space V(F) is called the dimension of the vector space V(F) and will 
be denoted by dim V. 

The vector space V (F) is of dimension n. The vector space V,(F) is of 
diinension 3. 


If a field F is regarded as a vector space over F, then F will be of 
dimension | and the see S =.(1) consisting of unity element of F alone is 
a basis of F. 


In fact every non-zero element of F will form a basis of F. 


SOME PROPERTIES OF FINITE DIMENSIONAL VECTOR 


_ (Extension Theorem) : Every linearly independent subset of a finitely 
zenerated vector space V(F) forms a part of a basis of V. 
= Or 
very linearly independent of a finitely generated vector space V(F) is 
basis of V or can be extended to form a basis of V. 
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Proof: 
Let S = {ap &,,.... QA} be a linearly independent subset of a finite 


dimensional vector space V(F). If dim V = n, then V has a finite basis say, 
{Bp Bo- Baj- Consider the set 
we 10, Gaz a Pj Bara Ou). 

Obviously L(S,) = V. Since the a's can be expressed as linear combination 
of the B's therefore the set S, is linearly dependent. 

Therefore there is some vector of S, which is a linear combination of 
its preceding vectors. This vector cannot be any of the a's since the a's are 
linearly independent. Therefore this vector must be some f, say, P. Now omit 
the vector B, from S, and consider the set 

Bl re Si By Pie hy Pops Bad 


Obviously L(S,) = V. If S, is linearly independent then S, will be a basis 
of V and it is the required extended set which is a basis of V. If S, is not 
linearly independent, then repeating the above process a finite number of 

. times, we shall get a linearly independent set containing Cy, Oyy- yy and 
spanning V. This set will be basis of V and it will contain S. Since each basis 
of V contains the same number of elements, therefore exactly n — m elements 
of the set of B's will be adjoined to S so as to form a basis of V. 


Theorem 2: 
Let S = {a, a,..., a} be a basis of a finite dimensional vector space 
i (Aas baat ; 
V(F) of dimension n. Then every element a of V can be uniquely expressed 
as @=a,a,+a,a,+... + aa, where a, ay... 4, E F; 


Proof: 

Since S is a basis of V, therefore L(S) = V. Therefore any vector a € V 
‘can be expressed as a = aa, + aa, + ...1 + ay 

The show uniqueness, let us suppose that 

a=b a, + bo,+..t Da 

Then we must show that a, = b,, a, = ba, > D 

We have aa, + aa, +.. + aa, = ba + ba, +... + ba, 

= ie.) a, + (a, = b) gt. FG =o) a= 0 
a 0; 0, a= bee Oat D=o since €, O,,..., &, 

are linearly independent 


= 


=> a, = b, a, = by... a, = by 


Hence the theorem. 


af P; 
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ite dimensional vector , 
nyo subspaces of afie oo EERE EP) 
dim W, + dim W, + dim (W, © W). 


yw, m” 


m dim W, + W7 


Proof: 


= k and let the set 
Let dim (W, © W,) z 


E ky 
S — {fo Yo Yy , 
dS ece W. 
pasis of W, © Wz The S c W, an - : : 
be a linearly independent and S c W,, therefore S can be extendeg 
Since S is lin 
to form a basis of W,- 
ffp Yor? Ye 
be a basis of W,- Then dim W, 
{Vp Yor Ye Pi Ba- ia ay 
i dim W, = i 
be a basis of W, Then ; 
i i _ dim (W, AW) = (m + k) +(k+t)-k 
ao ja =k+mHt 


a, Oses CR The 
=k+m. Similarly let 


~. to prove the theorem we must show that 
dim (W, + W,)=k+m+t. 
We claim that the set 
§, = fp Yous Ye Op Oy yy Byy Bay» By} 
is a basis of W, + W,. 
First we show that S, is linearly independent. Let 
CY, + GY, +... + GY, + a0, +420, +... + amm t b,b, + bB, 
+..+bB,=0 (1) 
ee FE E Eey t+... + y + aa,+..+aoa) 
2 =) 
oper ey, +). +6 +00, + ... + anam) E€ W, since it is a linear 
mbination of a basis of W,. Again 
i bp, + b.b, Pigg t bB, € W, 
linear combination of elements belonging to a basis of W, 
of the equality (2), b B, +... + bB, € W,. Therefore 
£ W, N W,. Therefore it can be expressed as a linear 
fW, N W, Thus we have a relation of the form 
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bB, + bB, +... 4 bB, = dy, + dy, +... + dy, 
= bP, + bB, +... + b6, - dy, - dy, -—..- dy= 0. 
But Po Pr Bes = Y, are linearly independent vectors. 
Therefore we must have BO, ao O b, = 0. 
Putting these values of B's in (1), it reduces to 
Cy, Pty, e.. + OY, taa taat+..+aa =0 
= CREN eE T $0, 6, > 9; a, = Oe, 1 6 
since the vectors Yp Yoe» Yo Ap O,,..., O& are linearly independent. 
Thus the relation (1) implies that 
¢, = 0, c, = 0,..., 6 = 0, a, = 0,..., a, = 0, b, = 0,..., b, = 0. 
Therefore the set S, of vectors Ypres Yo Byres Og Bp- B, is linearly 
independent. 
Now to show that L(S,) = W, + WĪ. 
Since W, + W, is a subspace of V and each element of S, belongs to 
W, + W, therefore L(S,) < Wit Wa 
Again let a be any element of W, + W.,. Then 
a = some element of W, + some element of Ww, 
= a linear combination of a basis of W, + a linear combination of a basis 
of W, 
= a linear combination of S.. 
~-a € L(S,). Hence W, + W. C LS). 
E LS) Wi EW, 
<“. S, is a basis of W, + W, and consequently 
dim (W, + W,)=k+m+t. 


Hence the theorem. 


Dimension of a Subspace 
Theorem 1: 

Each subspace W of a finite dimensional vector space V(F) of dimension 
n is a finite dimensional space with dim m <n. 


Also V = W iff dim V = dim W. 


Proof: 
Let V(F) be a finite dimensional vector space of dim n. Let W be a 
subspace of V. Any subset of W containing (n + 1) or more vectors is also 
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n + 1) vectors in V are linearly dependent. The, 


Cfo 
tof vectors in W can contain, at the most n yẹ re 


f V and an 
a subset 0 Ctors 


any linearly independent sé 
Let 


S = {ap yor Gah 


be a linearly independent subs 


We claim that 
(i) By assumption i 
di) L (S) = W as we shall just show. 


et of W with a maximal number of eleme 


f W. The proof is as follows: nts, 


g is a basis 0 
g is a linearly independent subset of W. 


Let a be any element of W. 

Then the (m + 1) vectors % Qj Cm belonging to W are linearly 
dependent because we have supposed that the largest independent subset of 
W contains m vectors. 

NOW {yy Gypsy Opp OF is a linearly dependent set. Therefore there exists 
a vector belonging to it which can be expressed as a linear combination of 
the preceding vectors. Since CL, z- Xm Are linearly independent, therefore 
this vector cannot be any of these m vectors. So it must be æ itself. Thus 
a can be expressed as a linear combination of a,, &,,..., To ; 
Hence L(S) = W. 
S is a basis of W. 
dim W = m and m < n. 
Now if V = W, then every basis of V is also a basis of W. 
Hence dim V = dim W = n. 
Conversely let dim W = dim V = n. Then to prove that W = V. 


3 = S be a basis of W. Then L(S) = W and S contains n vectors. Since 
f isa o a subset of V and S contains n linearly independent vectors, theref 
will also be a basis of V. Therefore L(S) = V. Hence W = V. me 


Theorem 2: 


Each set of (n + 1) or 
more vectors o ] j 7 
VF Bihan 9 | 2... os 7 finite dimensional vector space 
Proof: 
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more vectors, then S must be linearly dependent. From this theorem we 
conclude that if S contains m vectors and S is linearly independent then 


m <n. 
Theorem 3: 


If V(F) is a finite dimensional vector space of dimension n, then any set 
ofan linearly independent vectors in V forms a basis of V. 
Proof: 


Let S = {a,, O, . @,} be a linearly independent subset of finite 
dimensional vector space V(F) of dimension n. If S is not a basis of V, then 
it can be extended to form a basis of V. Thus we shall get a basis of V 
containing more than n vectors. But every basis of V must contain exactly 
n vectors. Therefore our assumption is wrong and S must be a basis of V. 


Theorem 4: 

If a set S of n vectors of a finite dimensional vector space V(F) of 
dimension n generators V(F), then S is a basis of V. 
Proof: 


Let V(F) be a finite dimensional vector space of dimension n. Let 
S = (a, a» «+ a} be a subset of V such that L(S) = V. 


If S is linearly independent, then S will form a basis of V. If S is not 
linearly independent, then there will exist a proper subset of S which will form 
a basis of V. 


Thus we shall get a basis of V containing less than n elements. But every 
basis of V must contain exactly n elements. Hence S cannot be linearly 
dependent and so S must be a basis of V. 


Note: If is a finite dimensional vector space of dimension n, then V 
cannot be generated by fewer than n vectors. 


ISOM.JRPHISM OF VECTOR SPACE 


Definition: Let U(F) and V(F) be two vector spaces. Then a mapping 
f: U > V is called an isomorphism of U onto V if 


(i) f is one-one, 

(ii) f is onto, 

(iii) f (aa + bp) = af(a) + bf(p) Va BEF, Va, Bev. 

Also then the two vector space U and V are said to be isomorphic and 
symbolically we write U(F) = V(F). 
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v(F) is also called the isomorphic image of the vie 
Or 


m of U(F) into V(F), then f will a 
s one-one. Also in addition if f is onto re an 
> en 


ĮIsomorphism of Finite Dimensional Vector Spaces 


ensional vector spaces over the same field are isomor Dhi 
ic 


are of the same dimension. 


if and only if they 


t suppose that U(F) and V(F) are two finite dimensional vector spaces 


each of dimension n. 


faa, + aa, + = 
(a, 1 Bee ust * 40.) “a8, + a8, * 
f is onto V. 


a 


f is a linear transformation. We have 
f [a (aat aa, +... aa) +b (ba, + ba, +... + ba) 
= f [(aa, + bb,) a, + (aa, + bb,) a, + ... + (aa, + bb,) a,)] 
= (aa, + bb,) B, + (aa, + bb,) B, + ... + (aa, + bb.) B, 
Gp + 4p, +... + 2.9.) + bp, + 68, He: FERS 
= af (aa, + ao, +... +aa,) + bf (ba, + ba, +... + ba). 
<. f is a linear transformation. 
Hence f is an isomorphism of U onto V. F UzV. 
Conversely, let U (F) and V(F) be two isomorphic finite dimensional 


vector spaces. Then to prove that dim U = dim V. Let dim U = n. Let 
S = {a,, O,,..., ,) be a basis of U. If f is an isomorphism of U onto V, we 
shall show that S' = {f(a,), f(a,),..., fla.,)} is a basis of V. Then V will also 
be of dimension n. 


Then to prove that U (F) = V(F). 
Let the sets of vectors {as Gy @,} and {B,, B,,..., B,} be the bases 
of U and V respectively. 
Any vector a € U can be uniquely expressed as 
a=aa, + 4,0, +.. +a 
Let f: U > V be defined by 
f(a) = a,B, + a,B, Ta tab, 
Since in the expression for a as a linear combination of a,, œ 
P Mee A the 


scalars a i , : 
IS OL), Olp,...., OL, are unique, therefore the mappin * 
f(a.) is a unique element of V. 248476 poe te well-defined że, 


f is one-one. We have 
faa, + aa, +... + aa) = Rba + boa, + ...+ ba) 
=> 08, aR +. tap = bp, + DE FOB = 
3 3 n'n 
Gb) Bt... + (a,-b) b = 0' (zero vector of V) 


e V can be expressed as a linear combinat 
Since f is onto V, therefore B e V = there exists @ € 


First we show that S' is linearly independent. 


Let a, f(a,) + a, fla,) +... +a, (f (a,) = 0, (zero vector of V) 
=f (aa,+a,+..+a,,)=0' [- fis linear transformation] 
ae, + ao,+..taa = 0 [ fis one-one and f(0) = 0' 


where 0 is zero vector of U] 
=a, = 0, a, > 0, 3 0 since O,, O,,..., a, are linearly independent. 


z. S' is linearly independent. 


Now to prove that L(S') = V. For this we shall prove that any vector B 
ion of the vectors of the set S'. 


f(a) = B. 


> a-b = - b, = 
ae eo ee b=, a, — b, = 0 because 


B 3 Pass j : 
ys b, a = bo a= b, : i Ps ai Anparly independent 


> Io Tant. 


«taa +b 
Oe 1% E b,a, + ba, 


IS onto V, If ap, + aB,+..+ a, 


Let o& = ea + C,0, + ... + ea 
Then B = f(a) = f(c,a, + ¢,0, +... + ca.) 
=c fla,) + ¢, fla.) +... * ¢, f(a,). 


Thus f is a linear combination of the vectors of S'. 


U such that 


Hence V = L(S’). Therefore S' is a basis of V. Since S' contains n vectors, 


therefore dim V = n. 


B, is any element of V, then 3 an 


clement a,c, + aa, + 


Note: While proving the convers 


isomorphism of U onto V then f maps a basis of U onto a basis of V. 


e, we have proved that if f is an 


Algebra with Vector and Inner Product Spac a 
Lined 


32 


corem 2: 
3 n-dimensional vector SP 


ace V(F) is isomorphic to V (F), 
Every 
i i . Then every vecto 
sp apogee bee Ps oe EV can 
be uniquely expressed as ae 
a =a + aj, Fa FBO iy P) 
The ordered n-tuple (ap ap» 8) € Yn C+ 
Let f =: VF) > V, (F) be defined by f(a) = (a), 4,,..., a,). 
: the expression of a as a linear combination OL, C a, the 
i arg ayy, are unique, therefore f(a) is a unique element of V (F) 
and thus the mapping f is well-defined. 
fis one-one. Let a = a0, + 4,%, +... + aa, and 
P = ba, + b,a + +b,a, be any two elements of V. We have 
1 
f (a) = f (B) 
F(ao, +20, ta taa) = f (ba, + b,a, +... + ba) 
CEA Bia (b,, bo b,) 
ae a, = by, a, = by. a= b, > a = B. -. f is one-one. 
f is onto V, (F). Let (a,, a,,.... a,) be any element of V (F). Then there 
exists an element aa, + a,a, +... + aa, € V (F) such that f (aœ + aa 
TERRE Ap kna) 2 
-< fis onto V (F). 
f ne : a wansformation. Ifa, b € F and a, B < V(F), we have 
or ie (@,2, + aa, e E z aa.) +b (ba, + b,a, +. + b,a.)] 
ee $ f [(aa, F bb,) a, + (aa, + bb,) a, Fo © (aa, eE bb, ) a] 


T (aa, + bb, aa, + bb,.., aa, + bb,) 
(@a,, a4... a8,) + (bb, bb,,.., bb,) 
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HOMOMORPHISM OF VECTOR 


SPACES 
TRANSFORMATIONS S OR LINEAR 


be two vector spaces. Then a mapping 


f. U > Vis called a homomorphism or a linear transformation of 'U into 


V if: 
Ofat B =f (a) + KB, Y a, he 
and (ii) flaw) = aff Y æ e E yae 


The conditions (i) and (ii) can be combined into a single condition 
f(aa + bp) = af(a) + bf(B) V a, b e F and y a, B, e U. 


If F is a homomorphism of U onto V, then V is called a homomorphic 
image of U. 


Theorem 1: 
If f is a homomorphism of U(F) into V(F), then 
(i) f(0) = 0' where 0 and 0' are the zero vectors of U and V respectively. 
(ii) f- a) =- fa) Vaeu, 

Proof: 


(i) Let a € U, Then f(a) € V. Since 0' is the zero vector of V, therefore 
f(a) + 0' = f(a) + f(a + 0) = fla) + f(a) + K0) 


Now V is an abelian group with respect to addition of vectors. Therefore 
f(a) + 0' = f(a) + f(0) = 0' = f(0) by left cancellation law. 


(ii) If œ € U, then — a e U. Also we have 
0' = f(0) = f [a + (- a)] = f(a) + f- a). 
Now f(a) + f- a) = 0' => f(- a) = additive inverse of f(a) 
=> f- a) = — f(a). 


Remark: The students may use without any confusion the same symbol 
0 to denote both the zero vectors of U and V. In the relation f(0) = 0, the 
zero in the left hand side is the zero vector of U and its f-image i.e., the zero 
on the right hand side is the zero vector of V. 


Theorem 2: 
The kernel of a homomorphism is a subspace. 
Proof: 


Let U(F) and V(F) be two vector spaces and let f be a homomorphism 
of U into V. 


Let 0' be the zero vector of V and 0 be the zero vector of U. 
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= - f(a) = 0°}. 
eo ee™ (a) } 
e 

To prove that W is a sub space of U. Bs i 
B be any two elements of W- Then f(a) = 0' and RB) = 0. 

Let a, 
If a, B are any two elements 0 
flax + bp) = afla) + bB) Ee 
ETE ee ©. 


fF, then we have 
f is a homomorphism of U into V] 


< aa + bp e W. 
Thus abeF 
and a, Pye W 
3 aa + bB e W. 


-_ W is a subspace of U. 


Kernal of a Homomorphism 
Definition: Let f be a homomorphism of a vector space U(F) into a 
vector space V(F). The kernal W of f is defined as 
W = fa e U: f (a) = 0' where 0' is the zero vector of V} 
Thus, the kernal W of f is subset of U consisting of those elements of 
U which are mapped under f onto the zero vector of V. Since f(0), 0', therefore 
at least 0 € W. Thus W is not empty. 


SOME THEOREMS OF LINEAR DEPENDENCE AND LINEAR 
_ANDEPENDENCE 


Theorem 1: 


If in a vector space V(F), a vector B is a linear combination of the set 
of vectors .,, a.,, G,,..., O then the set of vectors B, Qi G,,..., Q, is linearly 


dependent. 
Proof: 
Since b is a linear combinatio i 
a aa N Of ,, G,,.., a, therefore there exist scalars 
B=aa,+aa, +... ao, 
P, - aja, - ao, - ... - aa, = 0. etl) 


In the relation (1 ) the scalar i 
: 1 coeffi 
in the relation ( 1) not all the tc 


vectors B, a), Q, a.,, 


— 


oe tof B is 1 which is + 0. Hence 
ne si coefficients are 0. Therefore th 
9, is linearly dependent. ee 
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Theorem 2: 
Let V(F) be a vector space If 
* J &, y..., æ, are non-zero vect V th 
either they are linearly indepen fis n En oO Ae 
pendent or some a, 2 Sk <n, is a linear 


combination of the preceding ones, a. a a 
iat ie! fall aT 


Proof: 


If &,, Ay O,,...,@, are linearly inde 


let a., œ... Oo, be li pendent, we are nothing to prove. So 
p Ozeo Oy 


nearly dependent. Then there exists a relation of the form 
a + aa, +.. + aa, = 0 wA 

not all i 
where the scalar coefficients ap a,,..., a, are 0. 


Let k be the largest integer for which a + 0 į de s 
ae 0 and a, # 0. a, Le., a.) 0, a2 = US 


i There is no harm in this assumption because at the most if a, # 0 then 
=n. 


Also 2 < k. Because if a, = 0, a, = 0...., a, = 0, then aa, = 0 and 
a, # 0 > a, = 0. This contradicts the fact that not all the a's are 0. 
Now the relation (1) reduces to 


aja, + aa, +... + aa, = 0, where a #0 
= a, 80, — A = - Oh OL, 
= ay! (3%) = ay! (- aj, = aa, —...—- a , Aa) 
=> Oo, a C a;! a,) QO, t = a! a,) a, ese = a; ay) bas 
Thus a, is a linear combination of its preceding vectors. 


Theorem 3: 


The set of non-zero vectors a, Q, ..., a, of V(F) is linearly dependent 


if some a, 2 <k <n, is a linear combination of the proceeding ones. 


Proof: 


If some œ, 2 <k < n is a linear combination of the proceeding ones, 
Gt, G,,..., Qp then 3 scalars a,, a,,..., a, , such that a, = aa, + aa, + ... 


Taai Oy 


= la, —a,0,-—ao,—..—ak,, a A CN) 
=> the set {a.,, a,,..., or, } is linearly dependent because in the linear 


combination (1) the scalar coefficient | + 0. 


Hence, the set {a,, a,,.., a} of which {a,, €... a} is a subset must 


be linearly dependent. 


a 
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ç OF A VE V(F) is sai 
I subset Sof 4 vector Seg 4 10 be a basis of 


j t 
oe o consists of linearly independent ve 
: NF) ie, LIS) = V ie, each vector in V is q] 


S es I 
(ii) a a a H of a finite number of elements of S. 


pea COMBINATION O 
SET 


Linear Combination 
Definition: Let V (F) be a vector space. If &, Q,..., a EV. then any 


ctors, 


i teq, F 


F VECTORS: LINEAR SPAN Of 


vector 
a= aa, + a, f 
is called a linear combination of the vector Ap, Qy., 


+ a,&, where Q, Qp s @ 


w 


Linear Span 
Definition: Let V (F) be a vector space and S be any non- 
a y non-empty Subset 


Then the linear span of S is the set of all linear combinations of fn; 
sets of elements of S and is denoted by L(S). Thus we have Y finite 


L(S) = {a,a, t a,a, +... tao: Gt, O,..., O 


is any arbitrary finite subset of S and a,, a,,.., a_i i fink 
om p & 4, IS any arbitrary finite Subset 


Theorem I: 
The linear span L(S) of any subset of S of a vector Space V (F) i 
is a 


subspace of V generated by S i.e. L (S) = {S}. 


Proof: 
Let a, B be any two elements of L(S). 
Ten 9-90, 440,+.. +40, 
Where the a's ae oe oe ba, 
ofS. € elements of F and the a's and B's are element 


5 a+ BB = ala, 


Ita, b, be any two elements of f then 
a taa + 
17 40+ + aa.) + (b,B, + Dp, +...+ bf.) 
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pe 80) +... +860) +bO8)+1b.8)+, +bOR) 


= F 
w a a, zie | (aan) (e +(bb,) B, + (bb ) B re +(bb ) B 
2 * 5 A n n 
us, ac B has been expressed as a linear combination of a finite 


set Q,» Q7, pät Ow’ B > B NETTS f OA 
e L(S). P Pa ~~» B, of the elements of S. Consequently aa + bp 


Thus a, b, e Fanda, Pe L(S) => ag + bB e L(S). 
Hence L{S) is a subspace of V(F). 


Also each element of S belongs to L(S) because if a, e S, then 


a = la, and this implies that a € L(S). Th aes 
S is Sontained in L(S). i (S). Thus L(S) is a subspace of V and 


Now if W is any subspace of V containing S, then each element of L(S) 
must be in W because W is to be closed under vector addition and scalar 
multiplication. Therefore L(S) will be contained in W. 


Hence L(S) = {S) i.e. L(S) is the smallest subspace of V containing S. 


Note: If in any case we are to prove that L(S) = V, then we should prove 
that V c L(S) because L(S) c V since I (S) is a subspace of V. In order to 
prove that V c L(S), we should prove that each element of V can be expressed 
as a linear combination of a finite number of elements of S. 
Then each element of V will also be an element of L(S) and we shall have 
Vc LCS). 

Finally V c L(S) and L(S) c V > L(S) = V. 


Example: 


The subset S = {(1, 0, 0), (0, 1, 0) (0, 0, 1)} of V,(F) generates or spans 
the entire vector space V (F) i.e, L(S) = V. l 


Solution: 
Hint: If (a, b, c) be any element of V, then 
(a, b, c) = (1, 0, 0) + b (0, 1, 0) + c (0, 0, 1). 
Thus (a, b, c) € L(S). Hence V c L(S). Also L(S) c V. 
Hence L(S) = V. 


yar SUM OF TWO SUBSPACES 
Definition: Let W, and W, be two subspaces of the vector space V (F). 


Then the linear sum of the subspaces W, and W, denoted by W, + W, is the 


set of sums a, + @, such that a, EW, a, E W, 
Thus W,+ W, = (a, + a a, € W a, & WY. 
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Theorem I: vector space V(F), then 
if W, and 
W, +B 
ay w, >," 

ie, LW, YW) = 


W, are subspaces of the 
is a subspace of V (P). 


W, o Wy 
W, + ¥, 


Proof: 

(i) Let a, P, be any 
' Then a = a, + @, and B = 
| W Ifa, b, € F, we have 
| aa + bp = a (a, + %) + b (B, + B,) = (aa, + bB,) + (aa, + Bb,) 
| Since W, is a subspace of V, therefore a, b, € F 
a, B, € W, > aa, + bB, e W, 


two elements of W, + W.. 
B, + B, where a, B, € W, and BG; e 


| and 
Similarly ao, + bB, € W; 
| Consequently ax + bB = (aa, + bB,) + (aa, + bB,) e W, + w.. 
| Thus a, b € F anda, B € W, + W, > aa + bB e W, + w, J 
Hence W, + W, is a subspace of V(F). 

_ (ii) Since W, contains the zero vector, therefore ifa, € W, then we e 
ey we ee 
A ik W, i w CUP P re Wi + W, is a subspace of V(F) 


Now to prove that W, + W, = {W, U W,} we should 
2 prove th 
+ W, c L (W, U W,) and L (W, U W,) c W, + W, a 


Let a = a, + a, be any element of W, + W Then a 
: W 
W, Therefore a,, a, € W, U W,. We can write oS 
a, + a, = Ia, + lo; 
Thus, a, + a, is a linear inati i 
ire D : i combination of a finite number of elements «, 
Therefore a, +a, € L (W, U W,). 
; WIW cL (w 
l 2S U W,). 
Also L (W, u W,) i Í 
: I 1s the small ini 
M + W, is a subspace containing ees ee ANa 
i n W, + W,. Consequently ee LW, o W,) must 
Hence W ate 
TWEL (Wi 


W,) = (W, UW), 
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Theorem 2: 
If S, T are subsets of V (F), then yea 
1457 
gaat SLS) ELO nce 
(ii) L (S VT) = L (S) + LT). fae 
(iii) L (L(S)) = L/S) ike 
ike 
Proof: any 
: ttee 
N he alba oe is aa, E L(S), where {a.,, œ, ..., œ } is a finite nal 
subset of S. Since S c T, therefore {a , a... is a finite $ ye 
eae LIT). is, Gay a.) is a finite subset of T. reS 
Thus a e US) >a € L(T). 
“. L(S) c L(T). 
(ii) Let œ be any element of L (S U T). Then 
a=aa + aq, +.. + anm t bB, + b-b, EA b P 
= P 
where (a, &,,..., a. Re Bars B) is a finite subset of S U T such that 
{o,, H, o a) 1S and {B By- BA ae ‘pl 
Now ax, + aq, +... +a, E€ L(S) and 
OP, + iB, +... + bP, e L(T). 

Therefore a € L(S) + L(T). Consequently L (S u T) CL (S) + LT). 

Now let y be any element of L(S) + L(T). Then y = B + 5 where B e a 
L(S) and ô € L(T). Now B will be a linear combination of a finite number of a 
elements of S and 6 will be a linear combination of a finite number FN 
of elements of T. Therefore B + & will be a linear combination of a finite ep 
number of elements of S c T. Thus B + 8 e L(S U T). Consequently Ps 

L(S) + LT) c US) UT). Ra 

Hence L(S U T) = L(S) + L(T). cq 

(iii) L(L(S)) is the smallest subspace of V containing L(S). But LS) is ee 
a subspace of V. Therefore the smallest subspace of V containing L(S) ec 
is L(S) itself. $ 

Hence L(L(S) = L(S). 

(L(S) = L(S) re 
COMMUTATIVE BANACH ALGEBRAS STRUCTURE 2 

The function spaces we encountered earlier led us to begin a study of s 
Banach spaces for their own sake, and as we proceeded, we found our ? 
attention focusing more and more closely on the properties of their operators. Š 


Except for a few elementary notions about metric spaces, we used very little 


pi- ae 


& 
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fact, our treatment of spectral theo 
genuine i te i ohm for in the finite-dimensional sa 
completely a ne are continuous. ; 
linear trans oncerned with topological spaces and the Continuoy 
ed by them. In the following pe eet these two apparent) 
functions carried DY the topological and the algebraic—are uniteg by a 
single elegant concept : that of a ae ae 
Our remarks in the last section of the previous chapter Suggested that 
be important links between algebras of operators on Hilbert Spaces 
there may where X is a compact Hausdorff space, Banach 


ras of the type AX), 
is the systems which enable us to establish these connections on 
i pi footing. They are also interesting in that they constitute a field of study 


in which a wide variety of mathematical ideas meet in significant contact 


The Definition and Some Examples 
A Banach algebra is a complex Banach space which is also an algebra 
with identity 1, and in which the multiplicative structure is related to the n arin 


by the following requirements: 
(1) [yl sil Iyl: 
(2) [ii =1. 


| It follows from (1) that multiplication is jointly continuous in any Banach 
| algebra, that is, that if x, > x and y, -> y, then XY, > XY (proof: 


[kaya - xy] = [kn (Yn - y) + (Xp - x)y|| 
< Pal [vo - yl + fx- xf ly) 


ire os cp hema It 1s possible, at a considerable 
his is isi, a the important ideas without this 
3 om r the primary purpose of the theory is 

Y compact but not discrete groups. Since 
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our attention will be directed chiefly to the structure of operator algebras ies) 
there is no need for us to strain for the added generality obtained by not ity. 
requiring the presence of an identity. mce 
The Banach algebras of principal interest to us ;are described in the a 
following examples. The reader will notice that they all consist of functions ae 
or operators and that the linear operations in all of them are defined pointwise. aes 
They can be classified in a general way into function algebras, operator ttee 
algebras, or group algebras, according as multiplication is defined pointwise, mal 
by composition, or by convolution. maid 
REGULAR AND SINGULAR ELEMENTS 
Let A be a Banach algebra. We denote the set of regular elements in A 
by G, and its complement, the set of singular elements, by S. It is clear that 
G contains | and is a group, and that S contains 0. Several important issues 
depend on the character of G and S. Our first result along these lines is 
Theorem 1: he? 
Every element x for which |x- 1| < l is regular, and the inverse of such eae, ! 
an element is given by the formula x—] = ] + Peat: l= 3) A 
is ir 
Proof: g ek 
If we put r = ||x — 1], so that r < 1, then Op 
|(1-x)° < ji = x|" = r" T 
Spey 
7 : o% n ry 
shows that the partial sums of the series Da (1-x) form a Cauchy eS = 
sequence in A. Since A is complete, these partial sums converge to an element ae 1 
of A, which we denote by ae (1-x)", If we define y by y = 1 + se | 
D (1-x)” , then the joint continuity of multiplication in A implies that as 
z a ee aie 
y—xy=(I-x)y =(1-x)+ ) (I-x) = 2 (I-x) =y- eae 
n=2 n=Z “2 a 
so xy = 1. Similarly, yx = 1. R G 
We now use this as a tool to prove Pa 


Theorem 2: 
G is an open set, and therefore S is a closed set. 


Proof: 
Let a be an element in G, and let x by any element in A such that It 


is clear that |x - xo < 1/ [xo]. It is clear that 
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a 
[ko G. Since X = x, (xx), it follow, 
A 


1 that x) 'x is in 
ace is locally connected, so A is also locally 


ach sp : 
Ban ftheorem yields the fact that the compon cine 


VEI 
direct application 0 
have 


connected. A 

of G are themse 
As our final result, we 

Theorem 3: ing x ax! Of G into G is continuous and is therefore , 
The mapp ; 

homeomorphism of G onto itself. 


~ x, be an element a Eoen element of G such tha 


|x - xoll < 1/ (2 þf) Since 
[kox F j|- [ko (x-xo)| s [xo] IIx - xoll < 7 
we see by Theorem A that x, 'x is in G and 
x xo =(xo" a ade >, (1-x9"'x)". 
n=] 
Our conclusion now follows from 


pear f- 
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x may lose its inverse and become singular in A'. By the same token, if x 
is singular in A, and if A is regarded as a Banach subalgebra of a larger Banach 
algebra A", then x may acquire an inverse and become regular in A". In the 
next section, we study certain element in A which are singular and remain 
singular with respect to all possible enlargements of A. 


Topological Divisors of Zero 


An element z in our Banach algebra A is called topological divisor of 
zero if there exists a sequence {z,}in A such that |jz, || = 1 and either 2Z, 9 
or Z,z — 0. It is clear that every divisor or zero is also a topological divisor 
of zero. We denote the set of all topological divisors of zero by z. 


Theorem 1: 
Z is a subset of S. 


Proof: 

Let z be an element of Z and {z „3a sequence such that \\z,|| = 1 and (say) 
zz, > 0. If z were in G, then by the joint continuity of multiplication we would 
have z “'(zz,) = z, — 0, contrary to |jz,\| = 1 

Our next theorem relates to the manner in which Z is distributed within S. 


Theorem 2: 
The boundary of S is a subset of Z. 


Proof: 
Since S is closed, its boundary consists of all points in S which are limits 


of convergent sequences in G. We show that if z is such a point, that is, if 
z is in S and there exists a sequence {r,} in G such that r, — z, then z is 
in Z. First, we see from r' z — 1 =r ~ (z—r,) that the sequence {r~'} is 
unbounded; for otherwise, we would have 


Stace spo Èh- 
EPEN 
Boli 


t-fi-x” x| {r'} is unbounded, we may assume that 
<2)" fi-x" x| < 2f |x-xoll. by z, = r "in l, then our conclusion follows from the observations that 
fx is an element in A, it should always be kept in mind that the regularity 


oF singulari 
hoes. acres on A as well as on x itself. If x is regular in A, 
anach subalgebra A' of a which also contains x, then 


Re z-1| <1 


for some n, so that r ~'z, and therefore z = r,(r_-'z), would be regular. Since 
rn | >. If z, is now defined 


rece TD 
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snificance of these facts, let us s 

erstand the signi cee 
agen subalgebra 1n a larger Banach algebra A' se tha 
| the previous section, an element which is singular in A May ce = 
in However, if it is a topological divisor of zero in Hg ase 
in A’. ular in A'. The topological divisors of Be 
in 


aon geet T 
is in A’ as «permanently singular,” in the sense that they are singular anq 
in so with respect to every possible enlargement of the containing Banan 


l reorem B tells us that no matter what happens to S as a whole ; 
| il proces oe its boundary 1s “permanent” in this sense. ole in 


| 

| 

| THE SPECTRUM 

| Let T be an operator on a non-trivial Hilbert space. In the Previous 


| = chapter, we defined the spectrum of T to be the set 
| l DFA T Mis singular}, 

| and we devoted a good deal of attention to the geometric ideas leading o. 
this concept. We found—at least in the finite-dimensional case-that a fishes 

a ino(T)isa value assumed by T, in the sense that t acts on some nde eat 

lee -vector as if it were scalar multiplication by that number. We shall see ie 

that this formulation of the meaning of the spectrum has a much wid i 

) sigi i ca cy than we might at first suspect. 


consider an element x in our general Banach al 
3 gebra A. B 
abo : i : 
nl we define the spectrum of x to be the following subset 
c) = {A : x — Al is singular}. 
is desirable to express the fact that the spectrum of x depends 

“lee notation o (x). It is easy to see that x — Al 
* oS values in A; and since the set of singular 
4 i llows at one that o (x) is closed. We further 
| <a of the closed disc {z:|z| < |x|}, for it A is 
that a > |x; then |x 7A] < 1, ji-(1-x71)] <1, 
erefore x — Àl is regular. 
h the fact that o (x) i 

is always non- 

lion ys non-empty, and 
: ad P (x), is the complement of o (x); 
complex plane which contains { z:|z| > Ixi} ' 
i values in A defined on p (x); by 
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Tells us that x(A) is a continuous function of 4; and the fact that x(A) 


=A-\(x/A- 1y' for à # 0 implies that x(A) > 0 as à > œ. If A and p are pa 
both in p (x) , then sity. 
x(A) = x(A) [x — pl] x(u) ane 

= x(A) [x — Al+ (A — p)1] x(n) ee 

=[1+Q = px (A) xp) like 

= x(u) + (A — p)x(A) x(u), any 

so x(A) — x(u) = (A — p)x (A) x (y) . ittee 
This relation is called the resolvent equation. mal 

ges 


Theorem 1: 
o (x) is non-empty. 


Proof: 

Let f be a functional on A—that is, an element of the conjugate space 
A*—and define f(A) by f(A) = f(x(A). It is clear that f(A) is a complex function 
which is defined and continuous on the resolvent set p (x). The resolvent 
equation shows that 


AAT f(a(0)x(, 
and it follows from this that 
een ami = f(x(n)’), 


so f(A) has a derivative at each point of p (x). Further, 


IEO] < Ilko]; 
so f(A) > 0 as A > œ. We now assume that o (x) is empty, so that p (x) 
is the entire complex plane. Liouville’s theorem from complex analysis allows 
us to conclude that f(A) = 0 for all A. Since f is an arbitrary functional on 
A, x(A) = 0 for all à. This is impossible, for no inverse can equal 0, and 
therefore it cannot be true that o (x) is empty. 


If the reader is surprised by the appearance of Liouville’s theorem in such 
a context, he should recall two facts. A which is a special case of the above 
result, required the use of the fundamental theorem of algebra. And second, 
the fundamental theorem of algebra is most commonly proved as a simple 
consequence of Liouville’s theorem. It is therefore only to be expected that 
some tool from analysis comparable in depth with Liouville’s theorem should 
be necessary for the proof of Theorem A. Now that we know that o (x) is 
non-empty, we also know that it is a compact subspace of the complex plane. 


The number r(x) defined by 
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= sup {IA a TE AOA (x)} 


ius of x. It is clear that 0 < r(x) < Ixl. The coy 
I be useful in certain parts of our later work cept 


on algebra is an algebra with identity in which 
The most important single consequence of Then a 
rem 


r(x) 


is called the spee a se 
of the spectral radius WI 
We recall that a divisi 
non-zero element is regular. 
A is 


| Theorem 2: 
yfAisa division algebra, then it equals the set of all scalar multip| 
es 


| of the identity. 
i Proof: 
| I We must show that if x is an element of A, then x equals X1 for 
I scalar À. Suppose, on the contrary, that x 4 Al for every À. Then x — A 
| | for every À, X — À1 is regular for every À, and therefore o(x) is em *0 
P, contradicts Theorem 1 and completes the proof. Ply. This 
PIE The mapping À1 — 2 is clearly an isometric isomorphism 
; ee f th 
i all scalar multiples of the identity onto the B OF the set of 
| Es Say ty e Banach algebra C of all complex 
| We may therefore identify this set with C; and i 
r > In terms of this i . š 
| | Says that any Banach algebra which is a division algeb this identification, 
fact is the foundation on which we build the structu gebra equals C. This 
next. re theory presented in the 


| 

| 

| 

o Eoo 

aa inada yà e which is the simplest of all Banach algebra 
ae division dime rie eorem B characterizes C as the only Benak 
| Si eo Said s > next two theorems, we give some cms 

T 0 ete all possible Banach algebras. 

oe F sea a topological divisor of zero in every 
8 e 1 algebra C, 0 is plainly the only topologi 
Com Eee fave pological 


topological divisor of zero in A, then A = C 


of A. Its 
Al is aha 9(x) is non-empty, so it has a 
By Theorem 7 ? 7 a boundary point of the set 
padesi A ~ AI is a topological divisor of 
atx~Al = 0 or x =A]. 
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The basic link between multiplication in A and the norm is given by the 

inequality Ixy < ||x\\lly||, and when A = C, this inequality; can be reversed. 

The following result shows to what extent this reversibility is true in general. 


Theorem 4: 
If the norm in A satisfies the inequality |\\xy|\ < K \\x|ly|| for some 


positive constant K, then A = C. 


Proof: 
In the light of Theorem 3, it suffices to observe that the hypothesis here 


implies that 0 is the only topological divisor of zero. 
We next look into the question of what happens to the spectrum of an 
element x in A when A is enlarged. 


Theorem 5: 

If A is a Banach subalgebra of a Banach algebra A’, then the spectra 
of an element x in A with respect of A and A’ are related as follows : (1) 
4x) © O, (0); (2) each boundary point of o,,(x) is also a boundary point 
of o (x). 
Proof: 
If x-Alis singular in A’, then it is certainly singular in A, so (1) is clear. 
To prove (2), we let A be a boundary point o,(x) . It is easy to see that x- 
Alis a boundary point of the set of singular elements in A, so by Theorem 
66 - B, it is a topological divisor of zero in A. 

It is therefore a topological divisor of zero in A’ as well, so it is singular 
in A' and AÀ is ino,(x) . The fact that À is actually a boundary point of (x) 
is immediate from (1), so the proof of (2) is complete. 

This result shows that in general the spectrum of an element shrinks when 
its containing Banach algebra is enlarged, and further, that since its boundary 
points cannot be lost in this process, it must shrink by ‘‘hollowing out.” 

menon is provided by the disc 
e defined and continuous on D 
set. If f is a function in A, 
plex analysis implies that 


An illuminating example of this pheno 
algebra A of all complex functions which th 
= {z:|z| < 1} and analytic in the interior of this 
then the maximum modulus theorem from com 


fl] = sup flf (z)|:lzl < 1} 
= sup fl£(z)|:lzl -= 1} 
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allows us t0 identify A with the Banach algebra of all the Manel, vector Spaces a 
aed to the boundary of D, which is a Banach subal i 1Ong ; 
r lei i) if we now consider the element f in A define Bebra op A and our work in Sec. 67 that if |A| > |\x\|, then 
TUS ta (f equals D and that o (f) equals the Y f(z k 
< z then it is easy 10 See tha AU) A quals the boundary x(À) = (x- iy ok e is | 
of D. x 
The Formula for the Spectral Radius | E ( x | 
Let x be an element in our general Banach algebra A, and consider ; À 
spectral radius r(x), which is defined by er its Toan 
! a= Alt’ — 
r(x) = sup {[Al:Aeo, (x)} 2 T | (1) 
Now let A' be the Banach subalgebra of A generated by x, that į If f is any functional of A, then (1) yields 
closure of the set of all polynomials in x. E shows that r(x) has the ik i, the á A 
if it is computed with respect to A’: SAME Value f(x(à))=- A7" f(1)+ $d | 
r(x) = sup {|A|:Aeo,:(x)} oe i 
igs s suggests quite strongly that r(x) depends only o i =æ- X '| f(1)+ § ffx a" 
powers of x. The formula for r(x) is given in Th E e aunoa or ae Sage 2) 
; pia corem A below, and i n=l 
pur n this section to prove it. It is convenient to begin with th fi He! 
result e following for all \A| > Ix]. We saw in the proof of Theorem 67 - A that f(x(A) is an 
analytic function in the region |A| > r(x); and since (2) is its Laurent expansion 
for |A| > ||x|. We know from complex analysis that this expansion is valid 
for || > r(x). If we now let æ be any real number such that r(x) « < &, 
2 then it follows from the preceding remark that the series En f(x" / a") 
pepinplex number and À, A fe Kite dinine converges, so its terms form a bounded sequence. Since this is true for every eaer 
Pe Sa A net nth l fin A*, an application of Theorem 51 - B shows that the elements x"/æ" form EN = 
Aue A, Ha- ae 1) a bounded sequence in A. Thus sees i 
e lemma follows easil oe x" eat 
4 y from the fact t n ; —] < K SALE 
at least one i. hat x" ~ À1 is E ae 
n un I/na tye : i y 
or |x sK for some positive constant K and every n. Since K'"*** A 
\/ Soe 
for every sufficiently large n, we have |x" | " <a for all but a finite number SA S 
of n’s, and the proof is complete. ee 
S The applications we make of this formula will appear in the next S, b 
r(x)" and , 4h 
rand since r(x") < |x"! , we have ‘ THE STRUCTURE OF BANACH ALGEBRAS RS 
n. To conclude the proof, it suffi The set @(X) of all bounded continuous complex functions defined on 
enti «i $ ere a topological space X is the simplest of the really interesting Banach algebras. 
that r(x) < ec, then Ix n Me eu Our purpose in this chapter is to prove the famous Gelfand-Neumark theorem, 
p which says that every commutative Banach algebra A of a certain type 1$ 


‘We now do, 
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table compact Hausdroff 
r ay A A) for a sul Space 
essentially ei prove that a compact Hausdorff space X can pe built 
More precise Y» 


fA, that X is accompanied by a natural mappi 


i tructure O eae n 
t of the inner $ ; ng is one-to-one onto and 8 
ouf into A(X). and that this mapping Preserves aj] 


be present in A. 


the structure assumed to 


THE GELFAND MAPPING l 

Let A be an arbitrary commlllat Ya Banach algebra. Our first theorem 
f below is the principal source of the source of the structure theory Bre 
the remainder of the chapter will be devoted entirely to shaping its Peer 
into the elegant form of the Gelfand-Neumark theorem. 


ee 


Theorem 1: 

If Mis a maximal ideal in A, then the Banach algebra A/M is q division 
| algebra, and therefore equals the Banach algebra C of complex num bers 
| The natural homeomorphism x >x + M of A onto A/M = C assigns to e de $ 
| element x in A œ complex number x(M) defined by 


| x(M) = x + M, 
. and the mapping x — x (M) has the following properties : 
| (1) (x + y) (M) = x(M) + y(M); 
(2) (<x) (M) = ox(M); 
(3) (xy) (M) = x(M)y(M); 
.  @xXM)=0xeM; 
o Oe 


4 © ksp 


Banach algebra. Since A contains an identity, M 
and therefore, A/M is a division algebra. We now 
i a C. h, of course, A/M equals the 
E i entity, but we identify this set with 

ollowing. Finally, Properties (1) to (5) are 


Nature of the homeomorphism under discussion, 


i +Mi = inf{|}x + m||:me M} < |x|. 


pipar, depends, either directly or indirectly, 
© previous chapter. We also note that 


> iii 
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the ultimate reason for assuming that A is commutative lies in which is 
definitely not true in the non-commutative case i 


The language of Theorem 1 is oriented toward the idea that x(M) is a 
function of x for each fixed M. The notation, however, suggests that we 
reverse this point of view and that for each fixed x we regard x(M) as a 
complex function defined on the set % of all maximal ideals in A. This is 
the direction in which we now proceed, 


If x is a given element of A, we denote by x the function defined on 
W by x(M) = x(M), and we put A = {% : xe A}. Our next step is to defined 
a topology for % in such a manner that every function in Â is continuous. 
The most natural way of doing this is to introduce the weak topology generated 
by A. It will be recalled that this is the weakest topology on % relative 


to with every function is continuous and that a typical subbasic open set 
has the form 


S( x, Mp €) = {M : Me M and 1x(M) — (M,)| < €}. 


We call the topological space % the space of maximal ideals, or the 


maximal ideal space, and the mapping x — 3 of A onto A will be referred 
to as the Gelfand mapping. 


We are now in a position to reformulate to extend it, in such a way that 
the Galfand mapping is displayed as the object of central importance. 


Theorem 2: 


The Gelfand mapping x —> x is a norm-decreasing (and therefore 

continuous) homeomorphism of A into @(M) with the following properties: 

(1) the image 4 of A is a subalgebra of @(7#) which separates the points 
of @ and contains the identity of A); 


(2) the radical R of A equals the sat of all elements x for which g = 0, 
so x — x is an isomorphism = A is semi-simple; 


(3) an element x in A is regular <> it does not belong to any maximal 
ideal <> (M) #0 for every M; 


(4) if x is an element of A, then its spectrum equals the range of the 
function g and its spectral radius equals the norm of %, that is, o(x) 
= 3 (4) and r(x) = sup |%(M)| = |X|. 
Proof: 


The definition of the topology on 7# guarantees that each function ¥ is 
continuous, and part theorem 1 shows thatg is bounded and that 


tics) 
sity. 
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jej = sopli m) s ixl 30x > à ; z 
Am). The fact that this auai is a ho 
(1), (2), and (3) of Theorem 1. a | | 

Since x > & 184 homeomorphism, A is obviously a subalgebra of AM), 
The stated properties of A follow readily from parts (4) and (5) of Theoren | 
if M, # M, and if (say) x is in M, but not in M, then ¢ (M,) 


(M,) + 0; and Î (M) = | for every M. 

l If we recall that R is the intersection of all the M’s, then the proof of 
(2) is easy : we have only to notice that part (4) of Theorem A tells us that 
¢ M)=0 for every M <> x is in every M. 

To prove (3), it suffices - in view of part (4) of Theorem A - to show 
that x is regular < it does not belong to any M. It is elementary that a regu] 
element cannot lie in any proper ideal, so we confine our attention to showi ai 
that if'x is singular, then it does belong to some M. We prove this by obsery; ih 
that the singularity of x implies that Ax = {yx : y € A} is a proper ideal aN 

contains x and can therefore be imbedded be in a maximal ideal M wh; ; 
also contains x. which 
Finally, we use (3) to prove (4). By the definition of th 
. e Ss - 
we have A go(x) <> x ~ Al is singular <> (x — Al) (M) = 0 fi pecirum of x, 
Morsi ; for at least on 
( à -ÀI (M) = 0 for at least one M <> ¢ (M) = 
M, so (x) equals the range of ¢ .The rest ie) bl ) 2 for at least one 
me . o i 
and the definition of the spectral radius, ws Irom this statement 


We add the final touch to this porti 
F; ah portion of the theory b 
is acompact y show 
Fae apts t Hausdorff space. The reader will recall that if A* is eg im oe 
Mee an its closed unit sphere conjugate 


Sf fe A* and |f] < 1 
usdorff space in the weak* topology. 
erida both as a set and as a topological space, 


norm-decreasing mapping of A j, 
ito 


omorphism is immediate from pa 
rts 


0 and ; 


anal on A is a functional f in th 
ate i i 

: v teh IS non-zero and satisfies 

: *“Teorem A shows that to each M 


ve function 
More al f, defined by f(x) = x(M). 


e ordinary sense- 


d ae 
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Lemma: 
Iff, and f, are multiplicative functionals on A with the same null space 


M, then f, = fz 
Proof: 


We first show that f= af, for some scalar a. Let x, be an element of 
A which is not in M. If x is an arbitrary element of A, it is easy to see that 
x can be expressed uniquely in form x = m + Bx, with m in M (set B = £,(x)/ 
ARAN put m = x - Bx,, and observe that f£,(m) = 0). It now follows chat 
f(x) = fim) + BE (x) = BECK) = EENE) £60, 
So f= af, with œ = f,(x,)/f,(x,). We complete the proof by showing that 
a equals |. Let x be an element not in M, so that f(x) + 0. Then af (x? = 
my SIN, a e me or 7.3 eae: E 
main) = f) = f(x”) = [of (x) = æf (x?) implies that 
oe =a 
so a = 0 or a = l. Since f, + 0, we conclude that a = |. 


We now use this to prove 


Theorem 3: 
M —> f,, is a one-to-one mapping of the set % of all maximal ideals 
in A onto the set of all its multiplicative functionals. 


Proof: 
The mapping is easily seen to be one-to-one, for if M, # M,, and if (say) 

x is in M, and not in M,, then f(x) = 0 and f(x) # 0. To prove that it 
is onto, let f be an arbitrary multiplicative functional, and consider its null 
space M = {x : f(x) = 0}. It is clear by the assumed properties of that M 
is a proper closed ideal in A. Furthermore, M is maximal, for if it were 
properly contained in a proper ideal 1, then f(1) would be a non-trivial ideal 
in C, contrary. Since f and fọ are multiplicative functionals with the same 
null space, the lemma just proved implies that f = f and our proof is 


complete. 

In some of its more concrete applications, this theorem is used to replace 
the algebraic problem of determining the maximal ideals in A by the analytic 
problem of finding its multiplicative functionals. Its importance for our current 
task of showing that % is a compact Hausdorff space is that it enables us 
to regard #% as a subset of A*. We can say even more than this, for parts 
(5) and (6) of Theorem | tell us that every multiplicative functional f, has 
norm l, so % is a subset of the closed unit sphere S*. We recalled earlier 
that S* is a compact Hausdorff space with respect to the weak* topology, 
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i logy & 
ich is the weak topo 
noe (f = fx). We now obser 


x, for 


F (fy) = fy(3) = XCM) = RM. 
: pology which # has as a subspace of S* is exactly its 


t : , 
Therefore, the to | ideals. These considerations permit US to 


topology as the space of maxima 
regard M as a subspace of S*. 


Theorem 4: 
The maximal ideal space W is a compact Hausdorff space. 


Proof: 
In view of the above discussion, it suffices to show that % is a Closed 
subspace of $*. We accomplish this by ferming the subspace X of S* defineg by 
X =O ya {f: fe S* and f(xy) = fx) fly)}. 
It is evident that X is simply Q@ together with the zero functional: and 
| since we have í 
: X= pa {f: fe S* and f(xy) — f(x) fly) = 0} 
| =A yea (f: fe S* and F (f) - F (P F,(f) = 0} 
| : FN apa tf: Ee S* and F- FF) (f) = 0}, 
it is easy to see that X is closed in S* (note that each of th 
has this property). We next remark that F, is continuous 


| 
li 
| on # and 0 at the zero functional. It follows from this 
Rs X and is therefore closed in S*. 


€ sets last written 
on X and equals | 
that % is closed in 


It is worthy of notice that the topology we imposed on % is the only one 


| which makes it into a compact Hausdorff space on which all the functions 


X are continuous, for any stro: 
Sy : y stronger compact Hausdorff must equal the given 


In essen i 
e í : 
suitable compact Hausdorff He of continuous complex functions on a 


i ; CATIONS OF THE FORMULA R(X) = LIM fk” | I/n 
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enerated by all the functions f, defined on S* 
ve that when F, is restricted to %, it is Precisely 


Vector Spaces 
Theorem 1: 
The folowing conditions on A are all equivalent to one another 
(1) [x | z Ixl? for every x ; 
(2) r(x) = ||x|| for every x ; 
(3) |\X|| ||x|] for every x . 


Proof: 
It follows from condition (1) that 


=e [=f = pay 


; 2k 2k 
and, in general, that |x | =|x|| for every positive integer k. The formula 
for the spectral radius now yields 


r(x) = lim pel” =lim pæ = lim ||x|| = |x|, 


so (1) implies (2). The fact that (2) implies (1) is immediate from 
[| = r(x?) = r(x)? = Ixl? - In view of the equation r(x) = ||k| 


Our next problem is to devise a way of making sure that the representing 
algebra 4 comes as close as it can to exhausting (7), and we accomplish 
this by introducing the following property. A is said to be self-adjoint if for 
each x in A there exists an element y in A such that (M) = (M) for 
every M. 


Theorem 2: 


If A is self-adjoint, then À is dense in C). 


Proof: 


By part (1) of T know that Â is a subalgebra of @(7#) which separates 
the points of @ and contains the identity function. Our hypothesis now tell 
us that the closure of 4 is a closed subalgebra of @(7##) which separates 
points, contains the identity function, and contains the conjugate of each of 
its functions. Theorem 2 (the complex Stone-Weierstrass theorem) shows that 
this closure equals @(7#), so Â itself is dense in OM). 

If we put together the results obtained in the above two theorems, we 
have, 
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m 3: Qin 
Theore ee ot d shel S |x | for every x, then the 


is self- ! is 
If A is n oe isometric isomorphism of A onto CCM). 
ing X x 


Proof: 
By Theorem A, the mapping x > x Preserves norms. It is therefore an 
hism of A onto 4; and we see from this that A isc] Gian 


isometric isomorp 
in AM). Since Å iS dense in A#) by Theorem B, it follows that i edi 
Am), and the proof is complete. 

This theorem lacks a certain simplicity which it ought to have, for i 
condition of self-adjointness is rather far removed from the intrinsic A 
of A. Our work in the next two sections will remedy this defect and at a 
same time will establish closer connections with the operator algebras 


which we apply our final result. 


INVOLUTIONS IN BANACH ALGEBARS 
A Banach algebra A is called a Banach *-algebra if it has an involution 
that is, if there exists a mapping x — x* of A into itself with the following 
properties : ‘ 
(a ty)? =x* + y% 
(2) («x)* = ax"; 
(3) (xy)* = y*x*; 
(4) x** =x. 
It is an easy consequence of (4) that the i i 
e involution x + x* i 
“lal mapping of A onto itself. We also note that 0* = ae 
Tas & N ay = 0* + x* and |* = |]* = ]**]* = uy 
Pec ve i 18 called the adjoint of x, and a subalgebra 
ar i 1t it contains the adjoint i 
iA is Bes Ranh P a j of each of its elements. 
hen f is called a *-isomorphism if it ee oe 
that f(x) = fx) it preserves the involution in the sense 
W ; 
a € naturally want the involution in a Banach * 
aia Way to the norm. The 
= “vaution is continuous; for if 


-algebra to be linked in 
Property Ik | = |x|] clearly implies that 
X, > x, then 


Is £ x'| E lx, - x)'| = |x, -x| 


stronge i : 
Biven by the condition” r relation between the involution 
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exl =I 


and any Banach *-algebra which satisfies it is called a B*-algebra. It is easy 


to see that we have (x| = |\x|| in every B*-algebra; for 
lx = [°x < fx" | be 
shows that ||x|| < [x"| for every x, so [e | < I." | = ||x||, and therefore 
x*| = ||x||. It follows from this that relations Ix" | = Ix] \|x||_ is also true. 


Several of the Banach algebras described in ask Banach *-algebras with 
respect to natural involutions. If X is any topological space, then @(X) is 
clearly a commutative B*-algebra relative to the involution defined by f*(x) 
= f(x). The disc algebra, however, is not, for it f is the function defined by 


f(z) = z, then f* (z) = z is not analytic at any point . If H is a non-trivial 
Hilbert space, then @(H) is a B*-algebra with ;the adjoint operation T —> (p 
taken as the involution. Since C*-algebras are the self-adjoint Banach 
subalgebras of @(H)’s, they too are B*-algebras. Finally, the group algebra 
L(G) of a finite group G is a Banach*-algebra with respect to the involution 
defined by f*(g,) = f(g," ); and it is easy to see that |e’ | = |fl. 

It should be reasonably clear that Banach*-algebras (and especially 
Banach*-algebras) are modeled along lines suggested by &H). We have 
already called the element x* in such an algebra the adjoint of x. By analogy, 
we say that x is self-adjoint if x = x*, normal if xx* = x*x, and a projection 


if x = x* and x?= x. 


Theorem: 
If x is a normal element in a Banach*-algebra, then lx] = jixli’. 


Proof: 
It is obvious that e] < xl. The inequality in the other direction is a 


consequence of the following computation : 
“pel = (Lt) a »s 


(x") x2] =I(x2) 


el< el 


-a*d 


(ey 


* 
X 


lel 
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m 


This result sugges" algebras of operators on Hilbert spaces. We 
-algebras an ‘n this matter at the end of the next sectio 


nections 
descrip. 
n. 


p-NEUMARK THEOREM 


THE GEFLAN sition to give Theorem 3 its final form. 


We are now in â P 


IE « 
ue p+-algebra, then the Gelfand mapping x => x is an isor 


a Netric 
mutative B*-algebra CH). 
+. isomorphism of A onto the com g ) 


Proof: ; i 
Since A is commutative, each of its elements is normal, and it follows 


in GE |x]? for every x. By now suffices to show that %°(M) = SM) 
for each x in A and M in %. 
Our first step is to prove that if x is self-adjoint, then (M) is rea] fot 


every M. We assume the contrary, namely, that there exists an M such that 
aM) =o + ip with B # 0. Since x ;is self-adjoint, 


y = (x = ol)/B 

is also self-adjoint. We further note that y(M) = i, so y — il is in M. It iş 
obvious from the properties of the involution in A that 

M* = {m*:meM } 
| | is a maximal ideal; and since it contains (y — il)* = y + il, we see that $ (M*) 
| l =- i. If K is any positive number, then 

| (y - iKi) (M*) =- i(l + K) 
| . . 
f and (y + iKI) (M) = - i(l + K). It follows from this that 1 + K < 
e ly ~iKIl < [y~ ikl] and, similarly, that 1 + K <ly+iKIl]. On multiplying 
| ~ these two inequalities, we obtain 
2 Z : fat 

(L+K) < fy i] fy +k] =[(y +iK1) II + ik 


= 


=v (y+ I(y ik) (y + ik] =] fy + ix, 


Peelse 
itrary, this is impossible, and this portion 


l, Since K is arb 
complete. 
— j if proof by showing that if x is any element of A, 
every M. It is clear that y = (x + x*)/2 and z = 
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(x — x*)/(2i) are self-adjoint, and that x = y + iz; and therefore, by the result 
of the above paragraph, we have 
R` (M) =(y-iz)(M) = §(M) - iz(M) = §(M) - iz(M) 
= y(M) + iz(M) = (M). 
We already know that if X is any compact Hausdorff space, then ÆX) 
is a commutative B*-algebra. The theorem just proved—it is called the 
Gelfand-Neumark representation theorem—tells us that commutative B*- 


algebras are simply abstract @(X)’s, in the sense that every such algebra is 
abstractly identical with @(X) for a suitable compact Hausdorff space X. 

There is another Gelfand-Neumark theorem of great interest, which 
applies to arbitrary B*-algebras. We observed in the previous section that 
every C*-algebra. The converse of this is also true, for if A is a B*-algebra, 
then exists a Hilbert space H with the property that A is isometrically 
*-isomorphic to a C*-algebra of operators on H. General B*-algebras are 
therefore abstract C*-algebras. The proof of this theorem evidently requires 
that a suitable Hilbert space be constructed out of the given structure of A. 
The details of this construction are beyond the scope of this book, and we 
content ourselves with merely stating the facts. 


Some Special Commutative Banach Algebras 


Our discussion foreshadowed a generalized form of the spectral theorem, 
and the principal purpose of the present chapter is to formulate and prove 
this result. We begin with some additional material relating to Banach algebras 
of continuous functions. In particular, we keep the promise made in showing 
that the Stone-Cech compactifcation of a completely regular space is essentially 
unique. 


IDEALS IN @X) AND THE BANACH-STONE THEOREM 


Let X be a compact Hausdorff space, and consider the commutative B*- 
algebra A(X). If% is the space of maximal ideals in @(X), then the developments 
of the previous chapter lead us to expect that 7% can be identified with X and 
that the Gelfand mapping is the identity mapping of @(X) onto itself. 


In order to substantiate this conjecture, we begin by observing that to 

each point x in X there corresponds a proper ideal M, in ÆX), defined by 
M, = {f : f © AX and f(x) = 0}. 

M, is easily seen to be maximal and is thus an element of %, for it is 

the null space of the multiplicative functional f, defined by f,.(f) = f(x), 

which assigns to each function in @(X) its value at x. Since X is compact 

Hausdorff, and therefore normal, Urysohn’s lemma tells us that for each point 
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4 x there exists 3 ait This 
M. is €p is 
shows that X > * ping is onto w 
f : PE t 
that anaj vi in Q(X), then there exists a point in X at site 
n in M vanishes. We assume the contrary, namely, that for eich 


in X there exists a function fin M such that f(x) = 0. 
point X 


à ighbourhood at on point 3 
; ic continuous, X has a neigh p of whi 
H vary x to obtain an open cover for X, and we a 
regen to infer that this open cover has a finite subcover. Let f, f 
ea corresponding functions in M. M is an ideal, so the fun ate 
sae fifi = DP lfi] is also in M; and by the manner of jt 
ANA, it clearly has the property that g(x) > 0 for every x. 
It follows that g is a regular element of ÆX), and this contradicts the 
fact that it lies in ;the proper ideal M. We therefore conclude that x > M 
is a one-to-one mapping of X onto 7. x 
These considerations enable us to identify the set % with the set X, and 
in terms of this identification, we regard X and % as two possibly different 
compact Hausdorff spaces built on the same underlying set of points. By our 


work in the previous chapter, we know that the Gelfand mapping f > ; is 


a one-to-one mapping of (%). If we use the notation established there, the 
we find that mee 


PM = M) = MD = f0, 
so ¢ = f and A%) = AX). We now recall that any compacted Hausdorff 


topology on a non-empty set is uniquely determined as th 

: i e weak topol 

ae by the set of all its continuous complex functions. If follows = 
his that X and % are equal as topological spaces. 


i: We summarize the results of this discussion in 


~ ‘LetX be a compact Hausdorff 


en í ; space and% the s imal ideal. 
ae 1p i pace of maximal ideals 
ai B*-algebra CX). Then to each point x in X re 

a a imal ideal M. defined by 

Ee ur if: f ECX) and fix) = 0}, 

: AA ee of X onto Mt If this mapping is used 
i. : are equal as topological spaces, @(X) 
ma mapping f +> f is the identify mapping of @(X) 
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The main idea of this theorem is that the maximal ideals in @(X) 
correspond in a natural way to the points of X. Our next step is to extend 
this idea and to obtain a similar characterization of the proper closed ideals 
in G(X). 

We again consider a compact Hausdorff space X, and we begin our 
discussion with the observation that to each non-empty closed subset F of 
X there corresponds a proper closed ideal I(F) in AX), defined by 

I(F)= {f : f © @(X) and f(F) = 0}. 

If x is any point not in F, then it follows from the complete regularity 
of X that there exists a function f in @(X) such that f(x) # 0 and f(F) = 0. 
This shows that F —> I(F) is a one-to-one mapping of the class of all non- 
empty closed subsets of X into the set of all proper closed ideals in Q(X). 
We shall prove that this mapping is onto, that is, that every proper closed 
ideal in @(X) arises in this way from some F. 


Let I be a proper closed ideal in @(X). WE may assume that I is not 
the zero ideal, for this ideal clearly arises from the full space X. We define 
F by 

F = {x : f(x) = 0 for every f £ I}. 

It is easy to see that F is a proper closed subset of X; and since I is 
contained in some maximal ideal, it follows that F is non-empty. Our task 
is to prove that I(F) = I, and since it is obvious that I c I(F), the real problem 
is to prove that I(F) c I. If f is any function which vanishes on F, we must 
show that f lies in I. We may evidently assume that f # 0, so that {x : f(x) 
= 0} is a proper subset of X. 


In the first part of our proof, we assume that f vanishes on some open 
set G which contains F. Since f + 0, G' is non-empty and is thus a compact 
subspace of X. For each point x in G', there exists a function g in I such that 
g(x) # 0. The technique used in the proof of Theorem A can now be applied 
again, to yield a finite number of functions g,, Z» =- g, inl with the property 


that at least one is non-zero at every point of G'. We next define a function 
nd 2 

gbyg= Z gigi = XP leil 
` g(x) > 0 for every x in G'. By the Tietze extension theorem, the function 
whose values on G' are given by l/g,(x) can be extended to a function h in 


Q(X). It is easily seen that gh is in I, that it equals | on G', and that f = fg,h, 
so f is in I. 


, and we observe that g, is in I and that 


We now turn to the general case. For each € > 0, the sets K and L defined 
by K= {x:|f(x)| < </2} and L = {x:|f(x)| > e} are disjoint closed subsets 
of X. K is clearly non-empty, and since f # 0, L is also non-empty for every 


| 
| 


Linear Algebra with Vector and Inner Produc t Sp 
62 ace 
t e has been chosen at least th; 

i Jl e. We assume that « : tisa 
piem cg constitute a disjoint pair of closed subspaces ee 
so that ohn’s lemma, there exists a function h in @(X) such that e(k) =< 
Ae 0 < g(x) <I for every x. We now define a function h in AX) . 
pena E y 


h = fg, and we note that 
|t-h] =|£(1-8)] < € 
It is evident that h vanishes on the set G ={x:|f(x)| < €/3}; and since 
G is an open set which contains F, it follows from the preceding Paragraph 


that h is in 1. ; E 
This shows that for every sufficiently small positive number € thér 
e 


exists a function h in I such that ||f - hj] < €, and since I is closed, we conclude 
that f is in I. 
We give the following formal statement of our result. 


Theorem 2: 


, de 
MF) = if : f € CX) and f(F) = 0}; and further, F — 1B) is a al by 
mapping of the class of all non-empty closed subsets of X onto the ser of il 
a 


proper closed ideals in Q(X). 
As an easy consequence of this, we have 
Theorem 3: 


If X is a compact Hausdorff space, th 


e ars i 
the intersection of the maximal ideals whi ee nai 


ch contain it. 


clear that the maximal į i 
pn < maximal ideals which contain I are precisely those 


ces to observe that a function 
point of F, 


fr or o a purely algebraic nature, 
T pace X is fully determined, both as 
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a set and as a topological space, by the algebraic structure of AX). These 
observations lead us directly to 


Theorem 4: 


(the Banach-stone Theorem). Two compact Hausdorff spaces X and Y are 
homeomorphic <> their corresponding function algebras ZX) and @(Y) are 
isomorphic. 


THE RADICAL AND SEMI-SIMPLICITY 


Our final preliminary task is to reach a clear understanding of what is 
meant by the statement that our Banach algebra A is semi-simple. For this, 
it is necessary to give an adequate definition of the radical of A, and this in 
turn depends on a detailed analysis of its ideals. 


We recall that an ideal in A was defined in Sec. 45 to be a subset | with 
the following three properties :] 


(1) I is a linear subspace of A; 
(2)ie I= xie I for every element x £ A; 
(3) ie I => ixe I for every element x € A. 


If I is assumed only to satisfy conditions it is called a left ideal (or a 
right ideal). For the sake of clarity and emphasis, an ideal in our previous 
sense—one which satisfies all three of these conditions—is often calied a two- 
sided ideal. In the commutative case, of course, these three concepts coincide 
with one another. 


The properties of the ideals in A are closely related to the properties of 
its regular and singular elements. In our work so far, the statement that an 
element x in A is regular has meant that there exists an element y such that 
Ry ey ey 

For our present purposes, it is useful to refine this notion slightly, as 
follows. We say that x is left regular if there exists an element y such that 
yx = 1; and if x is not left regular, it is called left singular. The terms right 
regular and right singular are defined similarly. If x is both left regular and 
right regular, so that there exist elements y and z such that yx = 1 and xz 
= 1, then the relation 


y= yl = you) =(yx)z = 12 = 2 
shows that x is regular in the ordinary sense and that x! = y = z. 


The concept of maximality for two-sided ideals was introduced by analogy, 
we define a maximal left ideal in A to be a proper left ideal which is not 
properly contained in any other proper left ideal. A straightforward application 


tee 
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er left ideal can be imbeddeq : 
i shows a that any prop ed in a 
of Zorn s lemma 


; e zero ideal {0} is a proper left ideal, ita 
maximal jito on We now define the radical R of A to e 
left ideals oer its maximal left ideals. It will be convenient to abbreviar. 
intersection by writing R= MLI. R is clearly a proper left ideaj 

this a ideas can be formulated just as easily for right ideals as for lef 
í d there is no reason for giving preference to either side over the 
ideals, an f the following chain of lemmas is to show that R js sae 


se 0 4 , 
Lethe gr all the maximal right ideals in A, that is, that R = ~ MRI 


Lemma I: 
Ifr is an element of R, then I —r is left regular. 


Proof: 
We assume that | — r is left singular, so that 


L=A (1 -1r)= {x-xr:xe A} 
is a proper left ideal which contains 1 — r. We next imbed L in a maximal 


left ideal M, which of course also contains 1 — r. Since r is in R, it is also 
in M, and therefore 1 = (1 — r) + r is in M. This implies that M = A, which 


is a contradiction. 


Lemma 2: 
Ifr is element of R, then 1 — r is regular. 


Proof: 

3 By the lemma just proved, there exists an element s such that s(1 —r)=] 

ce = See and i 1 -(-s)r. The fact that R is a left ideal implies 
~S) ris in R along with r, and another application of the preceding lemma 


fr is an element i 
> Of R, then 1 ~ xp iS regular for every x. 


Risa left ideal so xr ic 
nate » 50 XT Is in R and the Statement follows from the lemma 
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Proof: 
We assume that r is not in R, so that r is not in some maximal left ideal 
M. It is easy to see that the set 
M + Ar = {m + xr: me M and x A} 
is a left ideal which contains both M and r, so M + Ar = a and 
Mit xr =] 
for some m and x. It now follows that 1 — xr = m is a regular element in 
M, and this is impossible, for no proper ideal can contain any regular element. 
The effect of these lemmas is to establish the equality of two sets : 
ov MEI= fr: tl — xr is regular for every x }. sales 
Precisely the same arguments, when applied to maximal right ideals, 
show that 
© MRI = { r: 1 — xr is regular for every x }. whi) 
We now prove that all four of these sets are the same by showing 
that the two sets on the right of (1) and (2) are equal to one another. By 


symmetry, it evidently suffices to prove the 


Lemma 5: 
If 1 — xr is regular, then 1 — rx is also regular. 


Proof: 
We assume that | — xr is regular with inverse 


s=0 — xy". 
This means, of course, that (1 — xr)s = s(1 — xr) = 1. We leave it to the 
reader to show, by a simple computation, that 
(1 — rx) + (1 — rsx) (1 — rx) = 1, 
so that 1 — rx is regular with inverse 1 + rsx. (The formula for (1 — rx)? is 
less mysterious than it looks, as the reader can see by inspecting the meaningless 


but suggestive expressions. 
s= (1 —xmy'= 1+ x + Gry ... 


ane () = oxy = 1 + rx + (xy + (RP +... = be rx + x 
EEA ts, = 1 +r +o + err t+...) *% > 1 + Se) 


We summarize our results in 


Theorem 1: 


The radical R of A equals each of the four sets in (1) and (2) and is 


therefore a proper two-sided ideal. 
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ie; i Is the zero ideal {0} 
; - cimple if its radical equa : , that 
A is said to be sem! oe A is outside of some maximal left idea], 


ne -zero element 0 

is, if ae non pserved that the ideas discussed above are purely algebraic 
It will be o i be applied not only to our Banach algebra A, but also 

in nature. They ca h identity. Our interest, however, is in A, and we 


el 
| to ps ea aera pale notions the results, notably, the fact that the 
| w brin : ; 
| = S of all singular elements 1n A is closed. | 
! We begin by noting that if | is any ideal in A (left, right, or two-sided), 
e beg f the algebraic operations, its closure j is an 


by the joint continuity O ' : ) 
a afi te king. Next, since any proper ideal is contained in the proper 


closed set S, the closure of any proper ideal is a proper ideal of the same 


— 


kind. It is an easy step from these facts to 


Theorem 2: 
Every maximal left ideal in A is closed. 


Proof: 
If any maximal left ideal L is not closed, then L is a proper subset of 


the proper left ideal | ; and this cannot happen, for it contradicts the 
maximality of L. 
Taken together, the above two theorems yield 


— 
mnan 
e 


, Theorem 3: 
The radical R of A is a proper closed two-sided ideal. We shall also need 


Theorem 4: 


Ifl is a proper closed two-sided ideal in A, then the quoti 
: : i 
AM is a Banach algebra. quotient algebra 


Proof: 


A tells us that A/I i ene : 
T ap Be 4 non-trivial complex Banach Space with respect 


sail = int fh + ifs ie 1. 
Further, A/I is clearly an algebra with identity 1 + I, and 
= ‘ a = inf {1 + il sie I} < [1] = 1. 
i Sei inequality for the norm is easily proved as follows: 
Cy + 1] = ay + af = inf {Ixy + il:i e1} 


Sinf {I(x + i )(y+i,)):i,,i, e r} 


| 
| 
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< inf {I(x + is) | (O+): iiz € 1} 
= [int {lix + i, enet }] [inf tlio tin): i. © i} 


= |x +O] fly + 1}. 


All that remains is to show that li # I| = |; and since we already have 


j + I|| < 1, this is an immediate consequence of the fact that 
li + tf =| + 1 | <|1+ 1? implies 1 < ji + af 


As a final result, we state 


Theorem 5: 
A/R is a semi-simple Banach algebra. 


Proof: 

It suffices to observe that the natural homeomorphism x — x + R of A 
onto A/R induces a one-to-one Correspondence between the maximal left 
ideals in A and those in A/R. 

We shall be concerned almost exclusively with commutative Banach 
algebras. An algebra of this kind is of course much easier to handle than one 
which is not commutative, for all its ideals are two-sided and its radical is 
simply the intersection of its maximal ideals. 

Our reason for studying the general case here is that when it becomes 
necessary to assume commutativity, as it will in the next section, we want 
the force of this assumption, and the issues that depend on it, to be quite clear. 


THE STONE-CECH COMPACTIFICATION 

It is natural to wonder what can be said along the lines in the case of 
a topological space X which is not necessarily compact Hausdorff. Regardless 
of the properties of X, we know from our previous work that CX) is a 
commutative B*-algebra, that its maximal ideal space % 1s a compact Hausdorff 
space, and that x —> M, is a mapping of X into %. 

Our difficulty is that without restrictions of some kind on X, we know 
practically nothing about the properties of the mapping x > M, . If it happens 
that this mapping is one-to-one and is also a homeomorphism of X onto a 
subspace of 7%, then we observe that X is necessarily completely regular. It 
is therefore reasonable to assume at the outset that X is completely regular, 
and we shall see that several interesting conclusions follow this hypothesis. 


p 
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Le i a.completely regular space and W the space of maxim Hy 
in he conti? Bt-algebra G(X). Then the mapping x —» M he 
A of X onio a subspace of M. F urthermore, if this map a 
is used to identi X with its image in w% then (I) X is a dense Mna 
ax: (2) each function in @X) has a unique extension to a function in @ pa O 
and (3) if Y is a compact Hausdorff space with the properties of a Hai 2 


in (1) and (2), then there exists a homeomorphism of M onto Y Which le 
the points of X fixed ae 


Proof: 

The fact that x + M, is one-to-one is immediate from the colin 
regularity of X, so we may identify X as a set with its image in %. The i e 
X of # has two topologies : its own, and its relative topology as a =e ubset 
of %. The following arguments show that these topologies are ales 

- We 


know that the Gelfand mapping f > f is an isomorphism of W(X) ont 
o 


AH). Also, Just as in the proof we have f(x) = f(x) for each f in CCX) and 

each x in X. These observations imply that @(X) is Precisely the set of 

restrictions to X of functions in AW); and since both topologies are Sila 
y 


regular, it follows the weak topology 
i generated by AX 
and X can be regarded as a subspace of %. Y AX), so they are equal 


` Ua oe also show that X is dense in #—for if f Vanishe 

` er = Hd —) ie i ; 
a7 0, f =0, and 7 also vanishes on %#—and that each functi 
fin @X) has a unique extension ons 


ohm f in am). All that remains is to Prove (3). 
f a # an isomorphism of CH) onto Q(X); and by th 
. . d j 
A ing ne ead f ig f, which assigns to each f in A(X) 
; eh isomorphism of CX) onto CY) 
| > fis an j i | 
ia oe of EM) onto AY). If x is a point 
i. A i the maximal ideal in G7) 
| nm i 2 AY) corresponding to x ; 
ee Omeomorphism of 7% onto Y 
H nis i pee 
2 5 ttc in the manner described, 
a sd IS sense, therefore, ZZ and B(X) 
vi Ci enis also to any other compact 
: hi subspace and has the required 
at Shown that the Stone-Cech 
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compactification of a completely regular space X is uni 
well be regarded as the maximal ideal of AX). unique and can equally 


COMMUTATIVE C*-ALGEBRAS 


In this final section, we apply the result of the preceding two chapters 
to the theory of operators on a non-trivial Hilbert space H. We know that 
@(H) and all its self-adjoint Banach subalgebras (that is, all C*-algebras of 
operators on H) are B*-algebras. As a special case of the Gelfand-Neumark 
theorem we therefore have 


Theorem 1: 

Let A be a commutative C*-algebra of operators on H, and @@ it space 
of maximal ideals. Then the Gelfand mapping T > + is an isometric *- 
isomorphism of A onto CM). 


Proof: 

If {T,} is a non-empty set of operators on H, then the smallest Banach 
subalgebra of 6(H) which contains every T, is called the Banach subalgebra 
of AH) generated by the Ts. 

It is easy to see that this Banach subalgebra of @(H) is the closure of 
the set of all polynomials in the T,’s. If N is a normal operator on H, then 
the Banach subalgebra of @(H) generated by N and N* is clearly a commutative 
C*-algebra, and is called the commutative C*-algebra generated by N. We 
now specialize. 


Theorem 2: 

Let N be a normal operator on H, and A the commutative C*-algebra 
generated by N. If M is the space of maximal ideals in A, then the Gelfand 
mapping T > fî is an isometric *-isomorphism of A onto CCM). 


Proof: 

As it stands, this result is only a beginning. In order to exploit it effectively, 
our first task is to show that the spectrum of an operator in A-which is 
understood to be its spectrum as an element of @H)}—equals its spectrum 
as an element of A. In proving this, we shall need the following preliminary 


fact. 
Lemma: 

Let X be a compact Hausdorff space and A a Banach subalgebra of @(X). 
Iff is a real function in A which is regular in @(X), then it is also regular 
in A. 
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Proof: ‘a clearly compact subspace of the real line which does 
The range of fis ai js given, then by the Weierstrass approximation 

not contain Oe olynomial p such that |p(t) — It| < e for every t in 

p yf (x)| < € for every x, so IP(Ð — 


theorem there exists a P f(x)) - 
ows from this that Ip onclude that I/f is in A. 


ll ; 
ae ie p(f) is in A and A is closed, we c 
3: 
TOSS e C*-algebra of operators on H. If an operator 


a commutaliv : 

j pg Jar in EH), then it is also regular in A, and therefore the 

: a = of as an operator on H equals its spectrum as an element of 4 
spectr 


Proof: ; : : 

We begin by considering the special case in which T is assumed to be 
self-adjoint. Let B be the Banach subalgebra of Z(H) generated by T and T- 
1 Since Tand T' are self-adjoint and commute with one another, it IS evident 
that B is commutative C*-algebra; and if % is its space of maximal ideals 
then B is isometrically *.jsomorphic to AW) and T is represented by a real 
function in (#).C =A Bisa Banach subalgebra of B; and is therefore 
isomorphic to a Banach subalgebra of (%4). Sine T is in C and is regular 
in B, our lemma shows that T` is also in C and therefore lies in A. 

We now turn to the general case, in which T is not assumed to be self- 
adjoint. It is clear that U = TT* is a self-adjoint operator in A, and since it 
has an inverse U~! = (TT*)! = (T*)' T'=(T')* T” in &H), we know from 
the preceding paragraph that U~! is in A. We now make use of the commutativity 
of A to write the relation UU~' = I in the form T(T*U~')T = I. This shows 
that T' = T*U", so T' lies in A and the proof is complete. 

This result tells us, in particular, that if N is a normal operator on H 
then its spectrum o(N) equals its spectrum as an element of the commutative 
C*-algebra generated by N. Our next step is to provide a concrete representation 
for the space of maximal ideals in this algebra. 


Theorem 4: 
Let N be a normal operator on H, A the commutative C*-algebra 


Fae e> a and % the space of maximal ideals in A. Then the function 
N E | which corresponds to N under the Gelfand mapping is a 


meomorphism of W onto o(N). 


ws from Th 
ou es and part (4) that o(N) is precisely the range 
i N defined on %. Since both # and o(N) are 
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compact Hausdorff spaces, it suffices by Theorem 5 to show that Ñ is one 
-one. Let M, and M, be poi at + , i 
to-on : 2 DE points of Æ such that Ñ (M,) = Ñ (M). Then we we 
also have wee 
dg l —_— ~ nice 
N*(M,) = N(M,) = N(M,) = ÑK *M)), ses. 
so each of the function Ñ and Ñ * takes equal values at M, and M.. Since ing 
A is the closure of the set of all polynomials in N and Ne every funelo ~ 
in (7) is a uniform limit of polynomials in Nand xj *, and therefore every mi 
function in CH) takes equal values at M, and M,. We conclude the proof mal 
by observing that since (7%) separates the points of %, it follows that ges 
M, = M, TA 


In accordance with this result, we may identify 7 with the compact 
subspace o(N) of the complex plane; and when this identification is carried 
out, it is easy to see that Ñ (z) = z for every z in %. We summarize our 


conclusions in 


Theorem 5: 

Let N be a normal operator on H with spectrum o(N), and let A be the 
commutative C*-algebra generated by N. Then the space 7# of maximal 
ideals in A equals o(N), and the Gelfand mapping T + 7 of A onto A) 
is an isometric *-isomorphism which carries N into the function whose values 
are given by Ñ (z) = z for every z in %. 

This theorem has a number of simple consequences, of which the following 


are only a few: 
(1) N= 0 > o(N) = {0}; 
(2) N is singular <= o(N) contains 0; 


(3) o(N*) = o(N) 

(4) N is self-adjoint <= o(N) lies on the real line; 

(5) N is unitary > o(N) c {z z| = 1}; 

(6) N is a projection = o(N) c {0, 1}. If it happens that H is finite- 
dimensional, so that o(N) consists of a finite number of distinct complex 
i,» then we can write 


A m A 
N= )AjP, 
i=] 


numbers A.,,A,, .-., 


where p, is the function in @(%) defined by p (A) = 4,, It is evident from 
this that 
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m 
N=) A,P;, 
i=] 


where the P,’s are non-zero pairwise orthogonal projections in A such that 
m 

Pi = I. This is precisely the spectral resolution of N treated in actually 
i=] 
contains the finite-dimensional spectral theorem. We therefore have solid 
grounds for regarding Theorem E as the generalized form of the spectral 
theorem discussed in the last paragraph of our promises are fulfilled. 


Fixed Point Theorems and Some Applications to Analysis 


Let f be a continuous mapping of the closed interval [ — 1, 1] into itself. 
Fig. 39 suggests that the graph of f must touch or cross the indicated diagonal, 
or more precisely, that there must exist a point x, in [— 1, 1] with the property 
that f(x,) = x,. The proof is easy. 
We consider the continuous function F defined on [-1,1] by F (x) = f(x) 
— x, and we observe that F (—1) = 0 and that F (1) < 0. If now follows from 
the Weierstrass intermediate value theorem that exists a point x, in [ — 1, 1] 
such that F(x,) = 0 or f(x,) = x,. It is convenient to describe this phenomenon 
by means of the following terminology. A topology space X is called a fixed 
point space if every continuous mapping f of X into itself has a fixed point, 
in the sense that f(x,) = Xo for some X, in X. The remarks in the above 
paragraph show that [— 1, 1] is a fixed point space. 
Furthermore, the closed disc ty} TK, y, $ 1} in the Euclidean plane 
R? is also a fixed point space (for a lucid elementary proof of this. Both of 
these facts are special cases of 


Brouwer’s Fixed Point Theorem: The closed unit sphere S ={x : ||x|| 
<1} in R’ is a fixed point space. 

There are several proofs of this classic result, but since they all depend 
on the methods of algebraic topology, we refer the reader to Bers. Brouwer's 
theorem itself is a special case of 


Schauder's Fixed Point Theorem: Every convex compact subspace of 
a Banach space is a fixed point space. 


For a proof, together with a discussion of other related results. Schauder’s 
theorem was foreshadowed by the work of Birkh off and Kellogg on existence 

ineorems in analysis. We illustrate the relevance of these ideas to such 
5 by given a full treatment of Picard’s theorem on the existence and 
SS Of solutions of first differential equations. 
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We begin by considering an arbitrary metric space X with metric d. A 
mapping T of X into itself is called a contraction if there exists a positive 
real number r < 1 with the property that d(Tx, Ty) < r d(x,y) for all points 
x and y in X. It is obvious that such a mapping is continuous. We shall need 


the following. 
Lemma: 

If T is a contraction defined on a complete metric space X, then T has 
a unique fixed point. 
Proof: 

Let x, be an arbitrary point in X, and write x, = TX, 

Es, TK 

and, in general, x, = T"x, = Tx, if m <n, then 

a(x 3x.) = d(x, T'x,) = aR il Matas 
Sf dx, Vs, = E d(x, Xan) 

fr [aGx.%) + dK, %) +. | a See | 


Side lh beh ee 


lA 


r™d(x9,X1) 
t L=r 
Since r < 1, it is evident from this that {x,} is a Cauchy he = 
by the completeness of X, there exists a point x In A such that Xn | : 
We now use the continuity of T to infer that x is a fixed point : 
i> Tdim x)= lim Tx, = lim x, + 1 = x. ; 
We conclude the proof by showing that x is the only fixed eae : 
is also a fixed point, that is, if Ty = y, then d(x,y) = d(Tx, Ty) < r d(x,y); 
and since r < 1, this implies that d(x,y) = 0 or y = x. 
This result is the key to we 
Picard's Theorem : If f(x,y) and of/dy are "n E a “bom 
rectangle R = {(x,y): a, 5 XS 4, and bs $i < b,}, and if (x,y, 
interior point of R, then the differential equation 


dy 
= X, 
(x,y) 


has a unique solution y = g(x) which passes through (X,,Y,)- 


A) 
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c es 


Since f(x,y) and Of/Oy are 


consequently t Continuous in R 


here exist constan 
ts K and M such that POUNded, ang 
le(x.y) ar hat 
i A 
fi ” ay y) <M k 
or all points (x y)inR ie 
; - We next ob i 
then the means value theorem aia ie ee Sy) wh 3 
f(x,y,) -f “ 
(x91) - f(x,y) = hy, “val tly, soaa 
for some @ Such that 0 et 
< @ 1. It now follows from (3) and (4) that 
a 
lf(x,y1) - (x,y) < Mly,-y>| 
for all (x,y,) and (x,y,) in R.! p 


It is convenient at thi 
i Is replace our prob] i 
relating to an Integral equation. If y= os) sela ian oe 


Z $ fi 
that g(x,) = Yo then integrating (1) from Ane les (1) and has the property 


X yields 
X)- = ; 
8(x)-8(xo) = f f(tg(t)) at 
or X) = > 

80x) = yo + J f(tg(t)) dt. (6) 

Conversely, if y = g(x) satisfies (6), then it clear that = 
À i m > F g(x.) = y,, and on 
differentiating (6) we obtain (1). It therefore suffices to show that the integral 


equation (6) has a unique solution. 
To accomplish this, we choose a positive number œ such that Mx < | 

__ and the closed rectangle R' determined by |x-xọ| <a and |y-yo| < Ka is 
ntained in R. We now let X be the set of all continuous real functions 
defined on the closed interval |x — x | <æ such that Ka. X is clearly 


pace of the complete metric space @[x,— ®©, Xo + oc} and is 
If a complete metric space. Our next step is to consider the 
X into itself defined by Tg = h, where 


i x 
h(x) = yo + f(t,g(t)) dt. 
| t T maps X into itself is evident from (2), for 


|h(x)- yol = iM f(t,g(t)) dt | < Ka, 
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Furthermore, it follows from (5) that 
[hy (x)-h3 (x)| = [J [e(t.21(0) ai f(t,g2(t))] dt | 


< Ma sup |g, (x) - g(x) 


and since Ma < 1, this shows that T is a contraction on X, We now appeal 
to our lemma to conclude that the equation Tg = g has a unique solution. 


Since this amounts to saying that the integral equation (6) has a unique 
solution, our proof is complete. 


The ideas in this proof have a much wider scope than might be suspected, 
and can be applied to establish many other existence theorems in the theory 
of differential and integral equations. 


Continuous Curves and the Hahn-Mazurkiewicz Theorem 


A continuous curve is usually thought of as ‘‘the path of a continuously 
moving point,” and this rather vague notion is often felt to carry with it the 
even vaguer attribute of ‘‘thinness,” or ‘‘one-dimensionality.” For the case 
of plane curves, Hordan (in 1887) gave precise expression to this intuitive 
geometric concept by means of the following definition : if f is a continuous 
mapping of the closed unit interval I'= [0, 1] into the Euclidean plane R?, 
then the subset f(I) of R? is called a continuous curve. The fame of Jordan’s 
definition rests mainly on Peano’s discovery (in 1890) of a continuous curve 
which passes through every point of a closed square. Curves of this type have 
come to be called space-filling curves. 


The first three stages in the construction ofa particularly simple example 
known as Hilbert’s space-filling curve. If the square under consideration is 
S= {(x,y): 0 <l and 0< y< 1}, then the respective curves are the images 
of I under continuous mappings f,, f,, and f, of I into S. The process of 
constructing these curves can be continued in the same way, and it yields a 
sequence of continuous mapping f, of I into S. By the manner in which each 
curve is constructed from its predecessor, it is clear that the sequence {f } 
converges pointwise to a mapping f of I into S; and since this convergence 
is evidently uniform, f is continuous a continuous curve in the sense of Jordan. 
Furthermore, each point of S lies in f(1), so f(I) is a space-filling curve. 


Peano’s discovery of space-filling curves was shock to many 
mathematicians of the time, for it violated all their preconceived ideas of what 
a continuous curve ought to be. To a few of the others, however, it presented 
an opportunity. It suggested the very interesting problem of determining what 
a continuous curve actually is, or in other words, of finding intrinsic topological 
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Properties of a subset X of R? which are equivalent t 
continuous Mapping of I onto X. 


Before describing the solution of this 
context by extending Jordan’s definition. 


© the existence ofa 


Lemma: 

Every continuous curve is second countable. 
Proof: 

Let f be a continuous mapping of I onto a Hausdorff space X. We must 
show that X is second countable, that is, that it has a countable open base. 
I is a separable metric space, so it has a countable open base {B} and it is 
easily seen that the class {G,} ofall finite unions of the Bi’s is also a countable 
open base of I. Since I is compact and X is Hausdorff, f is closed, and 
therefore each set f(G.') is closed,. 


The class of all sets of the form f(G,') is thus a countable class of open 


subsets of X, so it suffices to show that these sets constitute an open base 
for X. 


Let x be a point of X with neighbourhood G. The set f- ({x}) is closed 
and is therefore a compact subspace of I with neighbourhood f-'(G). For each 
point y in f'({x}), there exists a set in {G,} which contains y and 

A continuous curve in the sense of this definition is often called a Peano 
space. 

is contained in f !(G). By the compactness of f'({x}) and the fact that 


{G,} is closed under the formation of finite unions, there exists a G, such that 
OHE G Ef (G). 


On taking complements, we obtain 
f'({x})' > G' > f(G)' (1) 
and since the complement of an inverse image equals the inverse 
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tics) 
image of the complement, we can write (1) in the form sity. 
EU 2G) a fG). wD ance 
ses. 
If we now apply f to all members of (2), we get ring 
FAR = KGI SG) like 
or ay Shay = Gi, mi 
ittee 
so ix}. NG) = G, wey, 
and the proof is complete. ges. 
Lemma: 
Every continuous curve is locally connected. 
Proof: 
Let f be a continuous mapping of I onto a Hausdorff space X. We must 
show that X is locally connected. Suffices to show; if C is a component of 
an open subspace G of X, then C is open. 
Let A be a component of f (G). Then A is connected, and therefore f(A) 
is connected in G; and since C is a component of G, we see that f(A) is either 
disjoint from C or contained in C. It follows from this that f'(C) is a union 
of components of f '(G). Since f'(G) is open and I is locally, tells "i that "IRA 
the components of f (G) are open, do f-'(C) is open and FC) = f (C’) is Š F 
closed. We conclude the proof by observing that since the mapping f is closed, f a 
the set ff'(C') = C' is,closed, so C is open. ie k 
The above remarks and lemmas establish the easy half of the following Vise y 
famous characterization of continuous curves. The Hahn-Mazurkiewicz s a 2 
Theorem 1 topological space X is a continuous curve = X is a compact Sa 
Hausdorff space which is second countable, connected, and locally connected. Rees 
For the remainder of the proof, we refer the reader to Wilder Additional eS 
discussions of a descriptive and historical nature can be found. on 
SOLVED EXAMPLES Bs = 
Example I: Din 
The set W of ordered triads (a, a, 0) where a, a, € F is a salayore T 
of V, (F). 
Solution: 


Let us consider a = (a,, a,, 0) and B = (b,, b,, 0) be any two elements 
of W. Then a, a, b, b, € F. If a, b be any two elements of F, we have 
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ae TBD = 8 (0) 4,5 0) +b O0) = (aa), aa,, 0) + (bb,, bb,, 0) 


= (aa, + bb,, aa, + bb, 0) e W since aa, + 
last co-ordinate of this triad is zero. i na “ARE , ee 


Hence W is a subspace of Vs (F): 
Example 2: 


n say V be the vector space of all polynomials in an indeterminate x over 
field F. Let W be a subset of V consisting of all polynomials of degr 
n. Then W isa subspace of V. as 


Solution: 


pee a and B be any two elements of W. Then a, B, are polynomials Over 
egree < n. If a, b are any two elements of F, then aa + bB will also 


be a polynomial 
E A ynomial of degree < n. Therefore aq + bB € W. Hence W isa subspace 


Example 3: 


Let R be the fieid f l i 
of V, (R) ? field of real numbers. Which of the following are subspaces 


Y tG, 2y, 32): x, y, z © R} 

(ti) {(%, x, x): x e R}. 

(iii) [(x, y, z): x, ¥, z are rational numbers}? 
Solution: 

(i) Let W = {(x, 2y, 3z): x, y, Z € R}. 


e a = (x,, 2y,, 3z,) and ß = 2y 3z,) be any two elements of W. 
a Xp Yp Zp X» Y» z, are real numbers. If a, b are any two real numbers 


aa + bB =a (x,, 2y,, 3a,) +b Co. 2y,, 3z,) 
= (ax, + bx,, 2ay, + 2by,, 3az,+ 3bz,) 
| = (ax, + bx,, 2 [ay, + by,], 3 [az, + bz,]) 
€ W since ax, + bx,, ay, + by,, az, + bz, are real numbers. 
Thus a,b E R and o, B e W = aa + bp e W. 
sa W is a subspace of V, (R). 
i i = 4%, x, x): x € R}. 


[=m x; 4 
(xp Xp x,) B= 1 k, x,) be any two elements of W. Then 
numbers. If a, b, are any real numbers, then 


g 
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aa + bB = a (x,, X,, x,) + b (ky X,, K) 
ol (is bx., ax, + bx,, ax, + bx,) e W 
since ax, + bx, € R. 
(iii) Let W = {(x, y, z): x, y, z are rational numbers}. 


Now a = (3, 4, 5) is an element of W. Also a = V3 is an element of R. 
But aa = V3 (3, 4, 5) = (3V3, 4 V3, 5V3) € W since 343, 4V3, 5V3 are not 
rational numbers. 

Therefore W is not closed under scalar multiplication. Hence W is not 
a subspace of V, (R). 


Example 4: 

Ifa), ay a, are fixed elements of a field F, then the set W of all ordered 
triads (x), x,, x,) of elements of F, such that 

ax, tax + ax = 0 isa subspace of V, (F). 


Solution: 


Let a = (x,, X, x,) and B = (y,, y,, y,) be any two elements of W. Then 


Xp X» X, Yp Yo» Yy; are elements of F and are such that 
aX a ax, tae, = 0 
ay, + ay, + ay, = 0 
If a, b, be any two elements of F, we have 
aa + bp a(x, x,.%,) +b Oy Ve Ya) 
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= (ax,, ax,, ax,) + (by, by,, by,) = (ax, + by,, ax, + by,, ax, + by,). 


Now a, (ax, + by,) + a, (ax, + by,) + a, (ax, + by,) 
=a (a,x, + ax, + a,x,) + b (ay, + ay, + ay3) 
= a0 + b0 
SUE 

o aa + bB = (ax, + by,, ax, + by,, ax, + by,) € W. 

Hence W is a subspace of V, (F). 


Example 5: 


[by (1) and (2)] 


Prove that any finite set S of vectors, not all the zero vectors, contains 


a linearly independent subset T which spans the same space as S. 


Solution: 


Let S be a finite set of vectors belonging to a vector space V(F). Assume 


that no member of S is zero vector for if any member of S is zero vector, 


we can omit it from S without affecting the subspace spanned by S. 
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Let S = {Qp Qpe a}. . 3 : 

IfS is linearly independent, then S itself is the required linearly independent 
subset T of S which spans the same subspace of V as S. 

If S is linearly dependent, then there exists, a vector a, € S which 
can be expressed as a linear combination of the preceding vectors ©,, ©...., 


a. 


co 


If we omit this vector a, from S, then the remaining subset S' of S 
containing m — | vectors spans the same subspace of V as S. 

If S'is linearly independent, then S' will be the required linearly independent 
subset of S which spans the same subspace of V as S. If S' is linearly 
dependent, then proceeding as above we shall get a new subset of S. 


Continuing this process we shall, after a finite number of steps, obtain 
a linearly independent subset of S which spans the same space as S. 


At the most it may happen that we shall be left with a subset of S which 
contains only one non-zero vector and which spans the same space as S. We 
know that a set containing a single non-zero vector is definitely linearly 
independent. 


Hence any finite set S of vectors, not all the zero vectors, definitely 
contains a linearly independent subset T which spans the same space as S. 
Example 6: 


Let V be a vector space. Let W be a subspace of V generated by the 
vectors a,..., a, Prove that W is spanned by a linearly independent subset 
ee 


Solution: 
W is a subspace of V generated by a finite set 
BAG, Oe), 


To show that there exists a linearly independent subset T of S which also 
spans W. 


zs Example 7: 


ar W is a subspace of a finite dimensional vector space V, prove that 
basis of W can be extended to form a basis of V. 


) be a finite dimensional vector space of dimension n. Let {B,, 


<i 
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Let W be subspace of V. Then W itself is finite dimensional and dim 
W <n. Let dim W = m and let S = {a O,..., &} be a basis of W. 


Then S is a linearly independent subset of V. To show that S can be 
extended to form a basis of V. 


Example 8: 

If n vectors span a vector space V containing r linearly independent 
vectors, then show that n >r. 
Solution: 


Suppose a subset S of V containing n vectors spans V. Then there exists 
a linearly independent subset T of S which also spans V. This subset T of 
S will form a basis of V. Suppose the number of vectors in T is m. Then 
dim V =m <n. 


Since dim V = m, therefore any subset of V containing more than m 
vectors will be linearly dependent. 


Hence if S, is a linearly independent subset of V and S, contains r vectors, 
we must have 


BEM > rsn. [-. m<n] 


Example 9: 

Show that a finite subset W of a vector space V(F) is linearly dependent 
if and only if some element of W can be expressed as a linear combination 
of the others. 


Solution: 
Let W = {a,, @,,..., @,} be a finite subset of a vector space V(F). 


First suppose that W is linearly dependent. Then to show that some vector 
of W.can be expressed as a linear combination of the others. 


Since the vectors o1,, ,,..., @, are linearly dependent, therefore there exist 
scalars a,, a,,..., a, not all zero such that 


aaea Ft eo = 0. (A) 
Suppose 
Then from (1), we have 


aa, = — aa, — aa, mod CT ees aj) sa A ay =e cand, Se aa. 


a. #0 1S 1: 


az! (a2) = a7! (aa, — a0, —...-a 8, T 4,0) 8 a) 


QO. za (= az! a,) Qa, * CG az. a,) a, anoi (E a;! ap) Oan 


Tava h at ee T (— az! a) a, 
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Conversely suppose that some vector O 


the others. 
Then to prove that W is linearly dependent. 


i i i ination of the 
Without loss of generality suppose a, 1S a linear comb 


vectors @,,..., Q 
Let a, = b,a, + ba, +... + ba,» 
where b,, Dic b € F. 
= R 
Then a, — b,a, -ba - ... - ba, = 0. (2) 
Since in the linear relation (2) among the vectors a,, O,,..., Œp» the scalar 
coefficient of a, is 1 which is # 0, therefore the vectors ©, ,0,,..., &, are linearly 
dependent. 


Example 10: 
Determine whether or not the following vectors form a basis of R°: 
(1-152), (1, 2, 5), (, 3,4). 
Solution: 


We know that dim R? = 3. If the given set of vectors is linearly 
independent, it will form a basis of R? otherwise not. We have 


a, (lf, 2) + a, (1, 2, 5) + a, (5, 3, 4) = (0, 0, 0) 
> (a,ta,+ 2a, aj + 2a, + 3a,, Za, + 3a F 4a,) = (0, 0, 0). 


| a ra t5a = 0 (1) 
f o ma + 3a, = 0 mn 4) 
2a, + 5a, + 4a, = 0. Ao) 


f Now, we shall solve these equations to get the values of Jao A 
i: 


Subtracting (2) from (1), we get 


-a + 2a, = 0. AA) 
Multiplying (1) by 2, we get 
2a; + 2a, + 10a, = 0. (3) 
acting (5) from (3), we get 
32, - 6, = 0 


2a, 7 0. ..(6) 
A uations (4) and (6) are the same and give a, = 2a,. 
), we get a, =~ 7a,. If we put a, = 1 we get a, =2 


f W is a linear combination of 
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and a, =-7. Thus, a, =- 7,8, =2,a,=1 isanon niio ani f wis: 
’ ` - 50 i sity. 
(1), (2) and (3). Hence the dia “a 7 solution of the equations y 


Dials of R. linearly dependent so it does not form Bae 
Example 11: ring 
i Show that the set {(1, i, 0), (2i, 1, 1), (0,1 + i, 1-i)} is a basis for V (©). pe 
Solution: ne 
We know that dim V,(C) or C? = 3. If the given set containing three ges. 
vectors is linearly independent, it will form a basis of V, (C) otherwise not. 
Let a, b, c e C be such that 
a (I, i, 0) + b (i, 1, 1)+c(0,1,+4,1- i) = (0, 0, 0) 
= (a + 2ib + 0c, ai + b + c [1] + i], 0a + b + ¢ [1 — i) = @, 0, 0). 
: a + 2ib = 0, si EY 
ait+b+c(1+it+=0, tay 
and b + c (1 — i) = 0. Gy 
Now we shall solve these equations to get the values of a, b, c. 
Multiplying (1) y — i and adding to (2), we get sar Slee 
3b+c(1+i)=0. (4) By 
Multiplying (3) by 3 and subtracting from (4), we get es 
(1 + i) -3c (1-1) =0 , ‘oe 
= c(1+i-3+3)=0>5c(2+4i)=0>cK=0. ie 
Putting c = 0 in (3), we get b = 0 “4 
Putting b = 0 in (1), we get a = 0. hee 
Thus, the only solution of the equations (1), (2) and (3) isa=0,b=0, A 
c = 0. Therefore the three given vectors are linearly independent and so they ESI 
form a basis of V,(C). Et 
Example 12: a 
For the 3-dimensional space R? over the field of real numbers R, 75 
determine if the set {(2, — 1, 0), (3, 5, 1), (1, 1, 2)} is a basis. +. 


Solution: 


We have dim R? = 3. If the given set containing three vectors is linearly 
independent, it will form a basis of R? otherwise not. 


Let a, b, c e R be such that 
a (2, — 1, 0) + b (3, 5, 1) + c (1, 1, 2) = (0, 0, 0) 
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(2a + 3b + c,-a+ 5b +c, 0a 
Za + 3b + ¢ = 6, (1) 
—a+ Sb+c=0, : WEA 
and b + 2c = 0. 
i 3} 


+ b + 2c) = (0, 0, 0). 


Now we shall solve these equations to get the values of a; DG. 
Multiplying (2) by 2 and adding to (1), we get 
13b + 3c = 0. 


(4) 
Multiplying (3) by 13 and then subtracting (4) from it, we get 


Zac = 0 => c= 0: 
Putting c = 0 in (3), we get b = 0. 
Putting b = 0, c = 0 in (1), we get a = 0. 


Thus, the only solution of the equations (1), (2) and (3) isa = 0, b=0 
c = 0. Therefore the three 


ae given vectors are linearly independent and so they 
form a basis of R°. 


Example 13: 


Show that a system X consisting of the vectors 


a, = (1, 0, 0, 0), a= (0, I, 0, 0), a, = (0, 0, L 0) and a= (0.0; G.I) 
is a basis set of R! (R). 


Solution: 


=~ First we show that the set X is a linearly independent set of vectors. 
T Fara, a,, a, be any scalars i.e., elements of the field R, then 


ao + aQ, + a,a, + a,a, = zero vector 
a. 0, 0, 0) + a, (0. L0, 0) + a, (0, 0, 1, 0) + a, (0, 0, 0, 1) 


„a, a,) = (0, 0, 0, 0) 


given set X of four vectors is linearly independent. 


generates R‘i.e., each vector of R‘ can be expressed 
n of the vectors of X. ` 


vector in R*. We can write 
0, 0) + b(0, 1, 0, 0) + c(0, 0, 1, 0) + d(0, 0, O, 1) 
+ ba, + ca, +da, 
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Thus (a, b, c, d) has been expressed as a linear combination of the vectors 
of X and so X generates R4, 


Since X is a linearly independent subset of R4 


and it also generates R‘, 
therefore it is a basis of R4, 


Example 14: 


A If V is a finite dimensional vector space and f is an isomorphism of V 
into V, prove that f must map V onto V. 


Solution: 


Let V (F) be a finite dimensional vector space of dimension n. Let f be 


an isomorphism of V into V i.e. f is a linear transformation and f is one-one. 
To prove that f is onto V. 


Let S = {a,, @,, ..., &} be a basis of V. We shall first prove that 


S' = {f (a,), f (a,),.... f (a,)} is also a basis of V, We claim that S’ is 
linearly independent. The proof is as follows: 


beta, i (a) + af (o) +... + a iays g 
=> 


(zero vector of V) 
f aa, +aa,+..+aa)=0[.. fis a linear transformation] 
Z aa taa te taa =0 [~f is one-one and f (0) = 0} 
= Bee Oia, a | 


since Q, O,,..., &, are linearly independent. 
z. S' is linearly independent. 


Now V is of dimension n and S' is a linearly independent subset of V 
containing n vectors. Therefore S' must be a basis of V. Therefore each vector 
in V can be expressed as a linear combination of the vectors belonging to 
S'. Now we shall show that f is onto V. Let a be any element of V. Then 
there exist scalars c,, ¢,,...c, such that 


Gee f(a) +c, f(t. te, f (a) 
=f(c,0, + 6,0, + ... + ¢.a)). 

Now c,a,+¢,0,+..+¢,a, € V and the f image of this element is a. 
Therefore f is onto V. Hence f is an isomorphism of V onto V. 
Example 15: eae : 

If V is finite dimensional and f is a homomorphism of V into itself which 
is not onto prove that there is some a # 0 in V such that f(a) = 0. 
Solution: 


If f is a homomorphism of V into itself, then f (0) = 0. Suppose there 
is no non-zero vector a in V such that f (a) = 0. 
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Then f is one-one. Because 
fip) TG) = Fe) - f@) = 0 
=>f(B-y)=0 [~ fis linear transformation] 
>ß-y=0>ß=y. 

Now V is finite dimensional and f is a linear transformation of V into 
itself. Since f is one-one, therefore f must be onto V. But it is given that f 
is not onto. Therefore our assumption is wrong. Hence there will be a non- 
zero vector a in V such that 


f(a) = 0. 
Example 16: 
The mapping f: V, (F) > V, (F) defined by 
r f(a, a, a) = (a, a,) 


is a homomorphism of V, (F) onto V, (F). What is the kernel of this 
homomorphism ? 


Solution: 


Let a = (a,, a,, a,) and B = (b,, b,, b,) be any two elements of V, (F). 
Also let a, b be any two elements of F. We have 


f (ax + bB) = f [a (a,, a, a) + b (b, b, b,)] 
= f [(aa, + bb, aa, + bb,, aa, + bb,)] = (aa, + bb,, aa, + bb,) 
4 (a,, 2.) +b (b,, b,) = af (ap a,, a,) + bf (b,, b,, b.) 
= af (a) + bf (B). 
f is a linear transformation. 


__ To show that f is onto V, (F). Let (a,, a,) be any element of V, (F). Then 
(ap a, 0) € V, (F) and we have f (a,, a,, 0) = Gra 0) = (a,, a,). Therefore 
f is onto V (F). 


Therefore f is a homomorphism of V, (F) onto V, (F). If W is the kernel 


of this homomorphism then W = {(0, 0, a): a e F}. 


We have V a e F, f (0, 0, a) = (0, 0) = the zero vector of Wr): 


_ Also if f (a,, a,, a,) = (0, 0) then f (a,, a, =(a,, a) = (0, 0) impli 
, a, = 0. Pheretore (a, a, a) € W. e Olis 


W is the kernel of f. 


head vectors (I, I, — 1), (2, — 3, 5) and (-2, 1, 4) of R? 
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Solution: 
Let a, b, c be scalars i.e., real numbers such that 
a (1, = 1) +b (2, = 3, 5) + e (= 2, 1, 4) =(0, 0, 0) 
i.e., (a + 2b — 2c, a — 3b + c,-a + 5b + 4c) = (0, 0, 0) 
Le. at 2b = 2e =30 


met) 
a-3b+c=0 aay 
= 4 + 5b + 4¢=6 ps) 
Now we shall solve the simultaneous equations (1), (2) and (3). 
Multiplying (2) by 2 and adding to (1), we get 
3a- 4b=0 (4) 
Again multiplying (1) by 2 and adding to (3), we get 
a+ 9b=0 


Multiplying (5) by 3 and subtracting from (4), we get 
-3lb=0orb=0. 

Putting b = 0 in (5), we get a = 0. 

Now putting a = 0, b = 0 in (1), we get c = 0. 


Thus, a = 0, b = 0, c = 0 is the only solution of the equations (1), (2) 
and (3). 


a(l, 1,=-1)+b Q, -3, 5)+¢GC2, 1, 4) = (0, 0, 0) 
= a=0,b=0,c=0. 
Hence the vectors (1, 1, — 1), (2, — 3, 5), (~2, 1, 4) of R? are linearly 
independent. 
Example 18: 


IR Iff: U > V is an isomorphism of the vector space U into the vector space 
V, then a set of vectors {f (a,), fi a,),..., f (a)} is linearly independent if and 
only if the set {æ @y..., a} is linearly independent. 

Solution: 


U(F) and V(F) are two vector spaces over the same field F and f is 
isomorphism of U into V ie., 


f: U — V such that, f is 1-1 and f (aa + bB) = af (a) + bf (B) 
V a,b € F and V a, B, € U. 


f(a)...» f (a) re also linearly independent. 


Let {a,, a,..., a} be a subset of U. First suppose that the vectors 
Qp O,,..., O&, are linearly independent. Then to show that the vectors f (a), 
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ee Suppose that the f ‘ 
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aie 
€ctors f(a), TR rly independent. 


7 f(a) l a 
Converse] r/ also linearly 
- S 
independent. p oPPose that the ve 


ctors f (q 
; : en to ) f (a i 
linearly independent show that the vectors < ae f (a) linearly 
. p 


2-5 Q are 
We have | e 
aa, + 
s a ae a. = 0, where Ay a. 
(a0, + aa eS = ae 
a T : 2 hese) a0.) x; f (0) 
: OOTATE a Tay =p 
r 


a- eF 


7 [- f is a linear transformation] 


ae 0, a = 0:..., a> 0 
since the vectors f (a,), f (a)... 
Hence the vectors R C, 


Example 19: 


Kh If V is finite dimensional and J is a homomorphism of V onto V prove 
that f must be one-one, and so, an isomorphism. 


f Let V (F) be a finite dimensional vector space of dimension n. Let f be 


aorphism of V onto V i.e., f is a linear transformation and f is onto 
rove that f is one-one. 


> f (a,) linearly independent. 
*» &, are also linearly independent. 


a &,,.... a} be a basis of V. We shall first prove that 
(œ), f (a) is also a basis of V. We claim that L (S') = V. 
follows: 


‘element of V. We shall show that a can be expressed as 
on of f (œ), f (%), --- f (x). Since f is onto V, therefore 
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a € V implies that there exists B € V such that f (B) = a. Now B can be 
expressed as a linear combination of œ, Gs...) E Let 
Be a6 + 46, + a ao... 
Then e F()) = fea, + an, +... +a) 
SMe ONTA) +. Fe. FO) 
Thus a has been expressed as a linear combination of 
P(e) Ea, Ea): 
Therefore L(S') = V. 
Since is of dimension n and S' is a subset of V containing n vectors and 
L(S') = V, therefore S' must be a basis of V. Therefore each vector in V can 


be expressed as a linear combination of the vectors belonging to S' and S' 
is linearly independent. 


Now, we shall that f is one-one. Let y, 5 be any two elements of V such 
iat y=ca,+coa,+..+¢a,5=da,+da,+..+da, 
We have f (y) = f (ô) 
= fica, +co,+..+¢a)= f(da, + da,+..+da) 
=> c¢, f(a) +¢, fla) +..+¢, f (a,) = d, f (a,) + d, f (a,) 
+... Pa fa) 
(c, — d,) f (a,) + (c, - dy tia) + 1+ e d) f(a.) =0 
e =:0, ce, = 4) = 0, ny ee HG = 0 since 
f (œ), f (0) f (a) 
O ee 6 SY é. 


are linearly independent 


f is one-one. 


Hence f is an isomorphism of V onto V. 


Example 20: 


Let f be a linear transformation from a vector space U into a vector space 
V. If S is a subspace of U, prove that f (S) will be a subspace of V. 
Solution: 


U (F) and V (F) are two vector spaces over the same field F. The mapping 
f is a linear transformation of U into V ie., 


fı U — V such that 
f (aa + bB) = af (a) = bf (P) Y a, b € F and V a, B € U. 
Let S be a subspace of U. Then to prove that f (s) is a subspace of V. 
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| 
| | Let a, b e F and f (a), f (B) € f (S) where a, P € S. 
| Since $ is a subspace of U, therefore 
|] abeFanda, ßpeS=aa+bpeEsS 
| | => f (ax + bp) e f (S) 
= af (a) + bf (B) e f (S) [- f (aq + bB) = af (a) + bf (B)]. 
I | Thus a, b € F and f (a), f (P) € f (S) 
=> af (a) + bf (B) € f (S). 
Hence f (S) is a subspace of V. 


Example 21: 
Define linear transformation of a vector space V (F) into a vector space 


W(F). Show that the mapping 
T: (a, b) > (a+ 2, b + 3) 
of V, (R) into itself is not a linear transformation. 


Solution: 


Linear Transformation. Definition. Let V(F) and W(F) be two vector 
spaces over the same field F. A mapping 


T:V >W 
is called a linear transformation of V into W if 
T (aa + bB) =a T (a) + b T(B) V a, b, e F and Y a, B e V. 
Now to show that the mapping ; 
T: (a, b) > (a + 2, b + 3) 
of V, (R) into itself is not a linear transformation. 


Take a = (1, 2) and B = (1, 3) as two vectors of V,(R) and a = 1, 
b = I as two elements of the field R. 


Then aa + bB = 1 (1, 2) + 1 (1, 3) = (1, 2) + (1,3) 
= (2, 5). 
By the definition of the mapping T, we have 
T (aa + bB) = T (2, 5) = (2 + 2,5 + 3) = (4, 8). 
ith) 


ee! (a) T (1, 2) =(1 + 2, 2 + 3) =@3, 5) 
me) Tf (1, 3) = (1 + 2, 3 + 3) = (3, 6). 
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= (3, 5) + (3, 6) = (6, 11). Moy, 
From (1) and (2), we see that 
T (aa + bB) + aT (a) + bT (B). 


Hence T is not a linear transformation of V, (R) into itself. 


Example 22: 
Show that the set S = {(1, 0, 0), (1, 1, 0), (1, 1, 1)} is a basis of R? (R) 

where R is the field of real numbers. Hence find the coordinates of the vector 

(a, b, c) with respect to the above basis. 

Solution: 


The dimension of the vector space R?(R) is 3. If the set S is linearly 
independent, then S will form a basis of R°(R) because S contains 3 vectors. 
Let x, y, z be scalars in R such that 


x (1, 0, 0) + y G, I, 0) + z (1, 1, 1) = 0 = (0, 0,0) 
(x+y +z, y+ z, z) = (0, 0, 0) 

Peyr2>-ty +2-0,z7=0 
x=0, y= 0,z=0 


uuu 


the set S is linearly independent. 
“.S is a basis of R?(R). 


Now to find the coordinates of (a, b, c) with respect to the ordered basis 
S. Let p, q, r be scalars in R such that 


(a, bc) =pi(l, 0; 0) + q (1, 1, 0) + 7G, 1, D 


=> (a,b,c) =(P+qtr,q+F,PF) 
= pret -“.g+ tS ore 
5 F=c.q=b-¢, po a-b 


Hence the coordinates of the vector (a, b, c) are (p, q, T) 
Le., (a — b, b - c, c). 


Example 23: 

A system S consisting of n vectors, 

e, = (1, 0, 0...., 0), e, = 0, 1, 9...., 0),.... e, = (0, 0,..., 0, 1) is a basis 
of V, (F). 
Solution: 


First we should show that S is a linearly independent set of vectors. We 
have proved it in one of the previous examples. 
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WE): We have always L(S) c V,(F). 


hould prove that L(S) = : i ! 
ON cid ve ) ie, each vector in V,(F) is a linear 


So we should prove that VF) SC L(S 
combination of elements of S. 


Let a = (a,, a5.--5 a,) be any vector in v (P). We can write 


a) =a, (l, 9...., 0) + a, (0, 1,.... 0) +... + a, 0O07 0 1) 
LB; a=ae + ae, E TE. 
Hence S is a basis of V (F). We shall this particular basis the standard 
basis of V (F). 
Note: The set {(1, 0), (0, 1)} is a basis of V,(F). The set {(1, 0, 0), (0, 
1, 0), (0, 0, 1)} is a basis of V, (F). 
As a particular case a basis of F(F) is the set consisting of only the unit 
element of F. 
Example 24: 
Show that the infinite set 
B= se ae 
is a basis of the vector space F [x] of polynomials over the field F. 


ny 
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Solution: 


The operation of addition of vectors defined by 

(x,y) +, ¥)= +x, y + y,), 
obviously (V, +) is an abelian group. 
(a+ b)a=aa+baVa,beF andae V fails. 
Again, let a = (x, y) and a, b, e F. We have 
(a + b) a = (a + b) (x, y) = ((a + b) x, y) 

= (an + Dx, y) 
Also aa + ba = a (x, y) + b (x, y) = (ax, y) + (bx, y) 
= (ax + bx, y + y) = (ax + bx, 2y). 
Thus in general (a + b) a + aa + ba 
Hence V is not a vector space over the field. 
Example 26: 

Let R be the field of real numbers and let P „be the set of all polynomials 


(of degree at most n) over the field R. Prove that P| is a vector space over 
the field R. 


Solution: 


| 
| 
| Solution: Here P is the set of all polynomials of degree at most n over the field 
| First we should prove that S is a linearly independent set of vectors. R. The set P, also includes the zero polynomial. Thus, we have 4 
| Now we should show that S spans F [x] Że., each polynomial in F [x] Thus =P, = {f(x): f(x) = a, + a,x + ax’ taa, F 4 
|} can be expressed as a linear combination of a finite number of elements of S. ( Here Gy By, aa © RY rS 
Let f(x) = a, + a,x + a,x? + ... + axt be a polynomial of degree t. | If f(x) = a, + a,x + ax? +..+ ax" D: 
oes 
Then Rx) = (a)l + a,x + ax? +... ax, g(x) = b, + b,x + b,x? +... + bx" ce 
Hence S is a basis of F [x]. be any two members of P, then yas 
Note: The vector space F [x] has no finite basis. If we take any finite f(x) + g(x) = (a, + b,) + (a, + b,) x +... + (a, + Bb) x si 
set W of polynomials, we can find a polynomial of degree greater than that be 
of each of them. Such a polynomial cannot at any cost be expressed as a linear sat 
combination of the elements of W. oe z 
Thus P, is closed under for addition of polynomials. as 


- Example 25: 
Let V be the set of ail pairs (x, y) of real numbers, and let F be the field 
numbers. Define 


bey Gh, y)=&+x,y + y,) 
| c (x, y) = (cx, y). 


h these operations V is not a vector space over the field 


Also we know that addition of polynomials is commutative as well as 
associative. The zero polynomial 0 is a member of P, and is identity for 


addition of polynomials. 
Also if f(x) = a, + a,x +... + ax" € P,, 
then —f(x) = — a, — a,x -...-a,x" i P, because it is also a polynomial of 


is also a member of P, because it is also a polynomial of degree at most n 
degree at most n over the field R. 
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We have — f(x) + f(x) = the zero polynomial. 
<. — f(x) is the inverse of f(x) for addition of polynomials. 
Hence P_ is an abelian group under for addition of composition. 


Now if f(x) = a, + a,x + a,x? +...+ a,x" is any member of P, and c € R, 
we define scalar multiplication cf(x) by the relation 


ef(x) = ca, + (ca,) x + (ca,) x’ + ... + (Ca,) x”. 
Obviously cf(x) e P, because it is also a polynomial of degree at most 
n over the field R. Thus P, is closed for scalar multiplication. 
Now if a, b e R and f(x), g(x) € P, we have 
a [f(x) + g(x)] = af{x) + ag(x), 
(a + b) f(x) = af(x) + bg(x) 
and (ab) f(x) = a [bf{x)] as can be easily shown. 
Also | f(x) = f(x) " f(x) € R 
Hence P is a vector space over the field R. 


muple 27: 

Prove that the set of all vectors in a plane over the field of real numbers 
is a vector space. 
Solution: 


Let us consider V be the set of all vectors in a plane and let R be the 
field of real numbers whose elements will be scalars. 


> —> 
Further, let a, B e V. If a =AB and B= BC, then we define a + B 
> > > —> 


= AB+BC = AC. Since Ac is also a vector, therefore a, B € V >a + 
B e V and thus V is closed for addition of vectors. We know that addition 
of vectors on the set V is commutative as well as associative. The zero vector 


0= aa is identity for addition of vectors. If & =AB, then the vectors 


>. PRENT AR D EA 
- a = BA ÍS the additive inverse of a because -a +a = BA + AB = BB = 


Hence (V, +) is an abelian group. 


If a € Vand m e R ie., m is any scalar, then the scalar multiplication 
ma is defined as a vector whose direction is that of œ or opposite to that a 
according as m is + ive or — ive and Ima] = |m] . Jal. 


Since m € R, a e V > ma V therefore V is closed for scalar 
multiplication 3. 
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Now if a, b e R and a, B, e V 
a (a + B) = aa + aß, (a + b) a = aa + ba and (ab) a = 0 (ba) 


Also if & is any vector and | is the multiplicative identity of the field 
R, læ is in the direction of the vector a and 


Lou] = |I].fo = 1.[a| = jo. 


Hence V is a vector space over the field R. 


Example 28: 


The vector of all real valued continuous (differentiable or integrable) 
functions defined in some interval [0, 1]. 


Solution: 


Let us consider V denote the set of all real valued continuous functions 
of x defined in the interval [0, 1]. 


Then V is a vector space over the field R of real numbers with vector 
addition and scalar multiplication then we have 


(f+ g) (x) =f) + ea) VfiigeV 
and (af) (x) = af(x) Vae R, Vfe V. 
As in rings, we should first prove that V is an abelian group with respect 
to addition composition. 


V is closed with respect to scalar multiplication since af is also a real 
valued continuous function in [0, 1]. Here, we observe that 


1. Ifa e Rand f, g € V, then 
a €+g9 e) =al(f+g) @)=a [f(x) + g(x)] = af(x) + agx) 
= (af) (x) + (ag) (x) = (af + ag) ©). 
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- a(f t g) = af + ag. ok 
2-If a,b e Randfe V, then ž. . 
[(a + b) f] (x) = (a + b) fx) = af(x) + bf(x) = (af) (x) + (of) G) ea 
= (af + bf) (x). = 
-~ (a + b) f = af + bf. be 
2 Se 

3. Ifa,b e Randfe V, then , 2 

[(ab) f] (x) = (ab) ffx) = a [oF] = a [6N CO = la ON (x): 5 

~. (ab) f = a (bf). 


4. If 1 is the unity element of R and f e V, then 
(1f) (x) = 1 f(x) = f). 
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cio © 
Hence V is a vector space over R. 


Example 29: 


Determine whether the following set of vectors in V, (Q) is linearly 
dependent or independent, Q being the field of rational numbers: 


f-121)C86 1-23 
Solution: 


Let a, b be scalars (i.e, a, b, Î Q) such that 
a r2 bO L D O00) 

ie, (— a + 3b, 2a + b, a — 2b) = (0, 0, 0). 

Then -—a+3b=0, 
2a b = 0, ECL) 
a-2b=0, 

The coefficient matrix A of the system of equations (1) is 

-1 3 


l -2 
-1 3 
We have 2 1 =—1-6=-7#0. 
Thus, there exists a 2-rowed minor of the matrix A which is not zero. 
Also the matrix A can have no minor of order greater than 2. 
-< rank A = 2 = the number of unknowns a and b. 


Therefore the equations (1) have the only solution a = 0, b = 0. Hence 
the given get of vectors is linearly independent. 


/ 


; Note: If we do not want to use the concept of the rank of a matrix to 
discuss the solutions of the system of equations (1), we can directly say that 


solving the system of equations (1) we find that the only solution of the system 
of equations (1) is a = 0, b = 0. 


Example 30: 


E Find a linearly independent subset T of the set 
= S= (a, a, a, a) 
where a, 2, — J), & = (- 3, — 6, 3), 

% =~ (2, 1, 3), 
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@, = (8,7, 7) e RS 


which spans the same space as § 


Solution: 


First we observe that i >- 


~ 3a, so that the vectors a, and œ, are linearly 
dependent. s 


~- TES, = {a a, a,}, then the subspace of R? 


spanned by S, is the 
same as that spanned by S. 


Now there exists no real number c such that « 


3 = ca. Therefore the 
vectors œ, and o, are linearly independent. 


Let us now see whether the vector a, lies in the subspace of R? 


spanned 
by the vectors a, and a, or not. 


Let a, = aa, + ba, where a, b e R. 
Then (8, 7, 7) = a (t, 2, - Dew, 4,3). 


a+ 2b = 8. 
2a + b= 7, 
and —a+3b=7. 


Solving the first two of these three equations, we get a = 2, b = 3. These 
values of a and b also satisfy the third equation. 


4 20 + 30, 
Thus, the vector a, has been expressed as a linear combination of a, and 


a, so that the subspace of R? spanned by the vectors a,, @,, and a, is the 
same as that spanned by the vectors a, and œ. 


Hence T = {a,, œ} is a linearly independent subset of S which spans 
the same subspace of R? as is spanned by S. 
Example 31: 

Prove that a set of vectors which contains the zero vector is linearly 
dependent. 
Solution: 

Let S = {a,, @,, ..., Œ} be a set of vectors of the vector space V(F). 

Let a, be equal to zero vector where | <r < n. 

To show that the set S of vectors in linearly dependent. 

Obviously, 


=O vector ...(1 
Og, + 0a, +...+aq+ 0a, +... + Oa, = 0 ie, zero ve (1) 
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i a in the 
for any non-zero scalar a ie., for any non-zero element 


field F. 
i .. a, the scalar 
Since in the linear reiation (1) among the vectors 0, > IE 
i i herefore the vectors Qp Ap) % ar y 
coefficient a is not zero, thereto i 


dependent. 
Example 32: 
The set V of all m x n matrices with their elements as real numbers is 
a vector space over the field F of real numbers with respect to ‘a 
matrices as addition of vectors and multiplication of a matrix by a scalar 


as scalar multiplication. 


Solution: 

We know that V is an abelian group w.rt. addition of matrices a 
the null matrix additive identity. 

Again, ifa e F anda e V (ie, & is a matrix of the type m x n with 
elements as real numbers), then aœ e V because aa is also a matrix of the 
type m x n with elements as real numbers. Therefore V is closed with respect 
to scalar multiplication. Also from our study of matrices we observe that 

(i) a(a + ß)=aa + aß yaeFandYa ßeV. 

| (ii) (a+b) a = aa + ba Va,b,e FandVaeV 

(iii) (ab) a = a(ba) Va be FandVae V. 

(iv) la=aV ae V where | is the unity element of the field F of real 
numbers. 

Hence V (F) is a vector space. 

i Note: If V is the set of all m x n matrices with their elements as rational 

f numbers and F is the field of real numbers, then V will not be closed with 

respect to scalar multiplication. For V3 e Fand ifa e V, then V3 a ¢ V 

because the elements of the matrix V3 œ will not be rational numbers. 

Therefore V (F) will not be vector space. 


~ Example 33: 
_ The vector space of all polynomials over a field F. 


nd O 


denote F(x) is the set of polynomial in an indeterminate x over 
F[x] is a vector space over the field F with respect to addition 
nials as addition of vectors and the product of a polynomial 
lynomial (i.e. by an element of F) as scalar multiplication. 
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Let f (x) = 2 ax’ = ay + ax + ax? + aw +i 

g (x) = Z bx' = b, + bx + b,x? + bak” +... 
and h(x) = Z ¢x' = c, + cx + cx? + cx? +... 
be any arbitrary members of F[x]. 


Equality of Two Polynomials. We define f(x) = i i 
i A 
a, = b, for each / = 0, 1, 2,... Co = g) if ad anly it 


Addition Composition in F[x]. We define 
EE (x) = (a, + by) + (a, + b,) x + (a, +b) +... 
= 2 (a, + b,). x. 
Since a, + b,, a, + b,, a, + b,,... are all elements of F, therefore f(x)+ 
g(x) € F[x] and thus F[x] is closed with respect to addition of polynomials. 


Scalar Multiplication in F[x] Over F. If k is any scalar i.e., k e F, we 
define 


kf (xO = ka, + (ka,) x + (ka,) x? + (ka,) x? + ... 
= = (ka,) x’. 


Since ka,, ka,, ka,,... are all elements of F, therefore kf (x) € F[x] and 
thus F[x] is closed with respect to scalar multiplication. 


Now, we shall show that F[x] is a vector space for these two compositions. 
Commutativity of Addition in F[x]. We have 
nay ogee) = (a, +b) + (a, + bX + (a, +b) x +... 
TO, + a) ta, ta) a +O, F ye Fc 
[-. addition in the field F is commutative] 
= g(x) + f(x). 

Associativity of addition in F[x]. We have 
(f(x) + g(x)] + h(x) = 2 (a, + b) x + D cx’ 
= 2 [(a + b)c, x' + [a + (b, + )] x’ 
=E ax'+ Eb +c.) x' = f(x) + [e(x) + h @)). 


Existence of additive identity in F[x]. Let 0 denote the zero polynomial 
over the field F i.e., 


O = 0+ 0x + Ox? + 0x? +... . 
Then 0 e F[x] and 0 + f(x) = f(x). 
~. the zero polynomial 0 is the additive identity. 
Existence of additive inverse of each member of F[x]. Let — f(x) be the 


polynomial over the field F defined as 
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Sue aca st Cae t~ 
|| Sue = ayh > 8X = 4 
Then — f(x) € F[x] and we get 
— f(x) + f(x) = 0 Le., the zero polynomial. 
| + — fx) is the additive inverse of f(x). 
Thus F[x] is an abelian group with respect to addition of polynomials. 
i Now for the operation of scalar multiplication we make the following 
|i] observations. 
| 1. If k e F, then 
j To ae + by) + (@, +B) x + (@ +B) td 
i =k (@, +b) tk@, +b)x+k@ tb) + 
i = (ka, + kb,) + (ka, + kb,) x + (ka, + kb,) x? +. 
| = [ka, + (ka,) x + (ka,) x? + ...] + [kb, + (kb,) x + (kb,) x? +...] 
f = k (a, + a,x + a,x? +...) + k (by + b,x + bx +.) 
= kf (x) + kg (x). 
2. If k, k, € F, then 
f (k, + k,) flx) = (k, + k,) æ + [(k, + k) a] x 
| + [(k, +k.) a] x +... 
| = (k,ay + k,a,) + (ka, + kya) x + (kya, + ka) x? + 
| = [k,a, + (k,a,) x + (k,a,) xt] 
i + [k,a, + (k,a,) x + (k,a,) x? + ...] 
=k, (a, + ax + BN pete, (a, + ax + Bae) 
=k, f(x) + k fx). 
3. If k, k, € F, then 
(k,k,) fx) = (k,k,) a, + [(k,k,) a,] x + [(K,k,) a,] x? + ... 
= k, (k,a,) + [k, (k,a,)] x + [k, (k,a,)] x’... 
=k, [ka, + (k,a,) x + (ka, x? + ...] 
=k, [k f(x)]. 
` 1 is the unity element of the field F, then 
fix) = (1a,) + (la,) x + (la,) x? + ... 
ii eax +... = f(x). 
is a vector space over the field F. 
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Fxample 34: 
Show that the complex field C is a vector space over the real field R. 
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Solution: 
Let us consider C as the set of vectors and R as the set of scalars. 


Take the addition of complex number iti 

? : s as th 

(C, +) is an Shatin group, e addition of vectors. Then 
Again, let a be any scalar i.e., a € R and a be any vector i.e., a € C 

Nowae R>ae C. Thus, both a and æ are in C. Regard the composition 

of scalar multiplication as the multiplication of a and a in the field. Since 

C is a field, therefore aa € C and thus C is closed for scalar multiplication. 


The real number 1 which is the unity element of the field R is also the 
unity element of the field C. 


Now let a, B be any vectors i.e., a, B € C and a, b be any scalars i.e. 
a, b e R. Since RCC, therefore, we have 


abe R >abecC 


We have a(o + B) = aa + af and a(a + b) a = aa + ba. (distributive 
laws in the field C). 


Also (ab) a = a (ba) because the multiplication on the field C is associative. 
Also 1a = a because 1 is also the multiplicative identity in the field C. 


Hence C is a vector space over R. 


Example 35: 
How many elements are there in the vector space of polynomials of 


degree at most in which the coefficients are the elements of the field I (p) 
over the field I (p), p being a prime number? 


Solution: 
Here we know that the field 1 (p) is the field 


le e BS Dt gy 

The number of distinct elements in the field I (p) is p- 

If f(x) is a polynomial of degree at most n over the field I (p), then 
we have 

f(x) = a, + a,x t a,x? +. FOX, where a), âp 3p» 4 © I (p). 

Now in the polynomial f(x), the coefficient of each of the n + 1 terms 
Ay, 3X, Seg: a,x” can be filled in p ways because any of the p elements 
of the field I (p) can be filled there. 

Thus, we can have px p X P * » upto (n + 1) times i.e., p™*' distinct 
polynomials of degree at most n over the field 1 (p). Hence if P, is the vector 
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`n which the coefficients are 
ee at most n In W n+l disti 
space of polynomia Af y over the field I (p), then Eo han p'™ distinct 
the elements © 


elements. 
| Example 36: . 3 
| Prove that the set of all solutions (a, b, c) of the equation a + b + 2c = 0 
| ro 
is a subspace of the vector space ¥; 
Solution: : 
A 0}. 
| To prove that W is a subspace of v, R) or R`. 
| | Let a = (ap Bp € ) and $ = (a,, By c,) be any two elements of W. Then 
| Bets ect epi 
i a, + b t 2c; =o i 
| and a, +b, + a = 0 2) 
If a, b be any two elements of R, we have 


f 
i ao + bB =a (a, 6, &) t b (a, by &) 

= (aa, ab, ac) + (ba, bb,, bc,) 
= (aa, + ba, ab, + bb,, ac, + be,). 


| Now (aa, + ba,) + (ab, + bb,) + 2 (ac, + be,) 


Í 

ji 

| = a(a, +b, + 2c) + b(@, tb, + 2e) 

i =a0+b.0 [from (1) and (2)] 
= 0. 


ba aa + bp (aa, + ba, ab, + bb,, ac, + be,) € W 
e 3p e Wanda, be R= 20 * bB e W. 
fence W is a subspace of V,(R). 


‘sets of vectors a = (a, a,- a,) in R" are 


Vector Spaces 103 


a= (2, 4,,.., a.) € W. 
Now if we take a = — 2, then 
B= 0) = 28,524 28;), 
Since the first coordinate of aa is 6 which is > 0, therefore aa ¢ W. 


Thus, a e W, a e R but aa ¢ W. Therefore W is not closed for scalar 
multiplication and so W is not a subspace of R". 


(ii) Let W = (a: a €e R” and a, is an integer}. 
If we take a, = 5, then a, is an integer and so 
am ap Bs, ay. i) W. 
| 
Now if we take a = 5° then 
TEAME l ) 
= —— oo es fh T 
ae 5 Ne tes Bae 
Since the third coordinate of aa is 5/2 which is not in integer, therefore 


aa g W. 

Thus, a e W, a e R but aa € W. Therefore is not closed for scalar 
multiplication and so W is not a subspace of R 

Geeta = (ape a) and B = (b,,..., b,) be any two members of W. 
Then a, + 4a, = 0 and b, + 4b, = 0. 

If a, b, e R, then aa + bf = (aa, + bb,,.... aa, + bb). 

We have (aa, + bb,) + 4 (aa, + bb,) 

= a (a, + 4a,) + b (b, + 4b,) + b (b, + 4b, = a, 0 + b.0 = 0. 
Thus according to the definition of W, aa + bB e W. 


In this waya Be W anda, b, e R= aa +bp e W. Hence W isa 


subspace of R". 


Example 38: 
Show that the set W of the elements of the vector space V, (R) of the 


form (x + 2y, y, —x + 3y), where x, y € R is a subspace of V, (R). 


Solution: 
Cet W = {(x + 2y, y at 3y): x, y € R}. 
To prove that W is a subspace of V, (R). 
Let a = (x, + 2y, Yp- X, * 3y,) and B = (x, + 2Y» 
two elements of W. 


— x, + 3y,) be any 
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If a, b be any two elements of R, we have 
aa + bB =a (x, + AR AE 


7 hy * Sy) + Bix + 2y, 
= (ax, + 2ay,, ay, es 


a i Xx, + 3y,) 
~ ax, + 3ay,) + (bx, + 2by,, by,, 


= bx, aR 3by,) 


= + 
(ax, 2ay, + bx, + 2by,, ay, + by,, — ax, + 3ay, — bx, + 3by,) 


= (fax + bx,] + 2[ay, + by, I. ayi Eby, = [ax, + bx 

which is in W because it is of the fonn (x 

Here in place of y we have ay, + by, 
ax, + bx. 

Thus a, B e W and a, be R > aa + bB ew. 

Hence W is a subspace of V, (R). 


2] + 3 [ay, + by,] 
TLV, Ys =X + 3y). 
and in place of x we have 


Example 39: 


In the vector space F [x] 


of all poly ; 
set S = {], x, x? E of all p ynomials over 


[x] the field F the infinite 
J is linearly independent. 


Solution: 
Let S'= {x™, xm2,.., xmn} 


Here m,, m,...,m 
such that 


be any finite subset of S having n vectors. 


, &re some non-negative integers. Let a,, a,,..., a, be scalars 


ajX™l +a,x™2 +...+a,x™n =0, 


(i.e., zero polynomial) (1) 

By the definition of equality of two polynomials we have from (1) 
a, = 0, ead | eee a= 0. 

Thus every finite subset of S is linearly independent. 

Therefore S is linearly independent. 


Example 40: 


Is the vector (2, — 5, 3) in the subspace of R? spanned by the vectors 
pee, — 4, — 1), (I, - 5, 7)? 


2; — >, 3), a, = (1, — 3, 2), a, = (2, - 4, - 1), a, = (1, = 5,7). 
expressed as a linear combination of the vectors œ, a,, a,, then 
e subspace of R? spanned by these vectors otherwise it will 
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Leta =a, + a,a, + aa, where ap 4, a, € R. 

Then (2, — 5, 3) = a; (1, — 3, 2) + a, (2,-4,- 1) + a, (h= 5,7) 
=æ (2,—5, 3)= (a, + 2a, + a,- 3a, - 4a, — 5a, 2a, — a, + 74). 

: a, + 2a, +a, =2 aKT) 
= Ja = 4a, ~ 5a, ~= 5 PA 
2a, — a, + 18, =3 (3) 
Multiplying the equation (1) by 3 and adding to (2), we get 


1 
a,- a= >. 


28, = 28, = l => 


(4) 


Again multiplying the equation (1) by 2 and subtracting from (3), 
we get 


e l ae a. = a> 6, = 15. 
who) 
The relations (4) and (5) show that the above equations are inconsistent. 
Hence the vector « cannot be expressed as a linear combination of the vectors 
ap &,, &,. Therefore a is not in the subspace of R? generated by the 
vectors G,, Q, Q}. 


Example 41: 


Show that the vectors (1, 1, 2, 4), (2, — 1, - 5, 2) (1, - 1, — 4, 0) and 
(2, 1, 1, 6) are linearly dependent in R‘. 


Solution: 
Let (1, 1.2, = a (2,- L- 5,2)+b(1,—-1,-4,0)+c (1, 1, 1, 6). 
Then 2a+b+2c=1 (1) 
—~a-btc=I aa? 
~5a-—4b+c=2 .(3) 
22a + Ob + 6c = 4. A) 


Now we shall solve the simultaneous equations (1), (2), (3) and (4). 


Adding (1) and (2), we get a + 3c = 2 which is the same equation 
as (4). 


If we take c = 0, we get a = 2. 
Putting a = 2 and c = 0 in (1), we get b = — 3. 


tics) 
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We cee.that'n= 2, b= 2 3, ¢ = 0 satisfy all the four equations bin Gs 


(3) and (4). 


eee ae a ie Dee) Reg ee Ua 


QCD, 1,615.6) 
| = -1, - 4, 0) 
| ME 68. 8-2 G-=L-5, 243 eh 

ee _0(2, 1, 1,6) =, 0,0,0), < (1) 


| Since in the linear relation (1) among the four given vectors the scalar 
fore the given vectors are linearly 


coefficients 1, —2, 3, 0 are not all zero, there 
dependent in R*. 


Example 42: 
Show that the set {1, x, x (1 —x)} is a linearly independent set of vectors 
in the space of all polynomials over the real number field. 


| Solution: ) 
| The zero vector of the vector space of all polynomials over the real 
| number field is the zero polynomial. 
| Let a, b, c be scalars (i.e., real numbers) such that 
. a(1) + bx + c [x (1 — x)] = 0 ie., zero polynomial. 
| We have a(1) + bx + c (x — x?) = 0 

=> at(b+c)x—cx’*=0. TARG) 
Now two polynomials in x are said to be equal if the coefficients of like 


powers of x on both sides are equal. So by the definition of the equality of 
two polynomials, we have from (1). 


a=0,b+c=0,-c=0 
= c=0,b=0,a=0. 
Thus a(1) + bx + c [x (1 — x)] = 0 
a=0,b=0,c=0. 
. the vectors 1, x, x (1 — x) are linearly independent over the field of 


e three vectors (1, 1, — 1), (2, — 3, 5) and (-2, 1, 4) of R? 
endent. 


scalars ie., real numbers such that 


nuan 
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a (1, 1, = 1) + b (2, - 3, 5) + e (- 2, 1, 4) = 0, 0, 0) 


Les (a + 2b = 2c, a — 3b te — a+ Sb + 4c) = (0, 0 0) 


ie. a+ 2b-2c=0 Pe 
a-—3b+c=0 ake) 
~at5b+4c=0 (3) 
Now we shall solve the simultaneous equations (1), (2) and (3). 
Multiplying (2) by 2 and adding to (1), we get 
3 3a — 4b=0 4) 
Again multiplying (1) by 2 and adding to (3), we get 
a+ 9b=0 


Multiplying (5) by 3 and subtracting from (4), we get 
—31b=0orb=0. 

Putting b = 0 in (5), we get a = 0. 

Now putting a = 0, b = 0 in (1), we get c = 0. 


Thus, a = 0, b = 0, c = 0 is the onl solution of t i 
Gs, y n of the equations (1), (2) 
EKF, fl) bi, — 3, Ste EZ 1, 4) = (0, 0, 0) 


= a=0,b=0,c=0. 


Hence the vectors (1, 1, — 1), (2, — 3, 5), (— 2, 1, 4) of R? are linearly 
independent. 


Example 44: 


If a, p, yare linearly independent vectors of V(F) where F is the field 
of complex numbers, then so also are a + BBtyrvt+ea 


Solution: 
Let a, b, c be scalars such that 
a(a+B)+b(B+y)+(y+a)=0 
ie, (at+ch)at+(at+b)+B(b+c)+y=0. AD 
But a, B, y are linearly independent. Therefore (1) implies 
a+ 0b+c=0,a+b+0c=0,0a+b+cH=0. 
The coefficient matrix A of these equations is 


ie 20a 
Ast 6 
DE a eA iia Ne 

yis 1 OT 


2 
© 
' LIBRARY 


`% 
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e number of unknowns a, b, c. Therefore a 


We have rank A = 3 ie., th i 
quations. 


= 0, b = 0, c = 0 is the only solution of the given e 
Hence a + B, B +y, y + & are also linearly independent. 


ji Example 45: 
If a, p. y are linearly independent vectors of V(F) where F is the field 


of complex numbers, then so also are 
j at+fBa-Ba-2pty 


i Solution: 

| Let a, b, c be scalars such that 

| (a+ p)+b(a-B)+c(a-2B +H) =0 Al) 
| je, «atbtchat+@=b- 2) p+ ey = 0. PO) 


But a, B, y are linearly independent. Therefore (2) implies 
aitb+ce=0,a—b-2¢-0,c = 0. 

The only solution of these equations is c = 0,a=0,b=0. 

Thus (1) implies a = 0, b = 0, c = 0. 

Therefore the vectors a + B, 

a — B, a — 28 + y are linearly independent. 


Example 46: 


A system consisting of a single non-zero vector is always linearly 
independent. 


f 
| 


Solution: 


Let S = {a} be a subset of a vector space V and let a be not equal to 
zero vector. If a is any scalar, then 


aren a 


aa = 0 
=> a=0 [Since a is not zero vector] 


~. the set S is linearly independent. 
ample 47: 
he set S = (ap @,.., a) 


stors of V(F) is linearly independent, then of the vectors œ, Qty ..., 
zero vector. 


be equal to zero vector where 1 < r < n. Then 


Vector Spaces 


Oe, tOn Eo ie, POR a ee ae 
for any a # 0 in F. 


Since a # 0, therefore from this relation we conclude that S is linearly 
dependent. Thus we get a contradiction because it is given that S is linearly 
independent. Hence none of the vectors a,, o.,..., @, can be zero vector. We 
also conclude that a set of vectors which contains the zero vector is necessarily 
linearly dependent. 


Example 48: 
Every superset of a linearly dependent set of vectors is linearly dependent. 


Solution: 


Let S = {a iyo ey be a linearly dependent set of vectors. Then there 
exist scalars a,, a,,..., a, not all zero such that 


40, Fao, +... +a = 0: C 

Now let S! = {a,, a,- &,, B,, B,, -3 B,,) be a superset of S. Then we 
have from (1) 

ag, + a6, +... + ao, + Obat 0p, +... + OB, = 9. cok} 


Since in the relation (2) the scalar coefficients are not all 0, therefore 
S' is linearly dependent. 


From this we also conclude that any subset of a linearly independent set 
of vectors is also linearly independent. 
Example 49: 

Show that 

S= 70, 2, 4, (1, 0 0), ©. 1, 0), (0, 0 1} 
is a linearly dependent subset of the vector space V (R) where R is the field 
of real numbers. 
Solution: 

We have 

1 A, 2, 4) + © 1) (1, 0, 0) + (2) (0, 1, 0) + C 4) (0, 0, 1) 

= (1, 2, 4) + CG 1,0, 0) + ©, — 2, 0) + ©, 0, — 4) 

= (0, 0, 0) ie, zero vector. 


Since in this relation the coefficients 1, — 1, — 2, — 4 are not all zero, 
therefore the given system S is linearly dependent. 


a Therefore the given set of n vectors is linearly independent. 
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Example 50: 
Prove that if two vectors are linearly dependent, one of them is a scalar 
multiple of the other. 
Solution: 
Let a, B be two linearly dependent vectors of the vector space V. Then 
3 scalars a, b not both zero, such that 
aa + bB + 0. 
If a + 0, then we get 
aa = — bB > a! (aa) = a"! (— bf) 
= (a' a) a = [a (— b)] B 
=> la =(-a'b) B | 


b 
5 wae B = a is a scalar multiple of ß. 


If b = 0, then we get | 


bB = — aa 
a 
= B= 7p 2> B is a scalar multiple of a. 


Thus one of the vectors « and ß is a scalar multiple of the other. 


Example 51: 
In the vector V (F), the system of n vectors 
= 12,0..0, ..., 0), 
P= D 0 0); 
E ©, .... 01) 
is linearly independent where 1 denotes the unity of the field F. 


Solution: 
If a, a, a,,..., 4, be any scalars, then 
ac, +ae,+... + ae, = 0 
me, 11,0, 0, .... 0) + BAO, 1.0, sa 0) A, H a, (0, 0, ..., 1) =0 
> fa, a, .... a) = (0, 0, ..., 0) > rs yt 0, a > 0, 


Pi particular {(1, 0, 0), (0, 1, 0), (0,0, 1)} is a linearly independent subset 
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Example 52: 

Let a, A, a, be vectors of V(F), a, b, e F. Show that the set {a,, a, 
a,} is linearly dependent if the set fa, + aa, + ba, æ, a} is linearly 
dependent. ; a 
Solution: 


Since the set {a, + aa, + ba, œ, a,} is linearly dependent therefore 
exist scalars x, y, z not all zero such that 


Rio, h aa, + ba) + ye, + z =O 
Le. xa, + (xa + y) œ, + (xb + z) a, = 0. bh) 


If in the relation (1), the coefficients X, xa + y, xb + z are not all zero, 
then the set {a,, ,, &,} will also be linearly dependent. 


If x # 0, then the problem is at once solved whatever y and z may be. 
However if x = 0, then at least one of y and z is not zero. Therefore at least 
one of xa + y and xb + z will not be zero since when x = 0 then xa + y and 
xb + z reduce to y and z respectively. 


Hence in the relation (1) the scalar coefficients of @,, &,, &, are not all 
zero. Therefore the set {a,, o, a,} is also linearly dependent. 
Example 53: 
If R is a ring, show that 
Z(R) = {x ER: xy = yx Vy © R} 
is a subring of R. Further show that Z(R) is a field if R is a division ring. 


Solution: 
We have 0y = 0 = yO Vy ER. Therefore 0 € Z(R) and so Z(R) # Ø. 
Now let Z,, Z, € Z(R). Then 
zy = yz, and zy = yz, Vy ER. 
Now Vy eR, we have 
(@,- a) y= zy - BY = yz, - ya = y @,- 2) 

and (Z,2,) y = 2, (z,y) = z, 02) z = (z,y) z = (yz,) z = y (z,z,). 

by definition of Z(R), both Z, -z and z,z, € Z(R). 
Thus z,, Z, € Z(R) > z-z € Z(R) and z,z, € ZR). 

Z(R) is a subring of R. 
Now suppose R is a division ring Że., R is a ring with unity and every 


non-zero element of R possesses multiplicative inverse. Then to prove that 


Z(R) is a field. 
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Z(R) is a commutative ring. Let Z,, Zz e Z(R). 


Now z, € Z(R) > 3y = yz, VY € R. 

Since z, € R, therefore Z,Z, 7 ZZ; | | 

Thus z,Z, = ZZ, V Zp 3% € Z(R) and so Z(R) is a commutative ring. 
2 2 


The Ring Z(R) Possesses Multiplicative Identity: If 1 denotes the aad 
element of the division ring R, then ly = y = yl Ky: ER. Therefore a ( ) 
and is also the unity element of Z(R). Thus Z(R) is also a ring with unity. 


Each Non-zero Element of the Ring Z(R) Possesses Multiplicative Inverse: 
Let 0 + z € Z(R) and let z' denote the multiplicative inverse of z in the 
division ring R. We shall show that zZ! € ZR). 

We have z e ZR) > zy = yz Vy ER 

> zi(zy)zi=z'(yaz' VyeR 

=> (z'z)yz'=(r'y)z' Vy eR 

> Atyr') = (zy) } Vy eR 

= yz'=z'y Vy ER. 

<. by the definition of Z(R), z' € Z(R). 

Since zz! = 1 = z'z. where | is the unity element of the ring Z(R), 

therefore zis also the multiplicative inverse of z in the ring Z(R). 


Thus each non-zero element of the ring Z(R) is inversible. 


Since Z(R) is a commutative ring with unity and each non-zero element 
of Z(R) is inversible, thercfore Z(R) is a field. 


Now S, Y S, is not a subring of the ring of integers because S, U S, 
is not closed for addition. 


We have 2 € S, US, is because 2 € S, and 3 € S, US, because 3¢S.,,. 
But 2+ 3 =5 ¢ S, US, because neither 5 € S, nor 5 e S,. Thus S, US, 
is not closed for addition. Hence S, U S, is not a subring of the ring of integers. 
However S, U S, = S, because S, c S,. Thus S, U S, is a subring of the 
ring of integers. From the above example it is-obvious that the union of two 
subrings may or may not be a subring. 


Example 54: 


© Prove or disprove that any subring of a non-commutative ring is non- 
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Let M be the ring of all 2 x 2 matrices with elements as integers for 
addition and multiplication of matrices as the tow ring operations. Then M 
is anon-commutative ring because the operation of multiplication of matrices 
on the set M is not commutative. 


Let S be the subset of M consisting of matrices of the type 


a 0 
0 ol} where a is any integer. 


a, 0 a, 0 
Let A = , B= be any two members of the set S. 


0 0 0 0 
a;-a, 0 
The A- B= 0 ges 
aja, 0 
and AB = 0 ol € S 


S is a subring of the ring M. 


Now the subring S of the ring M is a commutative ring. For let 
a, 9 a, 0 
A= and B = 
0 0 0 0 
be any two members of S. Then 


aja, 0 a,a, 0 
B= and BA = ; 
8 O 0 


Since aa, = aa, 
therefore AB = BA. 


Thus, multiplication of matrices is a commutative operation on the set 
S. Hence the subring S of the non-commutative ring M is a commutative ring. 


Example 55: 


Show that the set of even integers forms a subring of the ring of integers. 


Solution: 
Let (J, +, .) be the ring of integers. 


Let S = 21 = {..., -6, -4, -2, 0, 2, 4, 6, ...} be the set of even integers. 


ThenS cl. 
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To prove that S is a subring of the ring of integers. 
Let a = 2r and b 2s be any two elements of S where r and s are some 


integers. 
Then a— b = 2r — 2s = 2 (r — s) which is an even integer and so 


a-beS. 
Also ab = (2r) (2s) = 2 (2rs) which is also an even integer and so 


ab e S. 
Thus, a, b e S >a — b e S and ab € S. Hence the set of even integers 


S is a subring of the ring of integers 


Example 56: 
Show that the set of all 2-rowed matrices of the form 


a 0 

D c 
where a, b, c are integers is a subring of the ring M of all 2-rowed matrices 
with integral entries. 


Solution: 

Let M be the set of all 2 x 2 matrices with elements as integers. Then 
M is a ring for addition and multiplication of matrices as the two ring 
operations. 

Let S be the subset of M consisting of matrices of the type 


a 0 
| b i where a, b, c are integers. 
L 


To prove that S is a subring of the ring M. 


a; 0 a> 0 
| B= 5 be any two members of the set S. 


0 
ge a which is obviously a member of the 
âz +C} b; C)C> 
>A-BeSandABeS 
g of the ring M 


| which is also a member of the set S. 
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Example 57: 


in VAR), where R is the field of real numbers, examine each of the 
following sets of vectors for linear dependence: 


(i) {(2, 1, 2), (8, 4, 8)}. 

(ii) (C1, 2, 0), (0, 3, 1), ~ 1, 0, 1} 

(ili) {C 1, 2, 1), G, 0, - 1, - 5, 4, 3)}. 
(iv) {(2, 3, 5), (4, 9, 25)}. 

OVP Gls dy: D G 1,5), (3, — 4, 7). 


Solution: 
(i) We have 
ay(2, 1, 2) + (- 1) (8, 4, 8) =.(8, 4, 8) + (- 8, — 4, — 8) 
= (0, 0, 0) ie., the zero vector. 


Since in this relation the scalar coefficients 4, — 1 are not both zero, 
therefore the given set is linearly dependent. 


(ii) Let a, b, c be scalars i.e., real numbers such that 
att, 2, 0) +b (0, 3, 1) +c © I, 0, 1) =, 0, 0) 

te. (a—c, 2a + 3b, b + c) = (0, 0, 0) 

i.e., a + 0b -— c, 2a + 3b + 0c=0,0at+tbt+c=0. 


These equations will have a non-zero solution i.e., a solution in which 
a, b, c are not all zero if the rank of the coefficient matrix is less than three 
i.e., the number of unknowns a, b, c. If the rank is 3, then the zero solution 
a = 0, b = 0, c = 0 will be the only solution. 


ete en 
Coefficient matrix 4“ = ; ; o| 
We have |A| = 1 (3 -0)-2(0+1)=1#0. 
.. Rank A = 3. Hence a = 0, b = 0, c = 0 is the only solution. Therefore 
the given system is linearly independent. 
(iii) Let a, b, c be scalars such that 
a (— 1, 2, 1) + b G, 0, — 1) + ¢ GS, 4, 3) = @, 0, 0) 
ie., (— a + 3b — Sc, 2a + Ob + 4c, a— b + 3c) = (0, 0, 0) 
ie., —a+ 3b — 5c = 0, 2a + 0b + 4c = 0,a-—b+ 3c = 0. 


The coefficient matrix A of these equations is 
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aie y 
oo T O Lin bg) = 4 
oe Laat = ee : xi ka number of unknowns a b, A h 
a=-2, Ea ky te Ati a non-zero solution. For Bera. 
is linearly dependent. son. Hence the given system of vectors 
(iv) Let a, b, be scalars į e., real number. 


i s such that 
@.(2, 3, SVF b (1 9125) = (0, 0, 0) 


Le, (2a + 4b, 3a + 9b, 5a + 25b) = (0, 0 0) 
Le., 2a + 4b = 0, 3a + 9b = 0, Sa + 25b = 0 
The coeffi 


cients matrix A of these equations is 


2NA 
E EEE 
2 25 


Obviously rank A = 2 ie, e 


qual to the number of unkn 
Therefore these equations A owns a and b. 


the given set of vectors is a Vo 
(v) Let a, b, c be scalars i.e., real numbers such that 
a(t, 2,1) +b; 1, 3) Fie (3,4, 7) = (0, 0, 0) 
> (a + 3b + 3c, 2a + b — 4c, a + 5b + 7c) = (0, 0, 0) 
ie. a+ 3b+3c=0, ACh) 
2a+b-4c = 0, ..(2) 
a+ Sbt Je ='0, 28) 
Multiplying (1) by 2, we get 
2a + 6b + 6c = 0. (4) 
Subtracting (4) from (2), we get 
— 5b - 10c = 0 
5 b + 2c = 0, .-(5) 
Again subtracting (3) from (1), we get 
— 2b — 4c = 0, 
b + 2c = 0. 


(6) 
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The equations (5) and (6) are the same and give b = — 2c, 
Putting b — 2c in (1), we get a = 3c. If we take c = 1, we get b=- 2 
and a = 3. Thus b = 3, b = —2, c = 1 is a non-zero solution of the equations 


(1), (2) and (3). Hence the given set of vectors is linearly dependent. 
Example 58: 


If F is the field of complex numbers, prove that the vectors (a, a) and 
(b, b} in V, (F) are linearly dependent iff 


ab, ~ a5, = 0, 
Solution: 
Let x, y € F. Then 
x (a,, a,) + y (b,, b,) = (0, 0) 
=> (xa, + by,, xa, + yb,) = (0, 0). 
Therefore a,x + by = 0 
and axt by = 0. 
The necessary and sufficient condition for these equations to possess a 
non-zero solution is that 
a, bı 
a, b 


=0 ke, AD, — ab, = 0. 


Hence the given system is linearly dependent iff 
a,b, ~ a,b, = 0. 


Example 59: 

If a, and a, are vectors of V(F), and a, b e F, show that the set 
{a,, a, aa, + ba) is linearly dependent. 
Solution: 

We have 

(— a) a, + (— b) a, + 1 (aa, + ba) 

=(-at+a)a,+ (b+ b)a, = 0a, + 0a, = 0 

i.e., zero vector. 


In the above linear combination the scalar coefficient | ' 0. Therefore 
whatever may be the scalars — a and — b, the given set of vectors is linearly 
dependent. 
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Example 60: 


In the vector space R?, let œ = 


(1, 2, )), B= (3, 1, 5), Y= (3, — 4 7). 
Show that the subspaces spanned by 


S {a P} andT = {a, B y are the same. 
Solution: 


First we shall show that the 


vector g can be expressed as a linear 
combination of the vectors a and 


b. Let 
G, - 4, 7) =a (1, 2, EDAG 1, 5). 
Then a + 3b = 3, 2a+b=— 4.a +5b=7. Solving the first two equations 
we get a = — 3, b = 2 and these Satisfy the third equation also. Therefore we 
can write y = — 3q + 2p. 


Now we T= L(S)-e LCD; 


Further let 5 € L(T). 


Then ô can be expressed as a linear combination 
of the vectors, a, B and y 


In this linear combination the vector y can be replaced by — 3a + 2p. 

Thus, 5 can be expressed as a linear combination of the vectors a and 
B. Therefore d e L(S). Thus d € L(T) > d e L(S). Therefore L(T) c L(S). 
Hence L(T) = IS). 


Example 61: 
Consider the Jollowing polynomials over the ring 
ly +, x,): 
F () = 2 + 6x + 4x? g (x) = 2x + 
1. deg [f (x) + g (x)] 
2. deg [f (x) g (x)] 
3. deg [h (x) h (x)]. 
_ Solution: 


4x’, h (x) = 2 4x and find 


_ 1. We have f (x) + g(x) = (2 + 6x + 4x?) + (0 + 2x + 4x3) 
= oy O)+(6+,2)x+4 +, 4) x? =2+ 0x + Ox? =2. 
Thus f (x) + g 


= 


(x) is a non-zero constant polynomial and so deg [f 
B (x) = (2 + 6x + 4x?) (2x + 4x?) 

) x + [(2 x, 4) +, (6 x, 2)] x? 

+ [(6 x, 4) +, (4 x, 2)] x? + (4 x, 4) xt 
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= 4x + (0 +, 4) x? + (0 + , 0) x? + Ox! 
= 4x + 4x? + Ox? + Oxt = 4x + 4x2, 
deg [f (x) g (x)] = 2. 
3. We have h (x) h (x) = (2+ 4x) + 4x) 
= (2 x, 2) + [ 2 x, 4) +, (4 x, 2)] x + (4 x, 4) x? 
=4+ (0 +, 0) x + Ox? = 4 + Ox + 0x? = 4, 


Thus h (x) h (x) is a non-zero constant polynomial and so deg [h (x) 
h (x)] = 0. 


Example 62: 
The polynomial domain F [x] over a field F is not a field. 


Solution: 


In order to show that F [x] is not a field, we should show that there exists 
a non-zero element of F [x] which has no multiplicative inverse. Let f (x) 
be any member of F [x] such that deg f (x) is greater than zero. 


The inverse of f (x) cannot be the zero polynomial the product f (x) and 
the zero polynomial will be equal to the zero aga ge not n to 
the unity element of F [x] which is the polynomial l == 0x ba uppose 
now g (x) is any non-zero polynomial. Then f being a field, we have 


deg [f (x) g (x)] = deg f (x) + deg g (x) > because deg f (x) > 0 and 
deg g (x) 2 0. 


The degree of the unity element of F [x] is 0. Hence f (x) g (x) ri 
be equal to the unity element of F [x]. Thus f (x) does not possess multiplicative 
inverse. 


F [x] is not field. 


Note: The only inversible elements of F [x] are constant moa 
excluding the żero polynomial. No member of F [x] whose degree is greater 
then 0 is inversible. 


Example 63: 


Show that id a ring R has no zero divisors, then the ring R [x] has also 
no zero divisors. 


Solution: 


It is given that a ring R has no zero divisors and we have to show that 
the ring R [x] has also no zero divisors. 
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a 2 
Let! F(x) = 6, + 4x + ax +..+ ax" a #0 
2 2 
and = g (x) = b, + bx + Bx? +...+ bx" b = 0 
be two non-zero elements of R [x]. 


Then f (x) g (x) cannot be the zero polynomial że., the zero element of 
R [x]. Then reason is that at least on coefficient of f (x) g (x) namely 
a,b, of x™"" is # 0 because am D, are non-zero elements of R and R is without 
zero divisors. 


Thus, in R [x] the product of no two non-zero elements can be the zero 
element. Hence the ring R [x] has no zero divisors. 
Example 64: 


Prove that the relation of divisibility in an integral domain is reflexive 
and transitive. 


Solution: 
Let D be an integral domain with unity element 1. 


If a € D, then a is said to divide be e D, if there exists an element c 


€ D such that b = ca. If a is a divisor of b, then symbolically we write 
ajb. 


1. The relation of divisibility on D is reflexive. Let a be any element of D. 
We can write a = | a, where | e D. 
ala. 
Thus a | a, V a e D, Hence the relation of divisibility on D is reflexive. 


2. The relation of divisibility on D is transitive ie, a|bandb]|c 
=a jc, 


We have alb=> b = ap for some p € D 
aac = c = bq for some q e D. 
c = bq and b = aq > c = (ap) q 
c = a (pq) => a | c since pq e D. 
e the relation of divisibility on D is transitive. 


Set (Lxl+x+x2 } is a linearly independent set of vectors 
of all polynomials over the real number field 


(real numbers) such that 


Vector Spaces 


a (1) + bx +c (1 + x + x2) = 0. We have 
a (1) + bx +c(1l+x+x)=0 
(a+c)+(b+c)x+cx?=0 
atc=0,b+c¢=0,c=0 
=> c=0,b=0,a=0. 
~. the vectors 1, x, 1 + x + x? are linearly independent over the field 
of real numbers, 


Example 66: 

Show that the vectors (1, 1, 0, 0), (0, 1, - 1, 0), (0, 0, 0, 3) in R4 are 
linearly independent. 
Solution: 

Let a, b, c be scalars i.e., real numbers such that 

a (1, 1, 0, 0) + b (0, 1, — 1, 0) + c (0, 0, 0, 3) = (0, 0, 0, 0) 


Then a + Ob + 0c = 0, 
a+b+ 0c = 0, 
0a — b + 0c = 0, 
0a + Ob'+ 3c = 0. 
The only solution of the above equations is 
eC b= Oc =. 
Thus the linear relation (1) among the three given vectors is possible only 
a2 0.5 = 0, '¢ =:0: 
Hence the three given vectors in R‘ are linearly independent. 


Example 67: 
Is the vector (3, — 1, 0, — 1) in the subspace of R’ spanned by the vectors 
(2,-—1, 3, 2), © 1, 1, 1, — 3) and (1, 1, 9, - 5)? 


Solution: 
Leta = (3, - 1, 0,- 1), a, = @, - |, 3, 2), 
a, =(—1, 1, 1, - 3), a = (1, 1,9, - 5). 
If a can be expressed as a linear combination of the vectors a,, Op, 5, 
then it will be in the subspace of R‘ spanned by these vectors otherwise it 


will not be. 
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Let a = aa, + ba, + ca, where a, b, c € R, 


So | =a(2,-1,3,2)+bCI, hy l,- 3) 
Then (3, ) eerie 5) 


2a —bit.¢ = 3, rac) 

-atbt+c=-l, (2) 

3a + b+ 9c = 0, Fas) 
and 2a — 3b — 5c = - I. (4) 
Adding the equations (1) and (2), we get 

a an = 2 
Again adding the equations (1) and (3) we get 

Sat 10c'= 3 (6) 
Multiplying the equation (5) by 5, we get 

$a + 10c = 10. war) 


The relations (6) and (7) show that the equations (1), (2), (3) and (4) 
are inconsistent i.e., do not posses a common solution. 


Hence the vector a cannot be expressed as a linear combination of the 
vectors @,, &,, &,. Therefore æ is not in the subspace of R‘ generated by the 


vectors @,, ,, Q. 
Example 68: 

Show that the vectors (1, 2, 1), (2, 1, 0), (1, — 1, 2) form a basis of RÌ. 
Solution: 

We know that the set {(1, 0, 0), (0, 1, 0), (0, 0, 1) forms a basis for R°. 


Therefore dim R? = 3. If we show that the set S = {(1, 2, 1,), (2, 1, 0), 
(1, — 1, 2)} is linearly independent, then this will also form a basis for R?. 


We have 
a, PLZ ht a, I, 0) +a, (1, - ba) (0, 0, 0) 
5> (a, + 2a, + a,, 2a, + a, - a, a, + 2a,) = (0, 0, 0). 


= a, + 2a, +a, = 0 (1) 


2a, + a, - a, = 0 ..2) 
a, + 2a, = 0 al) 


shall solve these equations to get the values of âp a» a. 
equation (2) by 2, we get 
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4a, + 2a, - 2a, = 0. 4) 
Subtracting (4) from (1), we get 

— 3a, + 3a, = 0 
=% Sa a i; wl 3) 


Adding (3) and (5), we get 3a, = 0 

=> a, = 0. Putting a, = 0 in (3), we get a, = 0. 

Now putting a, = 0 and a, = 0 in (1), we get &, = 0, 

Thus, solving the equations (1), (2) and (3), we get 0, oe 
a = "4 Therefore the set S is linearly independent. Hence it forms a basis 


Example 69: 

Select a basis, if any, of R?(R) from the set 

la, Q, Q, a, where a, = (I, — 3, 2), a, = (2, 4, 1), a, * (5, 4, S) 
mol, E D. 


Solution: 

beta = (G, Q, C, &,}. 

If any three vectors in S are linearly independent, then they will form 
a basis of the vector space R? (R), 

First consider the set S, = {a,, &,, &,}. Let us see whether the vectors 
in the set S, are linearly independent or not 

The determinant of order 3 whose columns consist of the coordinates of 


the vectors a,, a,, a, is 


ot E 
wi. 41 

‘Ss cae 

ee Seaman 
Be 8 eC, ~ 26, on C= 20, 


2 -3 =3 
=a 30 + 30 = 0. 


the vectors a,, @,, O, are linearly dependent and so they do not form 


a basis of R°(R). 
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Let a = a, = a + ax" +... a,x" be any arbitrary member of P.,, where tics) 
Now consider the set S, = {an a ct,}. ap âp- A, E R. The @ is a linear combination of the polynomials 1, x, x’,..., sity. 
x" over the field R. Therefore S generates P (R). 


The determinant of order 3 whose columns consist of the coordinates of ance 


Since S is a linearly independent subset of P (R) and it also generates 38S. 
the vectors a, a, a, IS P (R), therefore it is a basis of P (R). f ring 
l 2 l like 
Saa A l Example 71: any 
y E | ] Prove that the set of all solutions (a, b, c) of the equation a + b + 2c = 0 ittee 
is a subspace of the vector space V, (R). onal 
l 0 0 ; es. 
=|-3 10 4 _ by © 426, and.C, - C, Solution: 
| Sh eo ES Let W = {(a, b, c): a, b, c e R and a + b + 2c = 0}. 
| | me 10+ 12 =2ie, #0. To prove that W is a subspace of V, (R) or R°. 
if ~. the vectors a,, @,, a, are linearly independent. Let a = (a,, b, c,) and B = (a,, b,, c,) be any two elements of W. Then 
| Since S, = {c,, a,, a,} is a linearly independent subset of R° containing a, +b, + 2c, = 0 (1) 
three vectors, therefore it is a basis of R°. and a, + b, + 2c, = 0 id} 
| Example 70: If a, b be any two elements of R, we have 
| Show that the set S = {1, x, X°,..., x"} ofn + I polynomials in x is a basis aa + bB = a (a, b, c,) + b (ap b, C,) 
| of the vector space P (R), of all polynomials in x (of degree at most n) over = (aa,, ab,, ac,) + (ba,, bb,, be,) 
| - S 
eee of real numbers. = (aa, + ba,, ab, + bb,, ac, + be,). 
Saa: Now (aa, + ba,) + (ab, + bb,) + 2 (ac, + be,) 
P*(R) is the vector space of all polynomials in x (of degree at most n) =a (a, + b, + 2c,) + b (a, + b, + 2c,) 


over the field R of real numbers. 


= a.0 + b.0 [from (1) and (2)] 
2o S S= {1, x, x’...., X”) is a subset of P, consisting of n + 1 polynomials. = 
= To prove that S is a basis of the vector space P (R). i 

beeen a seme : j i ` i be ¥ 

= First we show that the vectors in the set S are linearly independent over aa + bB (aa, + ba,, ab, + bb, ac, + be,) € 

R | Thus => a, B e W and a, b e R > aa + bB € W. 
Th zero vector of the vector space P, (R) is the zero polynomial. Let | Hence W is a subspace of V,(R). 

a-n a, € R be such that | 


) + ax + ax +... +ax"=0 ie, zero polynomial. 


= 0, a, = 0, a, =0,..., a, = 0. 
J, x, x’... x" of the vector space P (R) are linearly 


2 


| INNER PRODUCT SPACES 


i | INTRODUCTION 

Definition : Let V (F) be a vector space where F is either the field of 
real numbers or the field of complex numbers. An inner product on V js 4 
function from V x V into F which assigns to each ordered pair of vectors 
@ Bin V a scalar (a, p) in such a way that 


| (i) (a, B) = (B, a) [Here (B, a) denotes the conjugate complex of the 
| number (B, œ) ]. 

(2) (aa. + bp, Y) = a (a, Y) + b (B, Y) 

| (3) (a, a) 2 0 and (a, a) =0 >a = 0 

for any a, B, y e V and a, b e F. 


| Also the vector space V is then said to b i 
r spac e an inner product space with 
| 7e S j specified inner product defined on it, zo 
E ould be noted that in the abov 
bees sala Pair of the vectors œ and 
Me vectors a and B. It is an element 


e definition (a, B) does not denote 
a > : denotes the inner product of 
| of V which has been assigned by the 
? e Z so oo to the vectors & and B, Sometimes the inner 
Hi, B) is a real st ay ‘na a, B is also written as (a | B) If F=R, 

am and if F = C, then (a, B) is a complex number. 
._ 'S the field of real numbers, th 


. en the compl j i 
superfluous and (1) should a plex conjugate appearing 


: read as (a, B) = (B, a). If F is the 
T : numbers, then from (1), we have (a, «) = (a, a) and 


2 real 
equali Thus (a, a) is always real whether F = R or F =C 
4, given in (3) makes sense. 
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If V (F) is an inner product space, then it is called a Euclidean space 
if F is the field of real numbers. Also it is called a Unitary space if F is the 
field of complex numbers. 


Throughout this chapter we shall deal only with real or complex vector 
spaces. Thus, if V is the vector space over the field F, then F will not be 
an arbitrary field. In this chapter, F will be either the field R of real numbers 
or the field C of complex numbers. 


Before defining inner product and inner product spaces, we shall just give 
some important properties of complex numbers. 


Let z € C ie., let 2 be a complex number. Then 2 = x + iy where x, 
y e Randi= V-1. Here x is called the real part of z and y is called the 
imaginary part of z. We write x = Re z, and y = Im z. The modulus of the 
complex number z = x + iy is the non-negative real number V(x? + y”) and 
is denoted by | z |. Also if z = x + iy is a complex number, then the complex 
number z = x — iy is called the conjugate complex of z. If z= Z, then x 
+ iy = x — iy and therefore y = 0. Thus z= Z implies that z is real. Obviously 


we have 
Matz = 2x = 2 Rez 
(ii) z+ Z = 2iy = 2i Imz, 
(ii) zz = + y= IzF, 
(iv) |zj/=O@x=0,y=0 
ie, |z|=0@z=0, 
(vy (Z) = z, 
(vi) | z|=|z|=|2|, and 
(vii) | z |= VO? + y?) 2x ie, | z | > Rez 


If z, and z, are two complex numbers, then 
Olza+tzalsizl+izl 
(ii) Z +2, = 4+2 
(iii) ZZ, = % Z ad- 
(iv) 7-2 = 4-% 
PRODUCT OF TWO SPACES 


Definition : Let (X, J) and (Y,v) be two topological spaces. Then the 
topology w whose base is E={GxH:GeSandH I v} is called the 


| base for v. Then, 


128 


Product topology for X * Y and (X * Y, w) is called the product space of 


X and Y. 

We know that Æ is actually a base for sine topology w of the above 
definition. 
Theorem 1: 

The product topology on a non-empty set X x Y is the weak topology 
for’X x Y determined by the projection maps p, and P, from the topology 
on X and Y 
Proof: 

The weak topology has for a subbase 
1 eE =p" {U3 or G, 
= p [V]. for some U, open in X or V, open in Y}. 
Then intersection 
LUSG- Op" [U] OP Lh O N E 


, E * DA. AUX YAK*V).. AK x V) 
of a finite number of such sets has the form 


(U,NU, 0... OU) RU, STN... Vn) 
=UxV 


we have already prove that where U is open in X and F is open in Y. Hence 


weak topology has the same base as the product topology, and s 
* $ th 
topologies are the same cd oe 


Note that n ~ [U]=U,~ ¥, iv} = Xx V, ete.). 


i Theorem 2: 


Let (X. 3) and (Y, V) be two topological spaces and B a base Jor 3 and 


Ne, E=(BxC:BeBandC ec} 
is a base for the Product topology w for ¥ x Y. 
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Since G is open and B is a base for J, there exists some B e B such 


that x € B C G. Similarly there exist some C c c such that y e Cc H It 
follows that , 4 


&yeBeoCcG~« H. 
Hence, from (1) and (2), we get (x, y) € Bx C c N. This implies that 
E is a base for w. 


METRIC SPACES 


Classical analysis can be described as that part of mathematics which 
begins with calculus and, in essentially the same spirit, develops similar 
subject matter much further in many directions. In the course of its development, 
classical analysis became so complex and varied that even an expert could 
find his way around in it only with difficulty. Under these circumstances, some 
mathematicians became interested in trying to uncover the fundamental 
principles on which all analysis rests. It is a great nation in the World of 
Mathematics, with many provinces, a few of which are ordinary and partial 
differential equations, infinite series (especially Power series and Fourier 
series), and analytic functions of a complex variable. This movement had 
associated with it many of the great names in mathematics of the last century: 
Riemann, Weierstrass, Cantor, Lebesgue, Hilbert, Riesz, and others. 


It played a large part in the rise to prominence of topology, modern 
algebra, and the theory of measure and integration; and when these new ideas 
began to percolate back through classical analysis, the brew which resulted 
was modern analysis. As modern analysis developed in the hands of its 
creators, many a major theorem was given a simpler proof in a more general 
setting, in an effort to lay bare its inner meaning. Much thought was devoted 
to analyzing the texture of the real and complex number systems, which are 
the context of analysis. 


It was hoped and these hopes were well founded that analysis could be 
clarified and simplified, and that stripping away superfluous underbrush 
would give new emphasis to what really mattered from the point of view of 
the underlying theory. Analysis is primarily concerned with limit processes 
and continuity, so it is not surprising that mathematicians thinking along these 
lines soon found themselves studying (and generalizing) two elementary 
concepts: that of a convergent sequence of real or complex numbers, and that 
of a continuous function of a real or complex variable. 


We remind the reader of the definitions. First, a sequence 


i= {x Re oe Xp AI 


i s) 
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nce 
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if there exists a real number x (called 


R ent 
} o be converg e ‘ 
of real numbers !S said t ven £ > 0, a positive integer n can 


i 
the limit of the sequence) As aa g 
be bound with the property tha 
| neg else! <® 
: n means that X, must be 
ymbolized by 
x >x or lim x, = X 

a nverges to x. 

and expressed by saying that x, approaches x or X, CO g E Batons 


fun f d A set X of the real line is said to 
area Cc ion efined ona non empty sub e 
be continuous a 0 


5 > 0 such that 
in X and |x —X, 1 <5 > 1 f%) ~ x) 1 < 5 

and f is said to be continuous if it is continuous at each point of X. When 
X is an interval, this definition gives precise expression to the intuitive 
requirement that f have a graph without breaks or gaps. The corresponding 
definitions for sequences of complex numbers and complex functions of a 
complex variable are word for word the same. 

Our purpose in giving these definitions in detail here is a simple one. 
| We wish to point out explicitly that each is dependent for its meaning on the 
| concept of the absolute value of the difference between two real or complex 
| numbers. We wish to observe also that this absolute value is the distance 
hetween the numbers when they are regarded as points on the real line or 
in the complex plane. 

In many branches of mathematics—in geometry as well as analysis—it 
has been found extremely convenient to have available a notion of distance 
which is applicable to the elements of abstract sets. A metric space is nothing 
more than a non-empty set equipped with a concept of distance which is 

_ Suitable for the treatment of convergent sequences in the set and continuous 
_ functions defined on the set. Our purpose in this chapter is to develop in a 
systematic manner the main elementary facts about metric spaces. These facts 
are important for their own sake, and also for the sake of the motivation they 
de for our later work on topological spaces. 


and Examples 
€ a non-empty set. A metric on X is a real function d of ordered 
of X which satisfies the following three conditions: 

. 0, and d(x, y) = 0 <> x = y; 

)) = dy, x) (symmetry); 


iti “close” to x for all “sufficiently 
This conditio 
large” n, and it is usually S 
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(3) d(x, y) < d(x, z) + d(z, y) (the triangle inequality). 

The function d assigns to each pair (x, y) of elements of X a non-negative 
real number d(x, y), which by symmetry does not depend on the order of the 
elements; d(x, y) is called the distance between x and y. A metric space 
consists of two objects: a non-empty set X and a metric d on X. The elements 
of X are called the points of the metric space (X, d). Whenever it can be done 
without causing confusion, we denote the metric space (X, d) by the symbol 
X which is used for the underlying set of points. One should always keep 
in mind, however, that a metric space is not merely a non-empty set: it is a 
non-empty set together with a metric. It often happens that several different 
metrics can be defined on a single given non-empty set, and in this case 
distinct metrics make the set into distinct metric spaces. 


There are many different kinds of metric spaces, some of which play very 
significant roles in geometry and analysis. Our first example is rather trivial, 
but it is often useful in showing that certain statements we might wish to make 
are not true. It also shows that every non- empty set can be regarded as a 
metric space. 


NORM OR LENGTH OF A VECTOR IN AN INNER PRODUCT 
SPACE 


Consider the vector space V, (R) with standard inner product defined on 
it. If a = (a,, a,, a) E V (R), we have 
(a, @) =a" + a7 + a? 

Now we know that in the three dimensional Euclidcan space Wa? pa 


+ a,) is the length of the vector a = (a,, a,, a,). Taking motivation from this 
fact, we make the following definition. 


Definition : Let V be an inner product space. If «eV, then the norm 
or the length of the vector a, written as || a ||, is defined as she positive square 
root of (a, a) i.e., 


I aœ || = Wa, a). 


Unit Vector 

Definition : Let V he an inner product space. If a € V is such that \\ 
a ||=1, then a is called a unit vector. Thus in an inner product space a vector 
is called a unit vector if its length is 1 
Theorem: 

In an inner product space V(F), prove that 


(i) (aa — bp, } = a(œ y) -b (P. 9 


Ne ene a cng 


So we Can say th 
MISR y that two ve 
o th ctors 
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(ii) (a ap + by = a (& P + b (& p. 


Proof: 
(i) We have 
(aa — bB, y) = (aa + b) B, Y) 
= a (a, y) + (b) (B, y) [by linearity 
property] 
= a (a, Y) -b (P, - Y). 


(ii) (a, aß + by) = (aß + by, a) [by conjugate symmetry] 
= a (B, a) +b (y.a) [by linearity 
property] 


=a (a, B) +b (a, y) 
Notes: 


1. If F = R, then the result (ii) can be simply read as 
(a, aß + by) = a (a, B) + b (a, y). 
2. Similarly it can be proved that 
(a, aß - by) = a(a, B) - 5 (a, y). 
Also (a, B + y) = (a, IB + ly) = T (a, B) + T (a, y) 
= (a, B) + (a, y). 
ORTHOGONALITY 


Definition : Let a and B be vectors in 
a Is said to he orthogonal to B if 


(a, B) = 0. 


The relation of orthogonality in an inner product space is symmetric. We 


an inner product space V. Then 


have 
a is orthogonal to B > (a, B) =0 

= (ab) = 0 

> (a, B) =0 

> B is orthogonal to a. 


Bonal if (a, B) = 0, 


& and B in an inner product space are 
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Notes: 


1. If a is orthogonal to B, then every scalar multiple of æ is orthogonal 
to B. Let k be any scalar. Then 


(ka, B) = k (a, B) = kO =0 
Therefore ka is orthogonal to f. 


CECA = 0] 
2. The zero vector is orthogonal to every vector. For every vector a in 
V, we have (0, a) = 0. 


3. The zero vector is the only vector which is orthogonal to itself. 
We have 


a is orthogonal to a => (a, a) = 0 


=> a = 0, by def. of an inner product space. 


Definition : A vector a is said to be orthogonal to a set S if it is orthogonal 
to each vector in S. Similarly two subspaces are called orthogonal if every 
vector in each is orthogonal to every vector in the other. 


ORTHOGONAL SET 


Definition : Let S be a set of vectors in an inner product space V. Then 
S is said to be an orthogonal set provided that any two distinct vectors in 
S are orthogonal. 


Theorem: 


Let S = {a, ..., a} be an orthogonal set of non-zero vectors in an inner 
product space V. If a vector B in V is in the linear span of S, then 


p= 5 Ewa 


a 
kal l| Oy || 


Proof: 
Since B e L(S), therefore b can be expressed as a linear combination 
of the vectors in S. Let 


m 
sins, = Ca, 
B=ca, +... Ca, 2 a 


We have for each k where | < k < m. 
m 
(B, a.) = > oj), ak 
j=l 


m 
= $ cj (a jo Ok ) [by linearity property of inner product] 
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[On summing with respect to j 
Note that 5 is an orthogonal a 
of non-zero vectors and so 

(œ 0) = 0 ifj æ k] 


=c {a,, 0%} 


Now a, + 0. Therefore (0%, a,) # 0 Thus 
|| a |P # 0. 
= (Box) I<k<m 
ll a II 
Putting these values of c,,..., ¢, in (1), we get 
m {Bo 
B = > (Bo) t) ak 


kt Ilo I? 


LINEAR FUNCTIONALS AND ADJOINTS 
Theorem 1: 


{ Let V be a finite dimensional inner prod 
| . product space, and f a linear 
| functional on V. Then there exists a unique vector B in V = 
| ee B such that f(a) = 
i Proof: 


Suppose B = {a , a,,..., a} is ; 
N S T „3 is an orthonormal basis for V and f is linear 


— 
i 


B= 2 f(a;)a; (1) 

Then, B is a vector in V. Let B be a function from V to F defined by 

3 ela) = (a, BP) vaeV (2) 

e claim that g is a li i i 

oe g Is a linear functional on V. If a, b €e F and Yo 7E V, 

| 8 (ay, + by,) = (ay, + by, B} [from (2)] 
=a (7,, B) +b CY» B) 

| = ag (y,) + bg (y,). [from (2)] 


Me Thus g is a linear functional on V. 


a Now 
i we shall show that g = if a, € B, then 
g (œ) = (a, B) 


f P n 
Bip STan) 
j=l 


[Putting B from (1)] 
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n 


z >| f(a;)] (apa) = Èra) (4,4) 


j=l 


= fa) [On summing with respect 
to j. Remember that 
(a a) = 1 if j = k and 
(a.,, a)=0 if j # k]. 
Thus g and f agree on a basis for V. Therefore g = f. 


Therefore corresponding to a linear functional f on V there exists a vector 
B in such that f(a) = (a, B) vy ae V. 


Now to show that B is unique. 
Let y be a vector in V such that f(a) = (a, y) ¥ a e V, 
Then (a, B) = (a, y vyaeV 
=> (a,B)-(a4,y)=O vaev 
=>(a,B-y)=Ovaev 
=> (B-7,B-y=9 
=>6-—-y=0 
>p =y, 
Thus B is unique. Hence the theorem. 


[taking a = B — y] 


POSITIVE OPERATORS 

Definition : A linear operator T on an inner product space V is called 
positive, in symbols T > 0, if it is self-adjoint and if (Ta, a) > 0 whenever 
a #0. 

If a = 0, then (Ta, a) = 0. Thus if T is positive, then (Ta, a) < 0 for 
all « and (Ta, a) = 0 > a = 0. Also if T is self-adjoint and if (Ta, a) 20 
for all a, and (Ta, a) = 0 > a = 0, then T is positive. 

If V is a complex inner product space, then by theorem 10 of 4, (Ta, 
a) > 0 for every, a implies that T must be self-adjoint Therefore a linear 
operator T on a complex inner product space is positive if and only if (Ta, 
a) > 0 whenever a = 0. 


Non-Negative Operator 

Definition : A linear operator T on an inner product space V is called 
non-negative, in symbols T 2 0, if it is self-adjoint and if (Ta, @ 2 0 for all 
ain V. Every positive operator is also a non-negative operator. If T is a non- 
negative operator, then (Ta, a) = 0 is possible even if a + 0. Therefore a 


f 
| 
f 
t 
i 
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y or may not be a positive operator. If S and T a 
re 


non-negative operator ma oe Ton : 
; n an inner product space V, then we define s ~» 
two linear operators 0 p Sa > 


T<S)ifS-T>9. 
Note : Some authors call a positive operator by the name ‘strict! 
positive’ or ‘positive definite’. Also they use the phrase ‘positive Operator 


in place of ‘non-negative operator’. 


Theorem: 
Let V be an inner product space, and let T be a linear operator on y 


Let p be the function defined on ordered pairs of vectors B, B in y is 
p (BB = TB D. 


Show that the function p is an inner product on V if and only if T js 


a positive operator. 


Proof: 
The function p obviously satisfies linearity property. 


Ifa, b e F anda, a, € V, then 

p (aa, + ba, B) = (T (aa, + ba,), B) = (aTa, + bTa,, B) 

=a (Ta, B) + b (Ta, B) = ap (a,, B) + bp (a, B). 

~. the function p satisfies linearity property. 

Now the function p will be an inner product on V if and only 


if p (a, BY= p(B, a) 

and p (a, a) > 0 if a z 0. 

We have p (a, B) = (Ta, B) 

and p p(B,a) = (TB, a)= (a, TB). 

Also p(a, a) = (Ta, a). 

i the function p will be an inner product on V if and only if 
(i) (Ta, B) = (a, P V @ Be V ie. Tis self-adjoint. 

(ii) (Ta, a) > 0, ifa e 0. 


He i A ; 
o open ee will be an inner product on V if and only if the 
ee i. Positive. Now we shall show that if V is finite-dimensional, 
: every inner product on V is of the type just described. 


_ INTERIOR 


Let (X, d) be a metric space and A c X. 
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A point X € A is called an interior pointofAifareR'st.S$ cA 
The set of all interior points of A is called the interi Mpa 
$ t 4 
Be by tat (4). nterior of A and is denoted 
Thus, 
A° = int. (A) = {xe A: S, œw © A for some r}. 
Alternatively, we define 
A= US -S5 


if) a wS A) 
Evidently, 
(i) A° is an open set, 
For an arbitrary union of open sets is open. 


(ii) A’ is the largest open subset of A. 


CLOSURE 


Let (X, d) be a metric space and A c X. 
The closure of A, denoted by 7 is defined as the intersection of all closed 


sets that contain A. Symbolically, 
A- OLE CX: F is closed, Fc A}. me th 
Evidently, 
(i) A° is closed set. 
For an arbitrary intersection of closed sets is closed. 
(MA = A: 
(iii) 4 is the smallest closed set which contains A. 


Alternatively we define 
A TAM D(A. shad 


A point x e J is called a point of closure of A. 
Alternatively, a point x € X is called a point of closure of A iff x € A 


or x € D (A). 
Later on we shall show that both the definitions (1) and (2) are 


equivalent. 


Theorem: 
Let (X, d) be a metric space. Suppose A is a closed subset of X and x 


is a point of X s.t. x g A. Then J disjoint open subsets U and V of X s.t. 
x EU, ACY. 


| 
| 
| 
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Proof: 
XGA Sader Ost SONAS G: 
Choose £, ņ with 0 < € <n < ô. 
write U =S); V = X — S[x]. 
Since each open sphere is an open set and each closed sphere is a ¢ losed 
set. Also complement of closed set is open set. These prove that U and V 
are open sets s.t. U ^ V = @. 


For U = S% c S (x) c S,(x). 
Also A c V, by construction of V. 
Theorem: 
If A and B are subsets of a metric space (X, d), then 
(i) (AN BY =A AB. 
(ii) A° U BP C(A CB). 
Also show that A? U B°* (A u B)? by means of an example. 
Proof: 
(i) Any x € (AN B} 
=> x is an interior point of A ^ B 
>S@cAOB 
>SQ)CANBCA, S@)CAQNBcB 
=> S(x) c A, SQ) cB 
> X € A’, x eB 
=>x € A°n Be 
(A ^ BY) c A.A Be, 
Conversely, any x > A? n B zB) 
=> xX € A°and x e B° 
=> J open spheres S. (x), S (x), Sit. 
S @c A, aa) < B 
Choose r = min. (r,, r,) 
>S cS, OcA, S, (x) c S„ (x) c B 
> S (x) c A, S (x)c B 
>S(x)CANB 


>xe (AN By 
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A° ^ Bc (An By E OS 
Combining (1) and (2), we get the result (i) 
(ii) Any x € A°U Be 
=> xe A orx eB’, 
>S,(x%) CA or S.,(x) ¢ B 


Choose the two spheres s.t. one is contained in the other so that r, > r, 
and S(x) U S, (x) = S, (x). 


=> S,(x) = S(x) U S X) cAUB 
= S (x) cCAUB 
>xe(Avu By 

A°U Bc (A vu BY. 


UNITARY OPERATORS 


Definitions : Let U and V be two inner product spaces over the same 
field F and let T be a linear transformation from U into V. We say that 


(i) T preserves inner products if (Ta, TB) = (a, B) for all a, B in U. 
(ii) T preserves norms if || Ta || = lal wx ae U. 
(ili) T is an isometry if T preserves distances, i.e., if 

| Ta — TB || = || a - B || for all a, B in U. 

Note that d (Ta, B) = || Ta — TB ||. 


Theorem: 


Let U and V be two inner product spaces over the same field F and let 
T be a linear operator from U into V. Then the following three conditions 
on Tare equivalent: 


(i) T preserves inner products. 
(ii) T preserves norms. 
(iti) T is an isometry. 
Proof: 
(i) > (ii). 
It is given that T preserves inner products. Therefore 
(Ta, TB) = (a, B) for all a, B in U. Taking B = a, we get 


(Ta, Ta) = (a, a) ie. || Ta |? = || a |P. Thus || Ta || = lj a | for every 
a in U. Hence T preserves norms. 
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(ii) > (iii). 
It is given that || Ta, || = I] a I for every & in U. Therefore for all q 


B in U, we have 
ITa- Pimia- pil (taking o— in place of gy 


> [Ta — Bil = || = lle - Bll 
= T is an isometry. 
(iii) > (i). 


It is given that |/Ta — TB il = lla — Bl] for all a, B in U, taking B =9 7 
see that Hai 


|| Ta || = || æ || for every a in U 
= (Ta, Ta) = (a, a) for all a in U. 
Now let a, B e U. Then 
(T(a + B), T (a — B)) = (a + B, a + B) 
(Ta + TB, Ta + TB) = (a + B, a + B) 
(Ta + Ta) + (Ta + TB) + (TB, + a + B) 
= (a, a) + (a, B) + (B, a) + (B, B) 
> (Ta, TB) + (TB, Ta) = (a, B) + (B, a) 
- (Ta, Ta) = = 
Thus if a, b are any Se in U, ssh — > * di 
(Ta, TB) + (TB, Ta) = (a, B) + (B, a) 
If F is the field of real numbers, then 
(TB, Ta) + (Ta, TB) = (B, a) + (a, B) 
(1) gives 2 (Ta, TB) = 2 (a, p) 
If F bh fi ie pa ca 
1S the field of complex nu i 
So replacing B by if a ne A eo 
(Ta, Tip) + (Tip, Ta) = (a, ip) + (ip, œ) 


(Ta, iTB) + (TB, Ta) = F(a, B) + i (B, œ) 


y 


y 


i (To, TB) + i (TB, Ta) = -i (a, B) + i (B, a) 
-i (Ta, TB) + i (TB, Ta) = ~i (a, B) + i (B, a) 
~ (Ta, TB) + i (TB, Ta) = — (a, B) + (B, a) 


=. 

— 
> 
=> 


2) 
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Subtracting (2) from (1), we get 
2 (Ta, Fp) = 2 (a, 6) 
= (Ta, TB) = 2 (a, B) for all a, B in U. 


Hence the theorem. 


INNER PRODUCT SPACE ISOMORPHISM 


Definition: Let U and V be inner product spaces over the same field F, 
and let T be a linear transformation from U into V. Then T is said to be an 
inner product space isomorphism if 


(i) T is invertible ie. T is one-one and onto, 
(ii) T preserves inner products. 


Also the inner product spaces U and V are then said to be isomorphic 
and we write U = V. 


If T preserves inner products, then || Tæ || = || a || for every a in U ie. 
(Ta, Ta) = (a, a) for every a in U. So 


Ta =0 > (0,0)=0>a=0 
<. T is non-singular i.e. T is one-one. 


Therefore an inner product space isomorphism from U onto V can also 
be defined as a linear transformation from U onto V which preserves inner 
products. 


PRODUCT OF TWO METRIC SPACES 


Theorem: 

Let (X, d) and (Y, e) be two metric spaces. Define 6 by setting O((x, Y} 
G5) = V{F (x, x) + & (Vy yy. Then 6 is a metric for X * Y and the 
metric topology is the same as the product topology. 


Proof: 

First we prove that d is a metric for X x Y. Evidently 5((x,, y,). @y ¥,)) 
> 0 for all (x,, y) Œ» J2) € AF 

Also 5 ((x,, ¥,); ea) fog 0 

e5 Po E e P a E (y,, y.) = 9 


> KS 5x) = 0 
and e(y,, y,) = 9 
C= x= nandy =h 
> (x, ¥,) = Gy Yd 


/ the definition of product to 
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Thus [m1] and [m2] are satisfied 
Now 6 (Gt, ¥,)s Ep I) = V14 Gp 4) + e, Wy y) 
aia (x, 2) + 20, y,)} 
= 6 (x, V) Œp V) 
so that [m,] is also satisfied. Finally we have 
5 (©, 7) Gp WE = VIE x) + e Or YD} 
S[{(¢@@, a) + d (x, 4) + {e0,,y¥,) +e O, s,)}2]!2 
[using triangle inequality for d an d 
< [a (x, x,) te 0 a i [t (x,, x,) + O, P)” p 
[using Minkowski inequality) 
= 5 ((x,, Y) G y;)) + 6 ((x,, y;), (x ¥ ) 
Hence, triangle inequality is also satisfied for ô. Accordingly j 2? I, ). 
for X x Y. We now show that the topology induced by 8 is td S a metric 
product topology for X x F. Let w denote the pro dict tapology as the 
= must show that every d-open set is w-open and conversely. Le r xP 
: - z a Xx Y and : Œo Ya) € G. Then there exists a d-open s fH 
œ YJ, E with centre at (x,, and i ere 
e pe AdE » Yo) and radius € > 0 such that S((x,,y,), €) 
A = S (x, e/V2) 
and B = S (y, £/ V2). 


Then 4 is a d-open set containin 


g x, and B is an e- . 
Yy It follows by the definiti y oS Penser containi 
kite ie inition of product topology that a 


any arbitrary tac It will now be shown that 4 x B c Beat tote 
< e/V? and € .of A x B. Then x © A and y € B so th x, y) be 
Wo ¥) < eV, Hence ô [(x,, Yo) Œ, y)] a» 
= a a 
T ra - : a, x) + 2 Vy yp < [(e/V2)? bre (e/V2)2]!2 E 
E €) < G. Thus we have shown th 

re @®YEAXBo(xyeG that 
Gy €A i 

Š ) € A x B C G we know that is a w-open sub 


pen subset of X x Y and Jet y) EG. 


ol . 
pology, there must exist a d-open set D and 


: Co yEeDx ECG 
that § (x, re exist a d-open sphere S 


AN) cs 
) € D and e-open sphere 5 wœ» E) such that 
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S (v5 8) < E. Let e = min {e,. €,}. We claim that 
S (x, ¥,), < S &,, €,) * 5 Wy £,)- 
Let (x, y) be any arbitrary element of S ((x,, y,). €). 
Then, since 6 ((s,, y,), (, y) 
= [P (xy x) + & Yy y)1, we have 
d (x,, x) S$ 5 (@, y,)) < & SE, 
and e Wy Y) < 5 (Œ Yo) G, 5)) < E€ SE, 
It follows that 
(x,y) € S Gy E) * S Oy £) 
Hence, Ey Yo € S(Xy y,), &,) x SY, &,)- 
But S (x &,) * SW, &) EDS: 
Therefore (xy Yo) E S (Œy Yo) s)cG 
Thus, we have shown that every point of G is contained in a d-open 


sphere which is contained in G and consequently G is an open set with respect 
to the metric ô. 


SPACES OF CONTINUOUS FUNCTIONS 


We gave a brief description of the metric space A, |]. The reader will 
recall that the points of this space are the bounded continuous real functions 
defined on the closed unit interval [0, 1] and that its metric is defined by 
d(f, g) = sup |f(x) — g(x)f. We have two aims in this section: to generalize 
this very important example by considering functions defined on an arbitrary 
metric space, and to place all function spaces of this type in their proper 
context by giving the details of the structural pattern, which they all have in 
common with one another. We begin with the second, and define the algebraic 
systems which are relevant to our present interests. 


Let L be a non-empty set, and assume that each pair of elements x and 
y in L can be combined by a process called addition to yield an element z 
in L denoted by z = x + y. Assume also that this operation of addition satisfies 
the following conditions: 

Cea y ey 

Jiro tD AFTE 

(3) there exists in L a unique element, denoted by 0 and called the zero 

element, or the origin, such that x + 0 = x for every x’, 


(4) to each element x in L there corresponds a unique element in L 


denoted by —x and called the negative of x, such that x + (-x) = 0. 
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We adopt the device of referring to the system of real numbers or to th 
system of complex numbers as the scalars. We now assume that each toda 
a and each element x in L can be combined by a process called eala. 
multiplication to yield an element y ın L denoted by y =ax in such a Way 


that 

(5) a(x + y) = ax + ay; 

(6) (a + B)x = ax + Bx; 

(7) (aß) = a(ax); 

(8), ax. 

The algebraic system L defined by these operations and axioms js Called 
a linear space. Depending on the numbers admitted as scalars (only the rea] 
numbers, or all the complex numbers), we distinguish when necessary between 


real linear spaces and complex linear spaces. A linear space is often called 
a vector space, and its elements are spoken of as vectors. 


We are not concerned here with developing the algebraic theory of line 
spaces. Our only interest is in making available some pertinent concepts a a 
terminology which are useful as a background against which to view th 
metric spaces we wish to study. With this in mind, we mention a few sim le 
facts which are quite easy to prove from the axioms for a linear space: 0 'i 
tez for every x; x +z =y +z >x = y (hint: add -z to both sides oF h 
Be le 01 x) ox = 0+ a0); 0 , oii 
; Eer E li = = = 0 + ax); and (-I)x = —x (hint: x + (—I)x = 
et x 7 (1 + CD)x = 0 . x = 0). The reader will notice that in the 
j - X = 0 we have used the symbol 0 with two different meanings: 
a scalar on the left and as a vector on the right. >i 
Several other meanin 
it is always possible to a 
in which it occurs, It is convenient to i 
by using the symbol x — 


| A normal 
ie, a function wh ; 


ent x in the space a real number 
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(1) || x || > 0, and || x || = 0 < x= 0; 

@2)ix+y |si xi +i y; 

(3) |] ax |] = | a ||| x |]. 

In general terms, a normed linear space is simply a linear space in which 
there is available a satisfactory notion of the distance from an arbitrary 
element to the origin. From (3) and the fact that -x = (-l)x, we obtain 
|| -x |] = || x ||. A normed linear space is a metric space with respect to the 
induced metric defined by 


d(x, y) = || x - y |. 
A Banach space is a normed linear space which is complete as a metric 
space. Any closed linear subspace of a Banach space is itself a Banach space 
with respect to the same algebraic operations and the same norm. 


So much for the technical framework. We now turn to the metric spaces 
which really concern us. They are all function spaces, in the sense that they 
are linear spaces whose elements are functions defined on some non-empty 
set X with addition and scalar multiplication defined pointwise, ie., by 
(f + g)(x) = f(x) + g(x) and (af){x) = af(x). We note that the zero element 
in such a linear space is the constant function 0 whose only value is the scalar 
0 and that (-f)(x) = —-f(.x). 

Suppose, then, that X is an arbitrary non-empty set, and consider the set 
L of all real functions defined on X. It is clear that L is a real linear space 
with respect to the operations described above. We now restrict ourselves to 
the subset B consisting of the bounded functions in L. B is obviously a linear 
subspace of L, so it is a linear space in its own right. Even more, if we define 
a norm on B by |jfl| = sup |f(x)|, then B is a Banach space. 


We next assume that the underlying set X is a metric space. This enables 
us to consider the possible continuity of functions defined on X. We define 
G(X, R) to be that subset of B which consists of continuous functions. 
@(X, R} is thus the set of all bounded continuous real functions defined on 


the metric space X. 


Theorem 1: 

The set G(X. R of all bounded continuous real functions defined on a 
metric space X is a real Banach space with respect to pointwise addition 
and scalar multiplication and the norm defined by \|f\\ = sup \f0)\ 


It is desirable at this stage to make a clear distinction between two types 
of convergence for sequences of functions. Let X be a metric space, and let 
{f } be a sequence of real functions defined on X. If for each x in X it happens 
that {f (x)} is a Cauchy sequence of real numbers, then by the completeness 


* 
s 


k am defined by |f| = sup |f(x)| is always a real 
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of the real number system we can define a limit function f by f(x) = lim f (x), 
We then say that f converges pointwise to f, or that f is the pointwise limit 
of f. It is often important to know what properties of the functions f carry 
over to the limit function f, but unless we strengthen the mode of convergence, 
very little can be said along these lines. The stronger type of convergence 
normally needed to conclude anything of interest is called uniform convergence. 
In order to explain what this is, we inspect a little more closely what is 
involved in pointwise convergence. To say that f converges pointwise to f 
is to say the following: for each point x in X, if € > 0 is given, then a positive 
integer n, can be found such that |fn(x) — f(x)| < € for all n > no. In general, 
the integer no may depend on x as well as e. If, however, for each given 
€ an integer n, can be found which serves for all points x, then we say that 
f, converges uniformly to f, or that f is the uniform limit of f . The reader 
will observe that these concepts are quite independent of the assumption that 
X is a metric space and that they are meaningful for functions defined on 


an arbitrary non-empty set. 

It will be seen at once that convergence in the function space X, R) 
is precisely uniform convergence as we have just defined it. The fact that AX, 
R) is complete can be restated as follows in the language of uniform 
convergence: if a bounded real function f defined on X is the uniform limit 
of a sequence {f } of bounded continuous real functions defined on X, then 
fis also continuous. In other words, in the presence of uniform convergence, 
continuity carries over from the f's to the limit function f., 


i A moment’s thought will convince the reader that the entire discussion 
given above, beginning with our definition of the linear space L, could 
perfectly well have been based on complex functions. Without going again 
through all the details, we state the following theorem and consider it proved. 


Theorem 2: 


The set AX, C) of all bounded continuous complex functions defined 
on a metric space X is a complex Banach space with respect to pointwise 
addition and scalar multiplication and the norm defined by 


lf] = sup f(x). 


functions, and the second—&X, C}—consists of complex functions. 


Further, all functions considered are assumed to be bounded, so that the 


; : number. In the special case 
X is a closed interval [a, b] on the real line, we write ÆX, R) in 


the simpler form a, b]. 
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EMBEDDING 


Definition. By an embedding ofa topological space X into another space 
Y, we mean a map f : XY which defines a homeomorphism of X onto f [X]. 


Example: 
If X is a subspace of a space Y, then the inclu sion map i: X -» Y defined 
by i (x) =f, for every x e X is an embedding. 


EMBEDDING THEOREMS AND METRIAZABILITY 


Lemma 1: 

For each A in a set J let f, be a mapping of a topological space X into 
a topological space Y . Then the evaluation map e of X into the product space 
x {Y,: A e€ A} is continuous iff f, is continuous for each | in 3 


Proof: 

Let f, be continuous for each 4 € L and let m,' [G] be any subbasic open 

subset of the product space x {Y 11 A © A} where G is open in Y. 
m,0e=f, forall å e A. 

Hence e” [n (G)] = (e 0 2,"') [G] = {x, o e}” [G] Ba o 11) 

Since f, is continuous f,' [G] is open in X. It follows from (1) that 
e' [z (G)] is open in X. 

Thus we have shown that the inverse image under e~' of every subasic 
open set of the product space x {Y, : A € A} is open in X. It follows that 
e is continuous. 

Thus arrives the ‘if’ part of theorem. Conversely, let the evaluation map 
e be continuous. By definition of the product space each projection mt, of the 
product space x {Y, : A e L} onto the coordinate space Y, is continuous. 
It follows that the composition map 7, o e is continuous. But z, o e = f.. 
Accordingly f, is continuous for every à e A. 


Lemma 2: 

For each à e A, let f, be a mapping of a topological space X into a 
topological space Y,. Then the evaluation map e of X into the product space 
x {Y -À eL} is one-one iff the family F = {f, : à e 3} distinguishes points 


of X. 


Proof: 
Let e be one-one and let x and y be distinct points of X. Then 


x #y > e (y) [ e is one-one] 
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= (f (x) L: € L} # {f, Y= A € A} 
> f, (x) = fa (y) for some A, € A}. 
0 
It follows that the family {f, : A e L} distinguishes points of x. 


Conversely let {f, : A e I} distinguish points of X, Then for each Pair 
of distinct points x and y of X, there exists a A, € J such that f 
0 


(x) # f O). {i 
Thus Mey SS f 
(x) # f (y) for some A, € A 
5 {f (x): A e A} # {f (y): A € A} 
=> e (x) + e (y). 
This shows that e is one-one. 


Lemma 3: 


For each À € A, let f, be a mappin i i 
i f g of a topological space X 
topological space Y,. Then the evaluation map e of X into the product his 
F TE {¥, x € A} is an open map, of X onto the subspace e [X] of Y if the 
Jamily =f : A € A} distinguishes points and closed sets. 


Proof: 
mt ae 7 a ae of X. Let y € e [G]. Then there is some x € G 
=y. Let G = X — G. Then H is a closed subset of 
rey . . . » X 
that x € X - H =G. Since F distinguishes points and closed sets, there Dai 
f, € F such that f, (x) €(f, [H]) in Y 
Le V=Y — i i 
ig - a Y, — (f, [H]). Since (£, [H]) is a closed subset of Y, it follows 
aha eee of Y,. Hence 2" [V] is open in Y being a subbasic 
ee ae A ‘ = e [X] A z, [V]. We clam that W is open set in the 
o e suc that e (x) =y e W and W c e [G] Fo 
i Be 00 . For we have, x € 


and f, (x) ¢ (6, [HD >f (x)e 2- i (HE =v 


Sd x € f-! = Ai N = 
E > o č = a on 
s ng e(x)ee [X] a ga [V] 
E 8M Vey -im 
E Mcn Yli-ii = y 


~ 7," [m, oe) [H] 
pei eX) — e 1H] 


BIA m [V] ce X] A [Y 
= i [~ e [H] c e [X] c Y] 
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> Wce[X H] <e [G] (e [X] -e [H] c e [X - HJ: 
It follows the e [G] is an open subset of e [X]. Hence e is an open map 

of X onto e [X]. 

Theorem 1: 


For each À e L, let f, be a continuous mapping of a topological space 
X into another space Y „ If the family F = {F ` 4 € A} distinguishes points 
as well as points and closed sets, then the evaluation map e of X into the 
product space Y = x {Y : A € A} is a homeomorphism of X into the subspace 
[X] of Y. That is , the evaluation map e is embedding. 


Proof: 


Corollary : If in addition, X is T -space then the result of the above 
theorem holds if F distinguishes points and closed sets. 


This follows form the fact that in a T -space singleton sets are closed. 


Theorem 2: 


(Tychonoff Embedding Theorem): Every Tychonoff space X can be 
embedded as a subspace of a cube. 


Proof: 


Recall that a Tychonoff space is a completely regular T -space. Let F 
denote the family of all continuous real functions f, : X —> Q on the Tychonoff 
space X into the closed unit interval Q = [0, 1]. By using complete regularity 
of X, it can be easily proved that F distinguishes points and closed subsets 
of X. Again since X is also T,, every singleton subset of X is closed and 
consequently F also distinguishes points. 


It follows by the preceding theorem that the evaluation map e : X > 
Q is an embedding. Hence every Tychonoff space can be embedding as a 
subspace of a cube. 


Theorem 3: 
A space X is Tychonoff iff X is homeomorphic to a subspace of a cube. 


Proof: 
For the ‘only if’ part of the theorem. To prove the ‘if part’ we observe 


that since each unit interval Q is compact. Hausdorff space, the cube Q" is 
also a compact Hausdorff space by Tychonoff theorem. 


It follows that QF is a Tychonoff space (where 3 is an arbitrary index 
set) and so is every subspace of Q',. Hence if X is homeomorphic to subspace 
of a cube, that X is 3 Tychonoff space. 


yP! 
pg hia, 
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Theorem 4: 
For each n € N, let (X, d) bea metric space such that a ET 
let X = x {X n eN), Forx,y EX and 


defme = d(x,y) È 127" dy (ns Yn)). 


Then (i) d is metric for X, and (ii) the d-metric topology SF is t ete 
as the product topology F for X = = {X,: n € N} where X has the eae 
topology. ic 
Proof: 


We first note the series for d (x, y) is convergent by comparison test fi 
we have 2°" d (x, y,) < 2, and the geometric series a 


œ 
5 2™_ is convergent. 
n=] 


(i) We now prove that d is a metric for X. The axioms [m], [m ] 
[m,] immediately follow from the corresponding axioms for d ee ee 


To prove [m,] (the triangle inequality), let x y, z be arbi 
: 7 APA itra 
of X. Then since each d is a metric, we have. ty Members 


n=k eg n=k 
2, 2 d, On Yn) E 2" [dn (Xn an) + dn (Zn, y,)] 


5 "S" yng n=k 2i 
Re nOn Zn)+ X 2 [dp avn). 
proceeding to the limits when k > © we get from (1) Bh 
d (x, y) < d (z, x) + d (z, y). 
Hence d is a metric for X. 


eae - pat a $ es = U be any member of the defining 
; s of a i = 
ee points x = {x :neB 
x, k í for some open set G, in X, and x eX whenever n i k n 
n * . . z ; ; 
Yı € G,. Since G, is Open in X,, there exists r > 0 such that 
_ Diy, cG, 
tV=S vy, n) where n = 2 f and let z € V. Then 
2*d ( 
x (Zo Y.) S d (z, y) by def. of d < 2-« 
Therefore d, (z,, Yy) <r. ah 
Then from (2), it follows that z e G 
n Of U. This we have iva hes ; aed 
a ze V zeU. Hence Vc U. 
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Thus to each y e U, there exists an open sphere centred at y such that 


VEU, 
It follows that U €e 3, that is, U is open with respect to the d-metric 
topology for X. Now since each subbase member of F belongs to 3, It is easy 


to see that 


ae ee 
To prove 3 c F. let z e G where G e 3. Then there exists some m e€ 
N such that 
a (zy 2") c G: 
Let W = ik. 6 (kh, 2) > 2°*"*"* tor each n e N g 
[Note that for convenience we write N__, for the set 
{i, 2, 3, m+ 2}. 
Then W c G as shown below. Let x e W. Then. 
d(x, z= È 2” d, (2,1. 


n=m+2 nas 
pA a å d, (EER Za) 7 pS i" d, a Za )] 


nr +3 


n=l 


n=m+2 


= 23 d, ee z,) + p 2 yi g 


n=m+3 


fo 2° <1 and d (x, z)s 1) 


ll 


n=l 


mes -m-n-2 < -n 
<52 peoi 


n=l n=m+3 


oe 
Pcl DE A fad me 
j= “Gis 

2 


7 


ka 


5 l 3 = 2 
= > la ee a6 m+Z 472. m2 
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-m 
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Hence x e S (7 2") cG. 
Thus it is shown that 
xeWw>xeG. 
Hence WcG. 
But evidently z e W. Also it is easy to see that W is a base member 
of the product topology F. Thus, we have shown that to each z € G, there 
exists a base member W for the product topology F such that 
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zewcG. 
It follows that G is F-open. 
Hence Sak, be 
From (3) and (4) we have S = F. 


ition : A topology space (X, 3 is said to be Metrizable iff there 
pajas c d for X which induces the same topology as the topology 5 
exists a : 


It immediately follows from this definition that a topological Space js 
1 F » y i 
merrizable it is homeomorphic with a metric space. 


Theorem I: | | 
Every subspace Y of a metrizable space X is metrizable, that is 
metrizability is a herediatary property. 


f . >» 

Let d : X — R be a metric for X which induces the topology of x 
Consider the restriction e of d to the subspace Y, that is, let, e=d/y. Then 
e is evidently a metric for X which induces the relative topology of Y. 


Theorem 2: 
The space (R. U) is metrizable. 
Proof : 
Do yourself. 
Theorem 3: 


The topological product of a countable family of metrizable spaces is 
metrizable. 
Proof: 

We first prove that the topological product X, x X, x ... x X, of a finite 
number of metrizable spaces X, + Ce X is metrizable. Let d:XxX- 
R (1 <i < n) be a metric for X, which induces the topology of X,. Consider 
the mapping. 

AAAY R 


defined as follows. Let x = ix... XYandy = Soar 
. ; nea Y = (y,,..-y,) be any two points in 
X. Then d (x, y) is defined by » ; 


ld I= È ldi (xi, yo. 
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It is easy to see that d is 


a metric for X which induces the product 
topology. 


Now consider a denumerable collection {X,: n e N} of metrizable 
spaces. Let d be a metric for X, i = 1, 2, 3,... Then there exists a metric for 
the cartesian product X = x {X:n e N} which induces the product topology 
and consequently X is metrizable. 

Corollary : The Euclidean n-spaces R, the unit n-cube Q, and the 
Hilbert cube Q are metrizable since R and Q = [0, 1] are metrizable 


Theorem 4: 


(Urysohn Metrization Theorem): Every regular i, 
the second axiom of countability is metrizable. 


Proof: 


-space X satisfying 


If suffices to establish the existence of a countable family of closed 
function from X into Q = [0, 1], which distinguishes points and closed sets. 
For then it will follow that X can be embedded as subspace of the Hilbert, 
cube Q“ which is metrizable and so X will be metrizable. 


Let B be a countable base for the topology on X. This is possible since 
X is second countable. Consider the subcollection c of the cartesian product 
B x B consisting of pairs (U, V) such that U c V. Surely, c is countable. 
Let (U, V) be any member of c. Since X is regular U c V, we have U ^ 
V = Ø. Also U and B are closed in X, Since X is regular and second 
countable, it is normal. Hence by Urysohn's lemma there exists a continuous 
function f from X into Q such that f (x) = 0 ifx e U and f (x) = 1 ifx eV. 
Let F be the family of function so obtained. Then F is countable and it remains 
to show that F distinguishes points and closed sets. So let F be any closed 
subset of X and x any point in F’. Since F’ is an open neighbourhood of x, 
there exists a member V of B such that x € V c F’. Again since X is regular, 
there is an open subset G of X such that x € G and G c V, Then by definition 
of base, we can choose. U in B such that x e U c G so that x e U c G. 
Thus x e U c VcF' andso (U. V) € c. If f be the corresponding member 
of F1 then 


f(x)=0 Ø {1} =f[V] >f [F] By 
le NEFS SFCS try 
Since {1} is closed in Q, we have 


{1} = {1} = f (V) c FF}. 
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Ø Hence F distinguishes poi 

d (2) that f (x) Ø f [F]. Hence 8 points 
d r p nee oA remark in the beginning of the proof, X iş 
and clo. 


metrizable. 


Theorem 5: I 
Let X be a T, -space. Then the following statements are equivalent: 
é I A 


(i) X is regular and second countable. 
(ii) X is homeomorphic to a subspace of the Hilbert cube ON 


(iii) X is metrizable and separable. 


Proof: 

We shall show: (i) > (iii) > (i). 

Now (i) => (ii) follows from the previous theorem. To prove (ii) => (iii), 
we first observe that Q" is metrizable and second countable. 

Since metrizability and second coutability, are hereditary properties, jt 
follows that each subspace of Q™ is metrizable and second countable and is 
therefore separable. 

Since by hypothesis X is homeomorphic to a subspace of QV, it follows 
that X is metrizable. Thus (ii) = (iii). 

Finally assume that X is metrizable and separable. Then it X is regular 
and second countable and so (iii) = (i). 


Theorem 6: 


Let f be a mapping of a topological space (X, 3) onto a set Y. Then the 
collection v of all subsets G of Y such f! [G] is open in X is the largest 
topology for Y such that f is S-v- continuous. Further a subset F of Y is v- 
closed if and only if f! [F] is closed 


Proof: 

We first show that v is a topology for Y. 

[T1] : Since f' [Ø] = Ø is open in X, we have Ø v. Also since f° [Y] 
= X is open in X, we have T e ‘v. 

pa): Let G,, G, € v. Then f! [G,] and f’ are open in X by hypothesis 
and so f' [G] A f! [Ga G,] is also open in X. Therefore G OG, €v. 
R [T3] : La G, ev for every À € L where L is an arbitrary index set. 
_ Then each f' [G] is open in X by hypothesis and so their union U {f" [G,] 


EEEO {G,: A e L} is also open in X and therefore U {G, : À 


AE v. Hence v is a topology for Y. It then follows that fis 3-v continuous. 
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Now let v be another topology for Y such that f is 3 v’ continuous. Then 
f' [H] e v by hypothesis. Hence v’ c v. In other words, v is the largest 
topology for Y such that f is 3-v continuous. 


Finally, let F be subset of Y. Then F is V-closed <> f [Y - F] = 
X — F” [F] is 3-open {Theorem (1.8), ch. 4] < f' [F] is 3-closed. 


QUOTIENT TOPOLOGY SPACE 


Definition : Let (X, J) be a topology space, Y a set, and f a mapping 
of X onto. Then the largest topology v for Y such that f is Iv continuous 
is called the quotient topology for Y (relative to f and 3) and shall be denoted 
by Jf and the map f is called the quotient map. 


Theorem 1: 


A subset G of Y is open in the quotient topology (relative to f: XY) 
if and only if f ' [G] is an open subset of X. 


Proof: 

First let f be continuous and open. We want to show that 3t = bv where 
33, denotes the quotient topology for Y. J, is the largest topology for Y making 
f continuous. It follows that v c 3. 

Conversely, let G € 3 y. Then f' [G] is-open ie., G e V and therefore 
Jf ie., V is the quotient topology for Y. 

Now let f be continuous and closed. Then V c 3 as before. Conversely, 
if G e Jf then f' [G] is 3-open and so X = f’ [G] is 3-closed. But 

X — f* [G] = f' [Y] - f [G] = f' [Y - G]. 

Since f is a closed and onto map. f [f'[Y — G]] = Y — G is V-closed 

and so G e V. Therefore 3, c V. Thus, 3, = V in this case also. 


Theorem 2: 


Let f a continuous map of a space X onto a space R and let Y have the 
quotient topology (relative to f). Then a mapping g on Y onto a topology space 
Z is continuous if and only if the composition map gof f is continuous. 


Proof: 

Suppose g o f is continuous and let G be open set in Z. Then (gof)' [G] 
= f” [g"'[G]] is open. X and so g` [G] is open in Y. Hence g is a continuous 
map. 

Conversely, let g : Y —> Z be continuous. Since f : X — Y is given to 
be continuous, it follows that gof f is continuous map. 
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tient topology and the properti 
; It can be shown that the quo 
of Berai ee maps have little to do with the Aia space. In fact if f 
; ; ace X onto a space Y with quotient topology id 
is continuous map of a sp iy yt. 


the family of all sets of the from f 
uous can be described as follows. Let D be the collection of 


f!. |f (x)| for all x € X. Define g : Y > D i 
one map of Y onto D. 


The contin 


all subsets X of the from ; 
g (y) = f' (y). Then it is easy to see that g Is a one- 


Also go f=Fg= l! oF. , 
If now we assign the quotient topology to D (relative to F), then shows 


that g and g™ are continuous (since g o f = F and g' of = f). Hence g is a 
homeomorphism. 

The range space Y is essentially extraneous to our discussion, and so 
the remaining theorems of this section will be formulated so as to display 
this fact. 

The Decomposition (or partition) of a non-empty set X is the collection 
of non-empty disjoint subset of X whose union is X. 


Theorem 3: 

Iff is a continuous map of a compact space (X, 3) onto a Hausdorff 
space (Y, V), then V must be quotient topology for Y relative to a Hausdorff 
space (Y, V), then V must be quotient topology for Y relative to f 


Proof: 

Let F be any 3-closed subset of X. Then F is compact and so its 
continuous image f [F] is also a compact subset of Y. 

Since Y is Hausdorff, f [F] is a closed subset of Y and therefore f is a 
closed mapping. Hence V must be the quotient topology for Y. 


TYCHONOFF TOPOLOGICAL SPACE 


Definition : For each À in an arbitrary index set A, let (X,, 5) be 
a topological space and let X = x {X, : A € A}. Then topology S for X which 
has subbase the collection. 


B= fna IG,J:A€ 3, G, € 3,} 
is called the product topology (or the Tychonoff Topology) for X. and 
(X, J is called the product space of the given spaces. 


Note that here n, denotes as usual the Nb proiecti ; 
; ae . 
is called the defining subbase for 3. projection. The collection B 


The collection B of all finite intersecti 
io 
from a base for 3.. ns of elements of B, would then 
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In particular, if we have a countable collection of topological spaces {X,, 
X,, X,- } the product space X = x {X_:n e N} consists of all sequences 
X = {X,, X,, Rp er } where x EX 


Moreover, n,-' [G] = Pay ee ee, ee T 


Theorem 1: 

Let {(X,, J.) : à € L} be an arbitrary collection of topological space 
and let X = x {X : à € A}. Let I be a topology for X. Then the following 
statements are equivalent: 

(a) 3 is the product topology for X. 
(b) 3 is the smallest topology for which the projections are continuous. 


Proof: 

(a) = (b) : Let x, be the A" projection maps and let G, be any 3,-open 
subset of X1. Then by (a), mA" [G,] is a member of the subbase for 3 and 
hence z, ' [G,] must be 3-open. It follows that nA is 3-3 continuous. Now 
let v be any topology on X such that 7A is v-3, continuous for each A € A. 
Then 7 [G,] is open for every G, € 3,. Since V is a topology for X, V 
contains all the unions of finite intersections of members of the collection 

m [G,]: 4 € J andG, € 3}. 

This implies that V contains 3, that is, 3 is coarser than v. It follows 
that 3 is the smallest topology for X such that z, is 3 — 3, continuous for 
each À € 3. 

(b) > (a) : Let B. Be the collection of all sets of the form x! [G,] where 
G, is an open subset of X, for A €e L. The topology v for X will make all 
the projections n, continuous iff B, c v. 

We know that the smallest topology for X which makes all the projections 
continuous is the topology determined by B, as a subbase. That is it is the 
product topology for X. 

Note : Throughout this chapter, whenever we refer to the product topology, 
we shall mean the topology generated by the collection of all sets of the from 
m, ' [G,] where à e 3 and G, € 3... 

Note that n ~ [G_] consists of all points x = {x, : A € A} in X such that 
T, (x) € G, In other words 1! [G] = x {Y, : à e A} where Y, = G, and 
Y, = X, whenever A # a. A base member for this topology is a set B of the 
from A {n,"' [G,] : A e 3} where A' is a finite subset of A and G, € 3, 
for some A e A. Observe that B = x {Y, : A e A} where for each A € A, 
Y, € 3, and Y, = X, for all but a finite number of A’ s. 
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It follows that every open set in the product space X must contain ai 
POints 


‘ t a finite number of coordinates of 

mber) of in A. Thus all bu S of 
E pa ee open subset of the product space are unrestruct d in th 
pik Hence if L is infinite then a set H of the 


respective coordinate spaces. Her i i form 
x i0, -} e A} is surely not open in the product space if G, is an open Product 
E 


subset of X, for every à e L since all the points H are restricted to lie in 
the respective G,’ $. 
It is easy to see that the collection c of all sets of the from x {G34 
Hl e A}, where G, c 3, from each à e A, is a base for some topolog i, ah 
for the product set x {X, : A € A}, but as seen above this topology 3+ jg 
not in general, the same as the product topology 3. The reader may ask. “why 
is the definition adopted for the cartersian product of two spaces, is not 
| extended to the product of an arbitrary collection of spaces”. The reason 
simply is that the topology J as mentioned above is not so useful to the 
|i mathematical as the topology 3 as defined, since 3 does not yield desire d 
| theorems and results. 


| Theorem 2: 

Let {(X, 5): A € A} be an arbitrary collection of topological Spaces 
and let X = x {X, : A € A}. Show that the collection c of all sets of ae 
Jorm x {G, : A € A} where G, € 3, for each A e A, is a base for some 
topology for X 


Proof: 
We know that c satisfies the conditions [B*1] and [B*2] 


[B*1] : Let x € X so that x = {x ‘A € A} 

x, : where x, € X.. Them th 

there exists a 3, open set G, (which may be X) such that X; €G 
i 


Hence, x is an element of a set of the f 
Bes cach x : € form x {G:A € A} =G say. 
that. en x € X, there exists a member G of x such that x €e G. It follows 


ee 


— 


e X= U{G:Gee 

’ ME cand G’ € c. Then G =x {G+ A e A} 

Be * (G0: 2. A} 

G, € 3, and G,’ € 3, for every A € A. Now 
GAG’ =(« {G,: à € SHA (GAE A}) 


ee G's A} 
logy for X., we have 
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G € Ji and G,' € 3, > G, NG,’ € 3, 
It follows from (1) that G Aœ G' e c. 
Thus [B*2] is also satisfied. 


Example: 

Let B be a non-empty member of the base B for the product topology. 
Show that n, [B] = X, for all except a finite number of i.’ s. Deduce that 
if G is a non-empty open subset of the product space X, then n, [G] = X, 
for all except a finite number of X' s. 


Solution: 

Now B = x {Y, : A e A} where Y, e 3, and Y, = X, for all but to 
finite number of à's. Hence by the definition of the projection map m,, we 
have n, [B] = Y, where Y, = X, for all except a finite contains a non empty 
open subset G of the product space functions a non-empty member B of the 
base B, we also have n, [G] = X, for all except finite number of i’ s. 


Theorem 3: 


Each projection map n, is an open map. 


Proof: 

Let a € A and let B be any member of the base B for the Y, € 3, and 
Y, = X, and Y, = X, for all but a finite number of i’ s. So that each Y, is 
an open subset of X,. Now by definition of n „ we have pa {B] = Y, which 
is open in X,. Thus the image under n, of every basic open subset of X is 
open. Now let G be any open subset of X. Then G is the union of collection 
À of base members of the form B. Hence. 

wt, (G) =m [U {A: A € A}] =u dn [A]: A € A}. 

As shown above 7, [A] is an open subset of X, for each A € A and hence 


their union z, [G] must also be open in X,. Thus we have shown that image 
under n of every 3-open set G is I -open. It follows that 7, is an open 


mapping. 
Theorem 4: 


Let f be a mapping of a space Y into product space X = x {X1 : 1 € 3). 
Then f is continuous iff the composition pl o f : Y > X, is continuous. 


Proof: 
Let f be continuous. Since all projections are continuous. We know that 
n, of is also continuous. é 


| 
| 
| 
| 
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Pe ntinuous i 
composition 7, of be co and ant U be an 


ber of the defining subbase B, of the product space X. Then Usp,- tG} 
member 


Ge 3. 
some A € 3 and some 
oe va, if) =F t IGN = (m of 1G] 
Since x, of is continuous, it follows that (7) f' {G} = F" {U} ig ine 
i a we have shown that the inverse image under f of every Sub-basic 
p set in the product space X is open In Y. It follows that f is continuous. 


Conversely, let each 


Theorem 5: 
Let X be the non-empty product space X [X,: A € A}. Then a ee 


empty product subset F=({F,: * i A € A} is closed in X if and om 
if each F, is closed is ay, 


Proof: 
Let F, be closed in X, for every A € 3. Since the projection P, is 


continuous for each A € 3. p,' [F,] is closed in X. It is easy to see that 


FU ~ EI 4 € A}. 
It follows that F is closed in X, being an intersection of closed sets. 


Conversely, let F = x {F e A} be closed in X. To show that each F 
is closed in X,. Let u € A be arbitrary. We shall show that F, is closed, Le’ 
z, be any limit point of F in X, Consider the point z where T, (z)=z and 
pm is Sai of F, for À # u. Let G be any basic open set for the 
product topology containing z. 

Then 7, [G] is open and contains z,. Since z, is a limit point of Fe, 

[G] must contain a point x, of F different from Z, Therefore, G contains 
the point x where 7, (x) =m, (z) for A # u and T, (x) = x. Evidently x € 
F. Also since and z differ in " coordinate, we have x + z. Thus we have 
shown that every basic open set containing z contains a point of F different 

from z. Hence, z is a limit point of F. Since F is closed in X, z e F which 
implies that n, (z) ET, [F]. Since of F. t, (z) = z and n, [F] = F we have 

z,€ F. Thus F contains all its limit points and so Fm is closed. Since u was 

arbitrary, we see that F, is closed ‘for every A e€ A. 


orem 6; 
ast (X,:A ra be a product Space and A, C X, for every | eL. 
x{4, ‘ME A}=x{4, ‘Ae A} 


(above), * fA, : 4 € A} is closed since each A, is closed 
IRAJ =x [A sd A} 
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Now x {A : à e J}cx [A che), 

=> x (x{4, LEA} cx {A AeA} = x (A, :Ae A} 

If for some A, A, = Ø, 

then x (4, REA} =x{A :AEA)=Ø, 

Now assume thatG 4 Ø, for all À and let x = {x, :A € 3} be any element 
of x {A:X eA} so that x, € A, for every à e A and therefore x, is an 


adherent point of Ax 


Let G be any basic open set for the product topology containing x. Then 
G = x {G, : À © L} where G, is open in X, and G, = X, for all our a finite 
number of A's. 
Let G, = X, fora #i,, A, .-, A, where n is finite. Since xX, € A for 
every A € 3, x, e G, implies G, contains a point of AG, , for k = 1, 2, 
EN re Ay 
..., N, by the definition of adherent point. Also for À + Ay avy tly X, so 
that A, c G, in this case. 
It follows that G contains a point of x {A, : A e 3}. Thus we have shown 
that every basic open set containing x contains a point of x {A,:A e 3} 
and therefore 
xex {A :A€ 3} 
It follows that, 
x{A:hE A} cx {A, :AeE A} 


From (1) and (2), 
x{4 LEA} =x {A NEA} 


Theorem 7: 


Let B, be a sub-base for a topology on a space Y and let s be sequence 
in Y. Also let x € Y. If s is eventually in each member of B. Containing x, 


then s converges to x. 
Proof: 


of x, such that 
KEM OAM NMM EN. 


where M, € B, for i = 1, 2, ... k. 


Since s is eventually in each M, for each i = 1, 2, ... k, there exists a 


positive integer m, such that s (n) € M, for n > m. 


Let N be a nhd of x. Then there exists a basic nhd M, Oí M, 2... M, 
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{m, . m, ase m} 


= max 
If we set m =M _AM, E N for every n > m, 


AE, 
we have s (n) € M, ^M, 
Thus we have shown t 


that s coverages to X. 


Theorem 8: l 
Let s be a sequence in 
converges to a point x M X 


Proof: 


Let the sequenc 
continuous. It sequence 7, 0S converges 


e s converge to X €E X. Since each projection x 
to m, (x) = x,. 


Conversely, let the sequence 7, OS ) ie. the agence T, (s,). 7, ((s,). 
(s.)... converge to T, (x) (= X,) for every À € A, nd let 7, lee any member 
of the sub-base B, of the product space X such that x € nm," [G], where G 
e 3. Then 7, (x) € G. That is. x, € G. Also by hypothesis. T, OS converges 


to z. () Œ x,). Hence 7, 0s is eventually in every nhd of x_. In particular 
À a 


i pa os is eventually in G. So there exists a positive integer m such that 
i (z, 0s) (n) = 7, (s (n)) € G>s(ne x,"[G] 


for every n > m. Thus s is eventually in n ' [G]. Since Tt, [G] was chosen 
to be an arbitrary member of B, containing x, it converges to x. 


PRODUCT INVARIANT PROPERTIES 
Theorem I: 


ii The product space X = x {X; A e A} is T, iff each coordinate space 
l x, is T, 


The ‘iff part : Let each Coordinate, space X , be T, and let x = Soe. 


he A} be any element of X. The x, € X, for every à e A. Since X, is T, 


be ma es every A € A. Since projection map 7, is continuous, 

Sate i a [{x,{] is closed in X for every A e A. Hence their 
A (r7 [{x,}] is also closed in X. But evidently > n, [{x,}] 
i H 


ee R ~ZER [fx }] “vA EA 
ae MMA GE A>z =x) 


closed in X. Thus we have sho 


: i wn that every singleton 
hence X isa T,-space. 
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hat S is eventually in each nhd of x, It follows 


the product space X = X {X, : À € A}. Then ‘ 
iff 7, as converges to 1, (x) (= x) for each e 4 


; Is 
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The ‘only if’ part : Let the product space X be T, Let m e A be arbitrary. 
We shall show that X, is T,. Let a, and b, be any two distinct points of X _. 
Choose x and y such that x and y differ only in the " coordinate and such 
that x, = a, and y, = b, Since X is T,, there exists open sets G and H in 
X such that x e G but y ¢ G and y e H but x æ H. Hence, by definition 
of base, there exists a basic open set U = x {U, : à e A} such that x e U 
c G but y ¢ U. Similarly there exists a basic open set V = x (V, : ke A} 
which contains y but not x. It follows that U is open in X „and contains x, 
= a, but not b, Similarly V is open in X , and contains b, but not a,. Hence 
X. is T,. [Note that U, = X, and V, = X, for all but a finite number of i’ 
s but this is immaterial here]. 


Alternative proof of the ‘only if’ part : Let the product space X be 
T,. We show that each coordinate space is homeomorphic to a certain subspace 
of X. Leta = {a, : à € A} be a fixed element in X and for each u consider 
the subset Am of X consisting of all points {x, : A e A} such that x, = a, 
if à + p while x, may be any point of X,. Let g, be the restriction of x, to 
Ax Then g, is a continuous mapping of A, onto X. Also it is evident by the 
construction of A, that g, is one-one. We now show g, is open. Let B, be 
any basic open set B in X so that B = x {G, : A € A} where G, € 3, [Note 
that G, = X for all but a finite number of A's but this is immaterical here]. 
But B, = A, O B is either empty or consists of those points of A, for which 
x, € G, Then image of B under G, under Gm is either empty or G „and so 
open in either case. Now let U, be any open set in A. Then U is the union 
of a collection of base members. Hence (v), g,(U,) is the union of images 
under g, of members of that collection and since such image is shown to be 
open, it follows that gm (U_) is an open set and consequently gis an open 
mapping. Thus g, is homeomorphism of g,onto X But Am onto X. But 
A, is T, -Hence its homeomorphic image X, is also T.. 


Theorem 2: 


The product space X = x {X,: x A e L} andy {y, : A e 3} be two 
distinct points of the product space X. Then x, #y, for some u € J where 
x, € X, and y, Since X is Hausdorff, 


Proof: 


The ‘if part’ : Let each coordinate space X,,, be T, and let x = ther 
À € A} and y = {y, : À © A} be two distinct points of the product space 
X. Then x, # y, for some: € A where x, € X, and y, € X, Since X, is 
Hausdorff, there exist open sets G, and G, in X, such that 


x €G,y H andG OH =Ø. 
u wep s u u 


W 
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= 1) imply that x € ņ -ı 
T )=y,, the relations ( En 
Since 7, (x) =X, and My of a i lG, 
=] 
y E uA [H ] pis a = Ø 
ani n“ [G, 0H] ~ % aw 
ee ies, 1 2 : 
0. . m . 
f re open in X, being sub basic mer 
But 7 [G,] and 7, [HI ; h wn that to each pair x aie T 
't topology. Thus we have sho E e OF disting 
the product Ha exist two disjoint open sets one containing x and the Other 
ool see It follows that the product space X is Hausdorff. 
i] > 
7 The ‘only if’ part : Let the product space X be Hausdroff. We shal] Show 


ce X_ is Hausdorff for arbitrary u € L. Let a a 
P a Ee of X_. Choose x may in X such that x and y di te 
only in the u® coordinate and such that x8 and y, = b.. Since X r 
Hausdorff, there exist open sets G and H in X aa that x € G and yeH 
and G Nn H = Ø. There exist basic open sets U = x {U, : 2 € L} ang X 
=x {V, : À € 3} such that x € Uc Hand UN V = Ø. It follows that U, 
and V are open sets in X that x, =a, € U, and y, = b, € V, and O AN 
= Ø. Hence X, is Hausdorff. f 


Theorem 3: 


Let (X, : Sl): A € A} be an arbitrary collection of topological Sauces 
and let (X, I) be their product space where X = x {X%,: A € A} Then (x 
J is first countable iff each of the coordinate spaces is first countable and 
all but a countable number of the coordinate spaces are indiscrete. 


Proof: 


The ‘if part. Let (X,, A,) be first countable for every À € L and let all 
but a countable number of spaces (X, A,) be indiscrete. Let A’ = Ahed 
and X, is not indiscrete}. Then by hypothesis, A’ is countable subset of A., 
Let x € X. Then x = {x,: å e 3} where x, € X, Since each coordinate space 
X, is first countable, there exists a countable local base in x, for every € A. 
Let X, be countable local base at X, Since for every à € A — A’. X is 


indiscrete. We have B, = (X,) for each such À. For every fixed A e N, let 


c, be the countable collection 
fr? [G]: G e B,}. Let 


E < 3} Uo A € A} 


; Then c is a countable collection, being a union of a countable collection 
of countable collections, Hence 


subcollections of c. Th there are only a countable number of the finite 


en D is countable. It is eas to see that D is a local 
base at x. Hence X iş first countable, 4 


Bite M 
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The ‘only if part. Let (X, 3) be first countable and let x, € X,. Also 
let x = {x,: A © A} where My € Mi, 


Then x € X. Since is first countable, there exists a countable local base 
at x. say E = {E, : n e N} where E eJ. 


Theorem 4: 


The product space x {X ,° l e L} is a second axiom space iff each 


coordinate space X, is second axiom and all but a countable number are 
indiscrete. 


Proof: 


Do yourself. 
Theorem 5: 


Let {X,:A€ A} bea non-empty collection of topological spaces. Then 
the non-empty product space X = žż {X,: A e L} is regular if and only if 
each coordinate space X , İS regular. 


Proof: 


Let each X, be regular. Let x = {x, :A € o A} be any point of the product 
space X and G any open set in X containing x. Then there exists a basic open 
set V in X such that x e V CG. Now V = x {V,: A © A} where V, is open 
in X,. [Note that V, =X, for all but a finite number of à's but this is immaterial 
here]. Since each X, is regular and V, is an open set in X, containing x,, 
there exists an open set U, in X, Such that x, € U, and U» cV, . Let W 


=x {U a 6 L}. Then W is open in X and contains x. Also W = x 
{U, ‘he A} =x Wa :À € A}. Further, since U, c V, for every À, we have 
W=x {U AEN ex {V :à eV} =V. Thus, we have shown that for every 
point x € X and every open set G containing x there exists an open set W 
in X such that x e W and W c V c G. It follows that X is regular. 


Conversely, let X be a non-empty regular product space x {X, : à € A}. 
Let p € 3 be arbitrary. We shall show that Xm is regular. Let am be any 
point of X, and G, any open set in X, containing a... 

Since X is non-empty, there is an element x = {x, : A € A} in X such 
that Xy Since X is non-empty, there is an element x = {x,: A € A} in X 


such that x, =a. Let G=n [G]. Then x €e G and G is open in X (since T, 
is continuous). 


Since X is a regular space, there exists a basic open set V = x {Vira 
€ A} such that x e V and V cG. It follows that x, =a eV. it x iy. 


Linear Algebra with Vector and Inner Product Spaces 


166 
oe el) He (F :he A} . Hence 


V =x {V,:A€A}CG which implies that 


V cG.. Thus we have shown that to each am E€ X, and exists an open set 
Deters h set G_in X, containing 4, there exists an open set y 
Vi in X, each open i rae + i AA am 
in X, such that a, € V, and V, fe ; 

Corollary : A non-emply product space * Ge Siva T, space 
space X, Is i 


u 


if each coordinate 


| Proof: 
i Before proving th 
| Lemma : Let B, be a subspace of top ological space (X, D. If for each 
| U in B. and each p € U there is a continuous map of X into [0, 1] such 
i that f (p) = 0 and TA- UE {1}, then X is completely regular. 

| / Proof of the Lemma : Let p € X and let G be a S-open set containing 


less G = X which is a trivial case), there exist members U AL, 


e main theorem we prove the following lemma. 


| p. Then (un 
| U, of B, such that 
peU NU, N.. MU, CG. 


[ every nhd of p must contain a basic nhd of p]. 
Then by hypothesis for each i = 1, 2,..., n, there is a continuous map. 
POX 1] such that f, (p) = 0 and f [X — U,] = {1}. 
Now we define a map. 
f: X > [0. 1] 
such that hypothesis for each i = 1, 2, ..., n}. Evidently f (p) = 0 
and f [X - G] = {1}. 
We now show that f is continuous as follows, For n = 2, we have 


f (x) = OE ATORO RAO] 
A) 


It can be easily prove that the continuity of f» £, implies the continuity 
of f, a É defined by EE (x) = fi (x) + f, (x) and that the continuity of 
any function g implies the continuity of | g | defined by | g | (x) = | g (x). It 
then follows from (1) that f is a continuous map in case n = 2. Hence by 
induction f is continuous. It follows that X is completely regular. 


X, nalts a Theorem : The ‘if’ part. Let each coordinate space 

lar. To ane ar. To prove that the product space is also completely 
he Tae is we shall use the above lemma. Let U be any member 
; subbase for the product topology and let x = {x : Ae 3} € 
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U. Then U Te [G] here G is an open subset of X, containing x, for some 
à € 3. Since X, is completely regular, there exists a continuous mapping 


f Xe => 10, 1) 
such that f (x,) = 0 and f (z) = | if z e X, — G. Since the projections 
are continuous of X that f o 7, is continuous mapping of X into [0, 1] such 
that 
Oif xeU 
(fonr) (x) = f(r, (x)) = 
a) &) it, O) lifxeX-U 
[wx eU =7,! (G] > 1, &) en, a," (G)—G 
=> f (n, (x)) = 0 by def. off 
and xe X U>xen," (XJ -12," [CG] 
8S BK, Gl 
Sn (xe A, = & 
=> f(r, (x)) = 1 [by def. off] 
It then follows from the above lemma that the product space X is 
completely regular. 
The ‘only if part’ : Since complete regularity is both a topological and 
a hereditary property, we advise the reader to write his own proof just as in ee way & 
the alternative proof of the ‘only if’, functions (f, g) we mean the function om eo. 
h defined by 


È f(x) iff@2g(x) 
neyo -f (x) if f (x)<g(x). 


and min (f, g) defined likewise. The following identities are then evident. 


ED- Ssl, -s 
Fee LEE 


and min (f, g) = 


2 2 
This result can evidently be extended to any finite set of functions. 


Theorem 6: 
The product space X = x {X,: hE 3} is a Tychonoff space iff each 


coordinate space X, is a Tychonoff space. 


Proof: 
Since a Tychonoff space is a completely regular T, space the proof. 
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et product space Xa x (X, A E L} is connected if each Coordin 
ate 


a nected. 
space X, is con. 


fan sif part’ : Let each coordinate space X, be connected ae 
fa :A€ A} be a fixed point of X. Let C be the component of X te ie 
pide We shall prove that every point of X belongs GC ia. ae 
3 e L} be an arbitrary basic open set containing a point x = bat i 

of X where G, is open in X, and G, = X, ifA#y,, Cu. The n 
x A, (that is, the set of all points {zı 7e 3} such that T i 

# U, vcs) is homeomorphic to ^u, X “*n, X... X “y Bu Pe x, wi 

is connected by theorem. 

Hence, its homeomorphic image 
Since by definition C is maximal connected subset of X, it follows tage 
c C. But the set A contains the point {z, : A € 3} for wish z, = a, if a 


„u and z, =x, for A = p, H+- H This point {z,: A € A}, h 
Hp Hyp--H, and Z, A, which was an arbitrary basic open set contamine Ye 
À 


iesin x {G AE] ; psi 
E If follows that the point x = {x, : A € A} is in the closure of C. 
Since we have shown that each basic nhd of x contains a point of A and hence 
a points of C. But C is closed so that C = C. 

Hence {X, A € A} e C. Thus every point of X belongs to C so that X 
c C. But surely C c X. Hence X = C. But by definition C is a connected 


set. It follows that X is connected. 


ca 


n 


Bi me. **, = A, Say, is connected 


Theorem 8: 

The product space X = x ix -à € J is locally connected iff each 
coordinate space X} is locally connected and all but a finite number are 
connected. 


Proof: 
`, The ‘if part : Let the coordinate space X, be locally connected for every 
: Se aoled for A = HH, .-- H To prove that the product space 
me connected. Let x F {x, : A e A} be an arbitrary point of X and 
ae Pe arbitrary basic open set G = x {G, : A € A} where 
connected ees g aie: for À # M,*, H,”.--> H.,*. Since each X, is locally 
thatx €C c x tA ere must exist a connected open set X, in X, such 
T a “ig Ow consider the subset H = x {H, : A € A} of G where 
H' is MAA, sy ea. H% H*.... Hp and H, = X, otherwise so that each 
Ans H is evid Se ollows by the preceding theorem that H is connected. 
evidently a basic open set containing x and contained in G. Thus 


Inner Product Spaces 169 


we have shown that to each basic open set G containing an arbitrary point 
x of X, there exists a basic open connected set H such that x e H c G. It 
follows that the product space X is connected, 

The ‘only if Part : Let the product space X be locally connected and 
let x, be an arbitrary point of X, contained in some open set G, in X. 

) Consider the point y = {y,: A e A} with Y, = X, Then evidently y € 
T,’ [G] which is an open subset of X (since the projections are continuous). 
By local connectedness of X, there must exist a connected open set C such 
that y e C c mr! [G]. Then 

m,(y) € m,[C] cx [t G: 

That is, PYV En [C] e G, 

Since the projections are open mapping, 7, [G] is an open subset of X 
Again since the projections are continuous t, [G] is connected. Thus we have 
shown that every open set G, in X , containing an arbitrary point x, contains 
a connected open set T, [C] containing. It follows that Xm is locally connected. 

Now let a be an arbitrary point of the product space X. By local 
connectedness of X. There exists a connected open set C such that yeC. 
Then there must exist basic open set 

G=x {G :A€ A} 
where G, € 3, for every à €e A and G, = X, for all but a finite number of 
values of A such that y € G c C. Then n, [G] = X, for all but a finite number 
of values of and consequently n, [C] = X, for all but a finite number of I's. 
But 7, [C] is connected, being a continuous image of a connected set. Thus 
all but a since number of coordinate spaces are connected. 


TYCHONOFF THEOREM 

We now prove the most celebrated theorem of general topology known 
as. Tychonoff theorem. This theorem on the product of compact spaces is 
undoubtedly the most useful theorem on compactness. While looking forward 
for the proof, we first prove some preliminary theorems. 


Definition : Let X be a topological space. We say that a collection c 
of subsets of X is short iff c does not cover X. and we say that c is finitely 


short iff no finite subfamily of c covers X. 


Lemma l: 


Let X be a topological space and let M be a maximal finitely short family 
of open sets. If some member of zm contains G, 0G, A... OG, where each 


G, is open then G, € M for some M where I <m <n. 
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Proof: 

We shall prove the co 
ge M and G, € M where G,, G, are op 
of M, there exists members E,, E- 

E OB 9E U- OUETK 


iti = 2. Suppose G 
ositive of the lemma for n pp 
ntrap en subsets of X. Then by the maximality 
. E of M such that 


ai 
Hence no open set containing G, belongs to M. Similarly, there are 
members F, F,- F of M such that 
OA eaS 

F,UF,UF,Y i rs: 

From (1) and (2), it is easy to see that 
(G AG)cE YEU «VEY Peo F = X.) 

l 

Since M is finitely short, it follows from (3) that no member of M can 


| contain G. U G.. Thus, we have proved the contrapositive of the lemma for 
MR Hence by finite induction, lemma is true for any positive integer n. 


Lemma 2: 


ig) Let (X, 3) be a topological space and let F be a finitely short hia 
i of I. Then there exists a maximal finitely short subfamily. M of J such that 
| F cM. 


Hi Proof: 


i Let C be the class of all finitely short subfamilies of 3, and let c be 
| ordered by the inclusion relation c. Then F e c. Now the singleton {F} is 
a trivial simply ordered set. Hence by. 


Hausdorff Maximal Principle there exists a maximal simply ordered 
subclass D of c such that {F} c D, that is F e F. Let M = u D. Then M 
is a collection of open sets since each member of D is such a collection. It 
will now be shown that 

(i) M is finitely short and 

(ii) M is a maximal finitely short subfamily of 3. 


To prove (i), let A,, A,,..., A, E M. Then, for every i in N, there exists 
some c, in D such that A, ‘e c. Since D is simply ordered, one of these c; 
S, Say c, contains each of the other c's, and so A € c, for each i € Ni 
Since c is finitely short, it follows that A,VA,U...U A, # X. Hence M 
is finitely short. 
_ We now prove (ii). Suppose that (ii) does not hold, that is, suppose that 
there is some open set G ¢ M such tnat M U {G} is still finitely short. Since 
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M contains each member of D, D u {M U {G}} would be simply ordered. 


Also since G ¢ M=UD, DU {M O {{G}} will properly contain D. But 
this contradicts the maximality of D. 


Hence (ii) must hold. Also F c M since f e D and M = U D. Thus M 
is the required maximal finitely short subfamily of 3 such that F c N. 
Theorem 1: 

(Alexander, Subbase Lemma): A topological space (X, 


iff every subbasic open cover Jor X has a finite subcover. 


Proof: 


J) is compact 


The ‘only if part follows immediately from the definition of compactness. 
For, if the space is compact, every open cover for X has a finite subcover 
and so in particular every sub-basic open cover must have a finite subcover. 


We now prove the contrapositive of the ‘if part’, that is, we shall show 
that each finitely short subfamily of 3 is short. Let F be any finitely short 
subfamily M of 3-such that F c M. It will now be shown that M is short. 
Let B. Be a subbase for 3. Since M is finitely short, the subfamily M A B. 
of M is also finitely short. Hence, by hypothesis, M A B, is short. This implies 
that U (M A^ B,) + X. Now suppose x e U M. Then x e for some A s 
M. Since A is open and B, is a subbase 


xE BAB An AMB ECA 


for some B's in E, By lemma (5.13), B, € M for some j e {1, 2, ... k). Hence 


x € B.. But B € B, and B, € M implies that B, € M AB. It follows that 
xENM>xEU(MOB). 


Therefore 0 M c A^ (M A B.). It then follows that M is short which 
certainly implies that F is short. Hence X is compact. 
Another Statement : The above lemma can be stated contrapositively 


as follows : X is compact if easy finitely short subfamily of subbasic members 
is short. 


Theorem 2: 


(Tychonoff): Let {(X,, J} : A € 3} be a collection of topological spaces 
and let X = x {X,: A e I}. Then X is compact relative to the product topology 
iff each space X, is compact. 


Proof: 


Let X be compact. Since each projection n, is a continuous mapping 
of X into X, It follows that X, is a continuous image of the compact space 
X and hence each X, is compact. 


ics) 
sity 

nce 
Ses 

“ing 
like 
any 
ttee 
ynal 


ges. 
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To prove that converse, We shall make use of Alexander Subbase Lemma. 
Let B, the defining subbase for the product topology on X. that is, let 
B = {x,'[G]: Ae Sand G, e3) 
subbase lemma, the space X will be compact if each 


A of B, is short, that 1s, if each subfamily A of B, 
fails to cover X. For each index 


Then by Alexander 
finitely short subfamily 
such that no finite sub-family of A covers X 
l € 3, let B, be the family of open sets G, in X, such that {7 [G,], € A}. 
Let B, = {G,:G,€ 3,7, [G]e A}. Then B is finitely short in X, otherwise 
A would not be finitely short in X. A Since X, is compact B, does not cover 
X,. This implies that there exist a point x, € X, such that x, € G, for any 
G, € B, It follows that the point x whose 2" coordinate is x,, belong to no 
member of A and hence A is not a cover of X, that is, A is short. Consequently, 


X is compact. 


Theorem 3: 
(Generalized Heine Borel Theorem): 4 subset of Euclidean n space 
is compact iff it is closed and bounded. 


i | Proof: 
Hit Let A be a compact subset of Euclidean space E Since E, is a Hausdorff 

space (being a metric space), A is a closed subset of E. Since A is compact, 
- it can be covered by a finite collection of follows that A is bounded. 


Conversely, let A be a closed and bounded subset of E. Then z [A] is 
- bounded in R for each i = 1, 2, ... n, there exists a closed interval li in R 
such that x, [A] c 4. Now each J is compact. Hence by the preceding theorem, 
x {1 : i= 1, 2, ... n) is a compact subset of En (with due consideration of 
relative topologies and the relation between compact subset and compact 
sut es). We now show that A is a closed subset of x {l : i = 1, 2, itl}. 
Let A = A, x A, X ... x... A, where each A, is a bounded subset of R. 
Then mA) AS | by = [A] c I. 
© Therefore Rea OK Kn SACLE eT. 
Thus we have show that A is a closed subset of a compact space * 
i e€ N3} and consequently A is compact. 


oo ry À in an index set L, let X, denote the closed unit interval 
A = (xix ER, 0 sx <1} = [0, 1). 


ment 
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with the relativized usual topology. Then the product space * X AEJ 
is called a Tychonoff cube, and may be denoted by Q.. If L = N, then Q" 
is called the Hilbert cube. 
Theorem 2: 

Every Tychonoff cube is normal. 
Proof: 

Let X = x {X,: Ae A} where each X, is the closed unit interval 
Q = (0, 1] with the relativized usual topology so that X is a Tychonoff cube. 
Follows that each X, is Hausdroff and consequently the product space X is 
also Hausdorff each X, is compact and hence by Tychonoff theorem the 
product space X is also compact. Thus, the Tychonoff cube is a compact. 
Hausdorff space and consequently, X is normal. 


Theorem 3: 

A non empty product space A= BAN AS 3} where each XI is a 
Hausdorff space is locally compact if and only if : 

(i) each XI is locally compact, and 

(ii) all but a finitely many X, are compact. 


Proof: 

Let X be locally compact. Since each X, isa Hausdorff space and each 
projection 7, is continuous and open such that 7, [X] = X, . It we know that 
each X, is locally compact. This proves (i). We now prove (ii). 

Since X is locally compact, for x € X there exists a phd N of x in X 
such that G c N c N and hence 7, [G] c x, [N]. But 7, [G] = X, for A + 
A,, Am Ar Thus X, c n, [N]. Butz, [N] c X, always. Hence t, N] = 
X,. Since N is compact and m, is continuous, it we know that , [N] = X, 
is compact for À # À; Aas ty: Thus (ii) is also proved. 


Conversely, let (i) and Gi) hold. We shall prove that X is locally compact. 
Let x be any point of X. By (ii). X, is compact for A # App A, = A, say. 
By (i), n, (x) € X, has an open nhd U, in X, such that U, is compact for 
i= 1, 2, ... n. Also X, is given to be compatt for 2 + A, A, = Åy 

Now U = x {U,:4€ A} where U, = X, for A+ Ap A, -.. 4, is an open 
nhd of x in X. Also, U =x {U,: A e A} which is compact by Tychonoff 
theorem. Thus we have shown that each point x € X has a nhd whose closure 
is compact. Hence X is locally compact. 
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PROJECTION MAPPINGS 
Definition: 7he mappings 

n: Xx Porn (ew =xy¥(x,y EXxY 


x T E ( Y) =wv(x y EXxY 
and 7%, - 
product X x Y on X and Y respectively 


are called the projection of the 


Theorem 1: 

Let (x, I) and (Y. v) be two topological spaces and let (X x Y, W) be 
the product space of two spaces. Then the A raih px are continuous and 
open mappings. Further the product topology W is the coarsest topol ORY for 
which the projections are Continuous. 


Proof: í 
Recall that 7, is a mapping of X x Y into X defined by 7, ((x, y)) =, 


for every (x, y) € X x Y. Let G be any Fopen set. Then it is evident from 
the definition of x, that n,” [G] = G x Y which is a basic w-open subset of 
Xx¥.[u Ge3,Yev>G* Y e where E is the base for W), Hence 
z, isa W-3 continuous mapping. Similarly T, is W-v continuous Mapping. 
Now let U be any w-open subset of X x Y. Then by the definition of the base 
E for W, we have 

U=VU{GxH:Gert,He vandG*x He Ec} 
=n (UiG*H:GeJ,W#evandGxGE 
U{n {Gx H}:Ge3s,HevandGxGe £4 


V{G:Ge SandGxHe E4 
[By the definition of 1] e 3. 


Hencex [U] 


It 


It follows that 7, is an open mapping. Finally let W be any topology 
for X x Y which the projection are continuous and let U be any W-open set. 


Then 
U=U{G*H:Ge3,HevandGxHe EF} where E’ cE, 
=U (GN X)x(YOH):Ge5,HeSandG x H e E'} 
=U {(G x Y) ^ (X x H):G e 3, H e vandG xH e E'} 
e eer [H]:Ge3,HevandGcHeF} 
m, is W-v continuous => m,' [G] e W and 
m, is W-3 continuous => n ' [H] € W etc. 


Ww Shy 2 a W-open set is W open and so W is coarser than W. Since 
y topology for X x Y for which the projections are continuous, it 
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follows that W is the coarsest topology for which projections are continuous. 


Theorem 2: 

Let y, be a fixed element of Y and let A = X x {y,}. Then the restriction 
of T, to A is a homeomorphism of the subspace A of X x Y onto X. Similarly 
the restriction of n, to B = {m} x Y, n, €e X is a homeomorphism. 


Proof: 
Let g, denote the restriction of n, to A, that is, let 
Be ie A, Ym A vs, y e Ac. Then 
EYIDE Oy) See 
> (XK, Yo) = Os Yo) 
= g, is one-one. 


g, is evidently onto. Since by the preceding theorem 7, is continuous, it 
follows that g , is also continuous. We now show that g, is open. Let V be 
any open subset of A. Then V = A ^ U for some open subset U of X x Y. 


But 
U=VU{GxH:Ge3,H € vandG x H € E’} where E' € E 
We then have 


g, [V]= g, [A 7 U) 
=g [An [(U{GxH:Ge3,H e vandG x He F}] 


=g {U{A UG x H): G e 3J, H e vandG x He E}] 

[Distributive law] 
=U {g [X x{y,}) ía (G x H)]: Ge 3,HevandGxHeE’} 
= fe [XoG) x (fy, AM) :Ge3,Hev 


and G x H e E'} 
=U {gl x (fy,} OH]: G e 3, H e v and G x He PF} ..(1) 
If y, € H, then it is easy to see from (1) that g [V] = Ø. If y, € H, 
then (1) gives 
e NF oe (Gx ty }]:Ges,Hev 
and GxH-= €E} 
=U {G:G e Jand G xH eE} e3. 


This implies that g is an open mapping as well. Thus we have shown 
that g_ is one-one, onto, continuous and an open mapping and consequently 


it is a homeomorphism. 


tis 
5 
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QUOTIENT MAP 


Definition : Let X be non-empty set, and D be a decomposition of X 


Then the mapping P from X onto D such that p (x) is the unique m ember, 
of D to which x belongs is called the quotient map (or the Projection m a 
of canonical map). X/R (called the quotient set of X modulo R) so they 5 


R is the family of all equivalence. 


DIAGONAL MAP 
Definition : Let A be any non-empty set. Then the mapping d : y dg 


X: defined in such a manner that for every x € X, (d (x)) (A) = x for wie, 
À e Ais called the diagonal map of a set X into the A" power X^ ọ fX 

Since d (x) is an element of X^, it follows from the definition of Product 
that d (x) is a mapping of A into X so that (d (x)) (A) € X for all 4 e A 
In the definition of d, we take this element (d (x)) (A) of X equal to the fe 
assigned element x of X for all A € A. Thus d (x) is a constant functions 


of A into X. 


Theorem: 
The diagonal map d is one-one. 


Proof : 
d (x) = d (y) = d is one-one. 
The subset d [X] of X° is called the diagonal of X4. The di 
: : lagonal of 
X^ is the set of all constant functions of A into X. Also d is a one-one nate 
is X onto d [X] and for each À € A, the restriction of the projection z, of 
X^ into X to d [X] is the inverse of d. 


QUOTIENT SPACE 


apa Let (X, 3) be a topological space and R an equivalence 
y a od : et f be the quotient map of X onto the quotient set X/R of 
oye eek 6) = [x] is the equivalence class to which x belongs 
S i : 5 a % 
zm pace is the family X/R with quotient topology (relative 


Re oe : 
mark : (i) The quotient topology for X/R is the strongest topology 


_ for X/R renderi i 
ring the quotient map p is continuous on X. The quotient 


topology for X/R consi 
"e consists of all subsets G of X/R such that p' [G] is open 


Gi) IF A is subset of 
of of X, then the set of all points which are R relative 


f points of A shall 
some x € A} be denoted by [A] of R [A]. Thus R [A] fy:xyeR 
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In other words. 

R [A] = V [D : D c X/R and DAA + Ø]. 

If x is a point of X, then we abbreviate R [{x}] as R [x] or [{x}] as [x]. 
The set R [x] or [x] is the equivalence class to which s belongs and if p is 
the projection of X onto the decomposition, then p (x) = R [x]. 

(iii) If Ac X/R, then p” [A] = U {A : A e 3} and therefore A is open 
(closed) relative to the quotient topology iff U {A : A € 3} is open (respectively 
closed) in X. 


Theorem 1: 
Let p be the quotient map of the topological space X onto the quotient 
space X/R. Then the following statements are equivalent. 


(a) p is open (closed) in mapping 
(b) If A is open (closed) in X, then R [A] is open (respectively closed). 


(c) If B is a closed (open) subset of X, then the union of all members 
of X/R which are subsets of B is closed (respectively open). 


Proof : 

(a) <= (b) : First observe that if A is a subset of X, then the set R [A] 
=n! MAN. 

Now let n be open map and let A be any open subset of X, Then by 
definition of an open map 7 [[A]] is open subset of X/R. Since 7 is continuous, 
nm! [n [A]] is open in X and so by (1), R [A] is an open subset 27"' [p [A]] 
is open in X. Then 7 [A] is open in X/R, and consequently p is open mapping. 

(b) & (c) : We first notice that the union of all these members of X/ 
R which are subsets of B is X — R [X — B]. Now assume then R [A] be 
open for each open subset A of X and let B be any closed subset of X so 
that X — B is open in X. Hence by hypothesis R [X — B] is open X and 
consequently X — R [X — B] is closed in X, that is , the union of all those 
members of X/R which are subsets of B is closed. 


This proves (b) = (c). To prove (c) = (b), assume that for each closed 


subset B of X, the union of all those members of Y/R which are subsets of 
B is closed, that is assume that X — R [X — B] is closed. Let A be any open 
subset of X so that X — A is closed in X. Then and consequently R [A] is 


open. 


proof of the dual proposition. 


If we interchange the words ‘‘open’’ and ‘‘closed”’ through, we get the 
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Theorem 2: 


Let (X, J) be a 
connected separable 


topological space. If X is compact, connected locally 
or Lindelof, the so is XIR.. 


Proof: 
Since compactne 


reserved under continuous maj 
of X under the quotient map 7, it follows that X/R also has these Properties, 


To prove local connectedness of X/R, we shall use the fact that a topologi cal 
space X is locally connected iff every component of an open set is open i 
X. So let A be an open set of an open set of X/R and let B be a component 
of A. Then, the set G = m” [A] is an open subset of X containing the set 
C = 1" [B]. Let x be any point of C and let C, be the component of C 


containing X. 
Now x eC > a(x) e a [C] > 7 (x) e rt [r (B) 
=>n(x)¢ BandxeC >7 (x) «€ zici 


By definition of component, C, is connected and so its continuous image 
[C] is also connected. Also B, being a component, is connected. Since 
= Band 7 (x) € 7 [C _], we have BU 7 [C] # Ø. It follows from theorem 
F ea iat their union B U x [C,] is connected. Since n {C] is 

S A, it follows by the maximality of components that x 


ss, connectedness, separability and Lindelofness are 
apping and since X/R is a continuous image 


' fr{C]] c m [B] 
is locally connected, each component C, must be 
ighbourhood of x. Since x was an arbitrary point 
- is an open set in X. Finally, since C = m`’ [B].B 
| consequently X/R is locally connected. 


sdorff space X which has a non-Hausdorff 


lere R denotes the set of all real numbers 

know that this space is Hausdorff. Now 
fing of all pairs (x, y) relation on R. Also 
R in this case is indiscrete and consequently 
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Theorem 3: 


Let X be a topological space and let the quotient space X/R be Hausdorff. 
Then R is a closed subset of the product space X x X. 


Proof: 

We shall show that no point of X x X — R can be limit point of R. Let 
(x, y) € X x X—R. Then (x, y) ¢ R and hence p (x) # 7 (y). Since X/R 
is Hausdorff, there exists open sets G and H inX/R such that 

n (x) € G,n(y)eH 
and GO H = Ø. 
[x' [G]] = G and x [m' (H)] = H 

are disjoint, no member of n’ [G] can be R-related to a member of 
n [H]. Hence n’ Hence n [G] x m’ [H] is a neighbourhood of (x, y) which 
does not contain any point of R and consequently (x, y) is not a limit point 
of R. Jt follows that R is closed.. 


Theorem 4: ) 

Let X be a topological space and let X/R be the quotient space. If the 
quotient map p is an open map and R is closed in X x X, then XR is a 
Hausdorff space. 


Proof: 

Let m (x) and 7 y) be any two members of X/R such that n (x) # m (y). 
Then x is no R-related to y so that (x, y) ¢ R. Since R is closed, (x, y) can 
not be a limit point of R. 

Hence there exists a basic open subset G x H of the product space X 
x X containing (x, y) and disjoint from R. This implies that G and H are open 
neighbourhoods of x and y respectively such that no point of G is R-related 
to a point of H. 

Hence p [G] and p [H] are disjoint. Since p is given to be open map, 
it follows that n [G] and x [H] are open neighbourhoods of x (x) and 7 (y) 
respectively and consequently X/R is Hausdorff space. 


UPPER SEMI-CONTINUOUS DECOMPOSITION 


Definition: Let X be a topological space. Then a decomposition D of 
X is said to be upper semi-continuous iff for every D € D and every open 
set G containing D there exists an open set H such that D CH CG and 
H is the union of members of D. 


oe 
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trees cs) 
A aTa (iv) Satisfies the second axiom of countability, then D also has the ity. 
corresponding properties. nce 


ce and let D be an upper semi-continuous 


gj topological spa ep 
Let (X, 3) be atop the quotient topology v. If G is a ~Fopen Proof: ses 


Ai X and let D have i 
decomposition of Te A of D, thenp [G] isa v-neighbourhood of A where 


set containing & mem (i) Let X be a Hausdorff s d | isti 
os En wea: ( pace and let A and B be distinct members of ike 
p is the projection (or qu D. Since A and B are compact subsets of the Hausdorff space X, there exists es. 
moe disjoint S-nhds N and M of A and B respectively. Then x [N] and p [M] Has 
5 i ay iti are disjoint V-nhds of A and B respectively and con tly Disa H ve 
Since G is a 3-open set containing A € D, by the definition of upper San p y sequently D is a Hausdorff tal 
zes. 


semi-continuity, there exists a 3-open set H which is a union of members 


of D such that 


(ii) Let X be regular. Let A be any point of D and let N be a V-nhd of 
A. Then the union G of members of N is a 3-nhd of A. Since Y is regular, 


| AcHcG. for each x € A, there exists an open nhd U, of x such that U, c G. Now 
ie Hence n [A] c x [H] c x [G]. the collection {U, : x € A} is an open cover of A. Since A is compact there 
| | {1} exists a limit subcover U,, U,,... U, of A of A. Such that Uj cG for each 
H | Since A € D, by the definition of z, we have 7 [A] = {A}, and consequently iso that U, c O {A :i=1, 2, ...n}. Let V =U (U:i=1,2,..n). Then V 
| | A e n [A]. is a 3-closed neighbourhood of A such that V c G. It follows that z [V] is 
i wi2) a V-closed neighbourhood of A such that n [V] c z [G] = N. Hence D is 
| It will now be shown that x [H] is V-open. By definition of H, we have regular. 

i H=U{A:A€D'cD} (iii) Let X be locally compact and A any member of D. Then by definition 
i Fe f local compactness, to each x € A, there exists a 3- hd U 
i a i o ompac , to ea , there exists a 3-open compact n i 
Hd Then z [H] =% [U {A, : A, e D' c D}] of x. Now the collection {U : x € A} is an open cover of A. Since A is 


compact, there exists a finite subcover U,, U.,..., U, so that 
Poe wi 1,2. 32...) Let V =u (Us = hy Z, 30. 8h, Ale 
since V is the union of a finite member of compact neighbourhood of A. Since 


if = {t [A]: A, e D c D} 
i =U {{A} : A, € D' c D} 
| Therefore 1 [x [H]] = 7" [U {A,: A, € D' c D}] 


pi i n is continuous, 7 [V] is compact. Also x [V] is a V-neighbourhood, and hence KET 
i =U {rw [{A}] : A, € D' cD} by definition of local compactness D is locally compact. Ebene 3 
T TOATA eD c D} = H. (iv) Let X be second countable and let B be a countable base for 3. The he be Ni 
| i Since H is 3-open, it follows from the definition of quotient topology family H, let H of unions of finite subfamilies of B is countable. For every tat $ R 
i that P [H] is a v-open set. Hence it follows from (1) and (2) that x [G] is member H of H, let H* denote the union of all those members of D which gs s a 
i a v-neighbourhood of A. are subsets of H and M be the family of all sets H* corresponding to every A E E, 
| i H e H. Then it is easy to see that n [H*] is open in D for every H* = M. x | 
: | ; Theorem 2; We will show that the countable collection {n [H*] : H* e M} is a base for iS fa 
ft Let (X, I be a topological space a ; ; the quotient topology. For this purpose, it is sufficient to prove that for each Cama 
decomposition of X such i AEn ia ee ms E eubset of X A € D and each neighbourhood N of A, there exists some H* e M such that 
and let D have the quotient topology v. [X is: AcH*CN. 
f () Hausdorff, Since A is compact it may be covered by a finite number of members 
Mor (ii) Regular, of B such that the union H of these members, which is members of H, is 
$ Í contained in N. Then H* e M is such that 


id tii) Loc 
a (tii) Locally compact or AcH*t CN. 


182 Linear Algebra with Vector and Inner Product Spaces 


This proves the theorem. 


orem 3: a 
The Let X be a topological space and let D be a decomposition of X. Then 


D is upper semi-continuous iff the projection p of X onto D is closed. 


Proof: 
We know that 7 is a closed map iff for each open subset G of X, the 


i bers of D which are subsets of G is an open set. Now 
Sa akela Let D € D and C be an open set containing D. IfH 
is the union of all those members of D which are subsets of G, then H is an 
open set such that D c H c G. Hence D is upper semi-continuous. To prove 
the converse, let D be upper semi-continuous. Let G be an open subset of 
X and let H be the union of all members of D which are subsets of G. We 
shall show that H is open. Let x € H. Then by definition of union, x € D 
c G for some D € D. Hence by upper semi-continuity, there exists an open 
set K which is the union of members of D such that DcKcG Itis follows 
that K c H. Thus we have shown that to each x € H, there exists an open 
set K such that x € K c H. Hence H is an open subset of X since it is a 
neighbourhood of each of its points. It follows that 7 is a closed map. 


_ EVALUATION MAP 
Definition : For each A in L let f, be a mapping of a set X into a set 
Y, Then the mapping e : X — x {¥,: à e A} defined in such a manner 
that for every x € X (e, (x) Q) =f, (x) for alld € A is called the evaluation 
= xp of X into the cartesian product * {Y, : À € A} determined by the family 
A € A}. 
Observe that e (x) is an element of the cartesian product x {X, : A € A} 
the definition e (x) is itself a mapping of L into Y {YA : A} such 
)) € Y, for all A e A. Also f, is a pre-assigned mapping of X 
‘that f, (x) € Y,. It is this pre-assigned element f, (x) of Y, which 
equal to (e, (x)) (1). In short, the Ith coordinate of e (x) is taken 
is why the map e is said to be determined by the family 


(x) = {f (x): A © A} for all x € X aD 
0 =m, (e ©) = (e (x)) (A) = f, (x) so that 

f fol all à € A. (2) 
fX into x {Y : À € A} such that 7, oe' 
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Proof: 


Suppose, if possible, that e # e. Then e' (x) # e (x) for at least one x 
e X. Let. e' (x) = {y, A: e A} where y, € Y, Also by definition of e, we 
have e (x) = {(f, (x) -À € A}. 


Since e' (x) # e (x) there is at lest one A e A; say A,, such that 
y, # (x). Hence for this particular 4, we have 


m 0 €') (0) =m, (CH) = (72 € BP =H, #09 


which is a contradiction since 7, 0 e’ = £ for all A e A. 


Theorem 1: 


f is a mapping X into * (Yl: L e L}, then f is the evaluation of X into 
x{Y,:A€ F determined by they family (1,0 f : A € Aj. 


Proof: 

Since f (x) is an element of the product x {Y,: A e A}, it follows by 
definition that f (x) is a mapping of 3 into U {Y,: € A} such that 
(f (x)) (A) e Y, for all A eA. Let 

(f (x)) (A) = y, where y, € Men 
wtb) 
We may then write f (x) = YAE A}. 
Now (x, 0 f) (x) = x, (E€) = Cty, AE ADR Y, 
sA) 

From (1) and (2), we have (f (x)) A) = (7 : © f). 

Hence f is the evaluation of X into x {Y, : à € A}, determined by the 
family {n, o f: | € A}. 

Definition (a) : The family F = {f,: € 3 defined, is said to distinguish 
points or -to separate points of X iff, for every pair of distinct elements x, 
and x, of X, there exists ak € L such that f, (x) # f, ©» 

(b) F is said to Distinguish Points and Closed Sets iff for every closed 
subset H of X and each point x € X- H, there exists some f, in F such that 
fa 6) € ff, [A)). 

Theorem 2: 

The family {f,,: A € A} distinguishes points of X iff the evaluation map 
of X into x {Y,: A € A} determined by {f, : A € A} is one-one. 
Proof : 

iff © A} distinguishes points of X. Then x, * x, > ma E 
(x,) for some Ace Ae (x) #e (x). 
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| | | pee (x.) and e (x,) differ at least in one coordinate]. 
i | aN i 


Hence e is one- one 


Conversely, let e be one-one. Then 


i | x, 2x => e (X,) # e (%) 
>f, (x) # f, f (x,) for some A e 3 
=> {f,: 4 ¢€ A} distinguishes points of x 
| ) PRODUCT INVARIANT PROPERTY FOR FINITE PRODUCTs 
Theorem 1: 

The product spaces X x Y is connected if and only if X and y are 


connected. 


Proof: 
Assume the X x Y is connected. Since the projections n andr are 
continuous and open mappings, that X and Y are also connected spaces. 


Conversely, let X and Y be connected spaces. To show that X x Y js 
also connected. Let (x,, y,) and (x,, y,) be any two points of X x Y. The {x,} 
x Y as homeomorphic to Y and X x {y,} is homeomorphic to X. Hence {x,} 
x Y and X x {y,}. They intersect in the point (x,, x,) and hence their union 
is a connected set by theorem. Since this union contains (x,y,) and (x,, y,), 
it follows that X x Y is connected. 


ee renee 


eats 


Theorem 2: 


The product space X x Y is compact if and only if each of the spaces 
X and Y is compact. 


Proof: 


Let X x Y be compact. Since the projection maps ™: X x Y > X and 
T, X x Y > Y are continuous and onto, we hence already prove it 


Conversely, let X and Y be compact spaces. We want to show that 
; Yis compact, it suffices to show that every basic open cover of 
= a finite sub-cover. Since a basic open set in X — Y is of the form 

| * H where G is open in X and H is open in Y, we may denote a basic 
A Aa by c = {G, x H, : le A} where G, is open in X and H, is open 
a r a given point x € X. the set {x} x Y is homeomorphic to Y is 
w aan Since {x} x Y,, being a subset of X x Y is covered by 

1S Compact, there exist a finite sub-family of c, say 


,*H:i=1, Bs ; 3 $ 
contains x since each G, contains x. Hence 


-= on mae N r a a R = ~ = 
Ees = aiius 


ooi MARES al 
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{G (x) x H,,: 1, 2, ..., n} is still a finite open cover of {x} x Y. 
Proceeding in this manner of each x e X, we contract the collection 
{G (x): x € X} of open sets in X which covers X. By compactness of X, 
there exists a finite sub-cover {G (x,) : j = 1, 2..., m} of this cover for X. 
Since each G (x) is an intersection of open sets in X which were used to 
from c. We may select on open set G, € c such that G(x), ;) c G, for 


j= 1, 2,....m. Therefore {Gx :j = 1, 2,’..., .. M} is a finite open cover of 
; ; j 

X, and for each j, 1 <j < m. {G, x H, : i= 1, 2,...n} covers the subset G 

(x) x Y of X x Y. By its construction the collection (G sA re s2, 

wy n = 1.2, ... m} is then a finite sub-cover of c for X x Y and therefore X 

x Y is compact. 

Theorem 3: 


The product space of Hausdorff spaces is Hausdorff. 


Proof: 


Let X and Y by two Hausdorff spaces. To show that X x Y is also a 
Hausdorff space, Let (x,, y,) and (x,, y,) be any two distinct points of X x 
Y. Then either x, ° x, or y, ° y,. Take x, x,. Since X is Hausdorff, there 
exist open sets G, and G, x X such that x, € G, and x, € G, and G, UG, 
= Ø. Then G, x Y and G, x X are open subsets of X x Y such that 


C € G, Y, &, y,) € G, Yad 
(Ge ep iG AN) (GC OG) e¥ Hee Ye 
It follows that X x Y is Hausdroff. 


Theorem 4: 


The product space of two second countable spaces is second countable. 


Proof: 


Let X and Y be two second countable spaces. To show that X x Y is 
also countable. Let B and C be countable bases for X and Y respectively. 
Consider the collection 


D={BxC:BeB, Cec} 
Then D is surely a countable collection we already know that D is 
countable base for X x Y. 


GENERAL PRODUCT SPACES 


Recall that if {X, : A € A} is an arbitrary collection of sets indexed 
by L then the Cartesian product of this collection ìs the set of all mapping 


g 


ro 


p 


a ee 
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such that x (A) € X, for all à 
i sy AIX, : À E A} suc A T 
i wa d at = A or by A {X,: 4 EA). The set X is calle 
d is denoted by fe , 
ie A* coordinate sel of the product. : e 
tomary to use the symbol x, for the image x (A) of À; under P 
it is cus ; 
mapping x. Thus ifX =a {XK nE A} 
Then x {X,: à € A} 
axe a X, 


A}. 
where x (A) € X, ¥A € , 
If one of the sets is empty then * ee empty. Also very often 


: : A e A} where x, € X,, x. is called 
te the mapping x by {x, 2 vw X, 
ie n © of Nf X, = X for all A e A, then for x {X, : À e A} 


> 


: A into X and is calleg 
ite X^ Thus X^ is the set of all mappings on A | ; 
= oe of X. For any set X. The set of all mapping on the empty set 


Ø into X consists of Ø alone. Thus X? = {O}. 


Definition: Let X > {X, : À € Sj}. Then the mapping x, XX. defined 
by x (x) =x, for all x e X is called the i projection. 
A 


i ing on X which carries each point x of the product 
Thus 7, is the mapping 
onto its A coordinate x, 


Example: 
Describe the set 1,' [A], 
where A, C X, in words. 


Solution: 


m, | [A,] is the set of all x in x [X, : A € A] whose A" coordinates are 
members of A,. Equivalently. ,-' [A,] is the set of all those members of x 
{X, : A e A} whose A* coordinates are restricted to lie in A, and all other 
coordinates are unrestricted in the respective coordinate sets. Symbolically, 
nm’ [A] = {x:x € X andx,=e€ A} 


where X = x [X, : A € A}. 
Note that 7,-' [A] = x {Y, : A © A}, where aA, 
and Y, = X,, whenever A # a. 


LATTICE 
Definitions 


(i) A partially ordered set A is said to be a lattice iff every pair iff of 
elements in A has infimum and supremum. We shall denote the 
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infimum and the Supermum of any pair of element x. y of A and x 
Ayandxvy respectively. 


(ii) A lattice A is said to be a complete lattice iff every non-empty subset 
of A has an infimum and a supermum 


(iii) A non-empty subset B of a lattice A is said to be sub-lattice iff 

x A y and x vy are members of B for every pair of members, y 
of B. 
Theorem 1: 


Let X be any non-empty set and let (X; X,- €L} be an arbitrary non- 
empty collection of topological spaces. For each 1 e L let J, be mapping of 
X into X, and let 3 be the week topologies v on X determined by fide 
J}. Than J is the intersection of all topologies V on X such that J, avo 
continuous for each A e 3, that is, Fis the coarsest topology on X fir which 
J, is continuous for each 1 e 3. 


Proof : 


We first prove that f is 3-3, continuous for each | € 3. Let G be any 
3,-open set. Then by definition of week to be log y we have f, '[G] e 3 
Hence f, is +3, continuous. 


Now let v be topology on X such that fl is v-3, continuous for each À 
e L. Then f,'/G/] e v for each G e 3, and for each A € A. 


Since v is a topology on X, v contains all the unions of finite intersections 
of member of the collection ú, [G] : l e Aand G e 3}. This means that 
v contains 3 that is J is weaker than v. 


Thus, we have shown that 3 is the coarsest topology on_X such that 
Jis 3-3, continuous for each 3 e A. This implies that 3 is the intersection 
of all topologies v on X such that f; is v-3, continuous for each À € 3. 


Theorem 2: 


Let C be the class of all topologies on a non-empty set X. There C is 
a complete lattice with respect to the relations < defined by setting Jl < 32 
iff 3, is weaker than I, Moreover, c has a least member and a greatest 
member. 


Proof: 


It is easy to see that C is a partially ordered set with respect to the relation 
“is weaker that”. If J, Ä, are any two members of C, then the J, a 3, A 3, 
and 3, v 3, is the intersection of all topologies 3, such that 3, < 3, and 3, 
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ection of arbitrary collection of topologies on x is 
C is lattice. It is also a complete lattice. For if Ç’ 
is any subclass of C then inf C’ is the intersection of ali the members of C! 
is the intersection of all the members of C' and sup C' is the intersection of 
all those members of C which are stronger than every members of C’, 


Furt 
discrete topology D is the stronge 
D is the greatest member of C. 

Definition : Let X be any non-empty set and PAE (G T): l eA) 
be any arbitrary non-empty collection of topological spaces. For each à € 4 
, let f, be a mapping of X into x, 

Then the topology L on X generated by the collection B = f [G]: 
Į e AandG e 3} is called the weak topology (or the initial topology) on 
X determined by the collection all finite intersections of members of A is 
called the defining subbase of J and the collection B of all finite intersections 
of members of A is called the defining base of 3. 


< SI [Note that the inters 
a topology on X]. Hence 


her. the indiscrete topology 1 is the weakest topology on X and the 
; st typology on X. Thus, I is the least and 


Theorem 3: 
Let (X, 3) and (Y, v) be two topological spaces. Then the collection £ 
= {Gx H : G e Sand H e v} is a base for some topology for X x Y. 


Proof: 
We shall show that E satisfies the conditions [B*1] and [B*2]. 
Since X x Ye E, 
we have X x X= U{Gx H:Ge SJandHe v} 
Thus [B*1] is satisfied. Now let G, x H, and G, x H, be any two 
members of E. We then have 
CAHAG < A) = (G OG): (HA H). 
dY 
Since 3 and v are topologies, we have 
GILEA Ges 
5 G,UG,e3 


and H, € vH, ev 


> HW H, ev 
Hence, it follows from (1) that (G, x H) O (G, x H,) € E. Thus, we 
have shown that the intersection of any two members of E us again a member 


of E and so [B*2] is also satisfied. Therefore is a base for some topology 
for C Y. : 


nll 
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Example 1: 


l Consider the set R of all real numbers. This set is partially ordered by 
<S in the usual sense. If x, y be any two real numbers, then x A y = min 
fx, Yi and x vy = max {x, y}. Hence R is a lattice. But it is not a complete 
lattice since {x ER: x >} is a subset of R which has no supermum. In fact 
it has no upper bound. 


The set N of all natural number and the set Q of all rational numbers 
are sublattices of R since 


xeN,yeN 

xAyeN 
xvyeN 
xEQyEQ 


xAyeQ 
and xvyeQ. 
Example 2: 
Let P (X) be the power set of a non-empty set X so that P (X) is the 
collection of all subsets of X. Then P (x) is partially ordered with respect 
to the relation two members of F, then f A g is the real valued function on 


X defined by (f æ g) = min {f (x), g(x)} and f v g is that defined by f v g) 
(x) = max {f (x), g(x)}. Hence F is a lattice here. 


Example 3: 


Consider the set N of all natural numbers. This set is partially ordered 
with respect to the relation < defined by setting a < by iff a divided b. If a, 
be are any two natural numbers, then a A b is the highest common factor 
(H.C.F >) of a, and b a v b is the least common multiple (L.C.M.) of a and 
b. Hence (N, 3) is a lattice. It is however not complete lattice since {a € N 
: a è 1} has no supermum. 


OPEN SETS 


Let X be a metric space with metric d. If xa is a point of X and r is a 
positive real number, the open sphere S (x,) with center x, and radius r is 
the subset of X defined by 

S(x,) = {x:d{x, Xx) < r}. 

An open sphere is always non-empty, for it contains its center. An open 

sphere with radius | contains only its center. S(x,) is often called the open 


sphere with radius r centered on x,; intuitively, it consists of all points in X 
which are “close” to x,, with the degree of closeness given by r. 


“hs we 
a | 
—~ € 
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A few concrete examples are in order. It should be easy to visualize the 
open sphere S(x,) on the real line: it is the bounded open interval (x, —r, 
x, + r) with mid-point x, and total length 2r. Conversely, it is clear that any 
bounded open interval on the real line is an open sphere, so the open spheres 
on the real line are precisely the bounded open intervals. The open sphere 
S,(z,) in the complex plane is the inside of the circle with center z, and radius 
r. The space AO, 1]: S(f,) consists of all functions f in @[0, 1] whose graphs 
lie within the shaded band of vertical width 2r centered on the graph of b 
A subset G of the metric space X is called an open set if, given any point 
x in G, there exists a positive real number r such that S(x) c G, that is, if 
each point of G is the center of some open sphere contained in G. Loosely 
speaking, a set is open if each of its points is “inside” the set, in the sense 
made precise by the definition. On the real line, a set consisting of a single 
point is not open, for each bounded open interval centered on the point 
contains points not in the set. 


Similarly, the subset [0, 1) of the real line is not open, because the point 
0 in [0, 1) has the property that each bounded open interval centered on it 
(no matter how small it may be) contains points not in [0, 1), e.g., negative 
points. If we omit the offending point 0, the resulting bounded open interval 
(0, 1) is an open set (this is very easy to prove and is a special case of Theorem 
B below). Further, it is quite clear that any open interval—bounded or not— 


is an open set, and also that the open intervals are the only intervals which 
are open sets. 


Theorem J: 


In any metric space X, the empty set ¢ and the full space X are open 
sels. 


Proof: 


To show that ġ is open, we must show that each point in ġ is the center 
of an open sphere contained in ; but since there are no points in ¢, this 
requirement is automatically satisfied, X is clearly open, since every open 
sphere centered on each of its points is contained in X. 


We have seen that [0, 1) is not open as a subset of the real line. However, 
Baba consider [0, 1) as a metric space X in its own right, as a subspace of 
a par [0, 1) is open as a subset of X, since from this point of 
Pa Dat : l P pace, This apparent paradox disappears when we realize 
a ee outside of a given metric space have no relevance to any discussion 
sd nae within the context of that space. A set is open or not open only 
es Fespect to a specific metric space containing it, never on its own. 
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Our next theorem justifies the adjective in the expression “open sphere.” 
Theorem 2: 


Let X be a metric space. A subset G of X is open © it is a union of 
open spheres. 


Proof: 


We assume first that G is open, and we show that it is a union of open 
spheres. If G is empty, it is the union of the empty class of open spheres. 
If G is non-empty, then since it is open, each of its points is the center of 
an open sphere contained in it, and it is the union of all the open spheres 
contained in it. 


We now assume that G is the union of a class S of open spheres. We 
must show that G is open. If S is empty, then G is also empty, and by Theorem 
A, G is open. Suppose that S is non-empty. G is also non-empty. Let a; be 
a point in G. Since G is the union of the open spheres in S, x belongs to an 


open sphere S (x,) in S. By Theorem B, x isthe center of an open sphere S} (x) 


S S(%,). Since S (x,) c G, S, (x) c G and we have an open sphere centered 
on x and contained in G. G is therefore open. 


The fundamental properties of the open sets in a metric space are those 
stated in 


Theorem 3: 


Let X is a metric space. Then (1) any union of open sets in X is open; 
and (2) any finite intersection of open sets in X is open. 


Proof: 


To prove (1), let (G,} be an arbitrary class of open sets in X. We must 
show that G = UG is open. If {G,} is empty, then G is empty, and by Theorem 
A, G is open. Suppose that {G,} is non-empty. By Theorem C, each G, (being 
an open set) is a union of open spheres; G is the union of all the open spheres 
which arise in this way; and by another application of Theorem C, G is open. 


To prove (2), let {G} be a finite class of open sets in X. We must show 
that G = ^G, is open. If (G”,} is empty, then G = X; and by Theorem A, 
G is open. Suppose that {G,} is non-empty and that G= {G,, G,, KGR 
for some positive integer n. If G happens to be empty, then it is open by 
Theorem A. so we may assume that G is non-empty. Let a; be a point in G. 
Since x is in each G, and each G, is open, for each i there is a positive real 
number r, such that S) c G, Let r be the smallest number in the set {r,, 


p Sn ann 
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ive real number such that Sœ) cs ‘ 
A firm grasp of the ideas involved in the theory of metric spaces depends 


ber r is a posit 


hee R,- This e G for each i, and therefore S(x) < G. Since § (x) is 
pa a on x and contained in G, G is open. s on one’s capacity to “see” these spaces with the mind’s eye. 

ge heorem says that the class of all open sets in a metric Space The complex plane is perhaps the best metric space to use as a model 
cial sa formnition of arbitrary unions and finite intersections, The from which to absorb this necessary intuitive understanding. When we consider 
caren Hl understand that Theorem A is an immediate Consequence an unspecified set A of complex numbers, we usually imagine it as a region 

eT tit the empty set is the union of the empty class of E bounded by a curve. We think of the point z,, which is completely surrounded ee 

by points of A, as being “inside” the set A, or in its “interior,” while z, is al 

Ss. 


‘ ent, since ; Tae ous 
of this statem s its intersection. The limitation to finite Intersections 


Il space i A ; p ; 
sets and the fi" SP tial. To see this, it suffices to consider the following on the “boundary” of A. More precisely, z, is the center of some open sphere 


contained in A, and each open sphere 


age is essen j 
in = nips intervals on the real line: 1 
opet pei w centered on z, intersects both A and its complement A’. We formulate these 
(LD [-3 1) ( pa? 1) ideas for a general metric space in the next paragraph and at the end of the tj 
z Ge eonsisting of the « next section. 4 í 
The intersection oee CE meses E Single Let X be an arbitrary metric space, and let A be a subset of X. A point ‘eed 
point 0, and this set Is not open. in A is called an interior point of A if it is the center of some open sphere ns 2, 
In an arbitrary metric space, the structure of the open sets can be very contained in A; and the interior of A, denoted by Int (A), is the set of all aoe | 
complicated indeed. Theorem C contains the best information available in the its interior points. Symbolically, 4 SR. 
general case: each open set is a union of open spheres. In the case of the real Int (A) = {x:x £ A and S(x) c A for some r}. an 
line, however, a description can be given of the open sets which is fairly cen VE See eae ead 
| explicit and reasonably satisfying to the intuition. @ basie properties or interiors are the ronowng: 4 
i (1) Int (A) is an open subset of A which contains every open subset of ma 
| Theorem 4: A (this is often expressed by saying that the interior of A is the largest ar | 
| Every non-empty open set on the real line is the union of a countable pore sumet oF AX | J ; 
| disjoint class of open intervals. (2) A is open = A = Int (A); pe 
(3) Int (A) equals the union of all open subsets of A. HS “pee 
PS et 
he 


| Proof: 
| Let G’ be a non-empty open subset of the real line. Let x be a point of 
j G. Since G is open, x is the center of a bounded open interval contained in 


CLOSED SETS 
Let X be a metric space with metric d. If A is a subset of X, a point” 


| i i a y 
| s E 4 rs noe s “i gee os eon x and x in X is called a /imit point of A if each open sphere centered on x contains co 
i spat hae £ AETS A M pheved: 1, is an open at least one point of A different from x. The essential idea here is that the ort 
| interval, which contains x and is contained in G; I, contains every open points of A different from x get “arbitrarily close” to x, or “pile up” at ial 
| i interval which contains x and is contained in G; and if y is another point in 1] 3 ; p . 3 NK 
| 1, then | = I. We next observe that if x and y are any two distinct points The subset fi 2°93” a of the real line has 0 as a limit point; in fact, a 
| of G, then I and | are either disjoint or identical; for if they have a common 0 is its only limit point. The cl . ENT PEN. ai 
point z, then |. = I and = I, s0 I, = I. Consider the class I of all distinct Mish i eerie. een PENA [o, ) nme Leelee = 
which is in the set and | as a limit point which is not in the set; further, 
every real number x such that 0 < x < | is also a limit point of this set. The 


| sets of the form I, for points x in G. This is a disjoint class of open intervals, 

and G is obviously its union. It remains to be proved that I is countable. Let 
G, be the set of rational points in G. G, is clearly non-empty. We define a 
mapping f of G, onto I as follows: for each r in G, let f(r) be that unique 
interval in I which contains r. G, is countable, and the fact that I is countable. has any limit points. 


set of all integral points on the real line has no limit points at all, whereas 
every real number is a limit point of the set of all rationals. Every open sphere 
of radius less than 1 consists only of its center, so no subset of this space 
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194 tric space X is called a closed set if it contains each 
A subset F of the me S terms, a set is closed if its points do not get 

n roug e of it. Among the subsets of the rea] line 


ss ten E 2 $ 

of its limit pO + outsid f the 

arbitrarily age to Abe paragraph. only the set of integral points is closed, 
in the pr 

mentioned in 


Every subset is closed. 


ict tric space X, the empty set g and the full space X are closeq 
In any metri j 

sets. 

Proof: mit points, so it contains them all and is therefore 


has no li A : : 
aa ary space X contains all points, it automatically contains 
closed. Since 


its own limit points and thus is closed. ; 
following theorem characterizes closed sets in terms of open sets 
The follo d deal about open sets, so that characterization 


atre a goo i ; 
A ed awe can tool for establishing properties of closed sets. 
provi 


Theorem 2: 
Let X be a metric space. A subset F of X is closed = its complement 


F’ is open. 
Proof: AE T 
Assume first that F is closed. We show that F' is open. If F' is empty, 
it is open, so we may suppose that F' is non-empty. Let x be a point in F'. 
Since F is closed and x is not in F, x is not a limit point of F. Since x is 
not in F and is not a limit point of F, there exists an open sphere S (x) which 
is disjoint from F. S(x) is an open sphere centered on x and contained in 
F', and since x was taken to be any point of F', F' is open. 
We now assume that F' is open and show that F is closed. The only way 
F can fail to be closed is to have a limit point in F'. This cannot happen, for 
since F' is open, each of its points is the center of an open sphere disjoint 
from F, and no such point can be a limit point of F. If x, is a point in our 
metric space X, and r is a non-negative real number, the closed sphere S [x,] 
with center x, and radius r is the subset of X defined by 
SIx,] = {x:d(x, x,) £ r}. 
S.[x,] contains its center, and when r = 0 it contains only its center. The 
closed spheres on the real line are precisely the closed intervals. In this 


connection, we observe that though open spheres on the real line are open 
intervals, there are open intervals which are not open spheres, e.g., (—2, +90). 
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The following theorem justifies the adjective in the phrase “closed sphere. 


Theorem 3: 
In any metric space X, each closed sphere is a closed set. 


Proof: 
Let S [x,] be a closed sphere in X. By Theorem B, it suffices to show 


that its complement S [x,]' is open. S [x,]' is open if it is empty, so we may 
assume that it is non-empty. Let a; be a point in S[x,]'. Since d(x, x,) > 1, 
r, = d(x, X,) -r is a positive real number. We take r, as the radius of an open 
sphere Sr, (x) centered on x, and we show that S [x,]' is open by, showing 
that S4 (x) c S[x,]'. Let y be a point in S} (x), so that d(y, x) < r,, On the 
basis of this and the fact that d(x,, x) < d(x + y) + dy, x), we see that 
d(y, xa,) > d(x, x,) — dy. x) > d(x, x,) — n = d(x, x,) — [d(, x,) - T] = r, 
so that y is in S[x,]’. 

The main general facts about closed sets are those given in our next 


theorem. 


Theorem 5: 
Let X be a metric space. Then (1) any intersection of closed sets in X 
is closed; and (2) any finite union of closed sets in X is closed. 


Proof: 

This theorem is an immediate consequence. We prove (1) as follows. If 
{F} is an arbitrary class of closed subsets of X and F = F AF, then by 
Theorem B, F is closed if F' is open; but F' = UF' is open, since by Theorem 
B each F’ is open. The second statement is proved similarly. 


In Theorem E of the previous section, we gave an explicit characterization 
of the open sets on the real line. We now consider the structure of its closed 
sets. Among the simplest closed sets on the real line are the closed intervals 
(which are the closed spheres) and finite unions of closed intervals. Finite 
sets are included among these, since a set consisting of a single point is a 
closed interval with equal end-points. 


What is the character of the most general closed set on the real line? Since 
closed sets are the complements of open sets, The most general proper closed 
subset of the real line is obtained by removing a countable disjoint class of 
open intervals. This process sounds innocent enough, but in fact it leads to 
some rather curious and complicated examples. One ,of these examples is of 
particular importance. It was studied by Cantor and is usually called the 
Cantor set. To construct the Cantor set, we proceed as follows. First, denote 
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196 F. Next, delete from F t 
By fi. Nex! “e Open i 
it interval [0, 1] bY" fine clo 
the yan is its middle third, and denote the remaining closeq ee 
(13, } 
F,. Clearly. 
[2.4] 
pee |%3) 13 


Next, delete from F, the open 


1 2 )and G s) which are 
intervals 9°9 9°9 A 
-dle thirds of its two pieces, and — 
i T remaining closed set by F,. It is easy to see that, 
e 


Tete 2 i 2 Z]U[§ | 
neas] J 


if we continue this process, at each stage deleting the open middle me 
of each closed interval remaining from the previous stage, we obtain « 
sequence of closed sets F,» each of which contains all its successors A, 
Cantor set F is defined by 


ree. 


n= 
and it is closed by Theorem D. F consists of those points in the close 
interval [0, 1] which “ultimately remain” after the removal of al] the 


ee) 
intervals 3773/7 49° 9) 


contains the end-points of the closed intervals which make up each set F- 
May 2 7.8 4 

oe ae 9 9° 9 
Does F contain any other points? We leave it to the reader to verify that 
| 1/4 is in F and is not an end-point. Actually, F contains a multitude of points 
| other than the above end-points, for the set of these end-points is clearly 


! countable, while the cardinal number of F itself is c, the cardinal number of 
| the continuum. 


d unit 
Open 


8 
E 2) ... What points, do remain? F Clearly 


To prove this, it suffices to exhibit a one-to-one mapping/ of [0,1) into 
a be! construct such a mapping as follows. Let x be a point in [0,1), and 
e x ee . be its binary expansion. Each b, is either 0 or 1. Lett = 

ne Sine tt, ... as the ternary expansion of a real number f(x) in {0, 
f er will easily convince himself that f(x) is in the Cantor set F: 

: : 12 

since t, is 0 is notin | >, = |: sj i bie 

| : or 2, f(x) is not in $ , 3 since t, is 0 or 2, f(x) is not in È z) 

f afai) ete. Also, it i 

i 9’ g } “8. Also, it is easy to see that the mapping f : [0, 1) — F is one- 


O am 
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to-one. According to this, F contains exactly as many points as the entire 
closed unit interval [0, 1]. It is interesting to compare this conclusion with 
the fact that the sum of the lengths of all the open intervals removed is 
precisely 1, since 

1 F 4 

—~+—+—+...=]1 

A 27 

It is also interesting to observe (by doing a little arithmetic) that F, is 
the union of 16,777,216 disjoint closed intervals of the same length which 
are rather irregularly distributed along [0, 1]. These facts may suffice to 
indicate that the Cantor set is a very intricate mathematical object and is just 
the sort of thing mathematicians delight in. We shall encounter this set again 
from time to time. 

We conclude this section by defining two additional concepts which are 
often useful. 

Let X be an arbitrary metric space, and let A be a subset of —X”. The 
closure of A, denoted by  , is the union of A and the set of all its limit points. 
Intuitively, A is A itself together with all other points in X which are 
arbitrarily close to A. As an example, if 4 is the open unit disc {z:|z| < 1} 
in the complex plane, then A is the closed unit disc [z:|s| < 1}. The main facts 
about closures are the following: 


(1) A is a closed superset of A which is contained in every closed 
superset of A (we express this by saying that @ is the smallest closed 
superset of A); 

(2) A is closed & A= 4; 

(3) A equals the intersection of all closed supersets of A. 

Our second concept relates to the discussion of Fig. 2.3 given at the end 

of the previous section. Again, let X be a metric space and A subset of X. 
A point in X is called a boundary point of A if each open sphere centered 
on the point intersects both A and A', and the boundary of A is the set of 
all its boundary points. This concept possesses the following properties: 

(1) The boundary of A equals A ^ A’; 

(2) The boundary of A is a closed set; 


(3) A is closed < it contains its boundary. 


COMPLETENESS, CONVERGENCE AND BAIRE’S THEOREM 


As we emphasized in the introduction to this chapter, one of our main 
aims in considering metric spaces is to study convergent sequences in a 
context more general than that of classical analysis. The fruits of this study 
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among them ad la aig Convergence 
are many, ; 
as it 1S e with metric d, and let 


Sai.) 


’ n 


{x,} = {Xp X» | ee s 
that {x } is convergent if : 


oints in X- We say 


fp 
a sequence O 
k dee m X such that either e 
ap xists a positive integer ng eh that 1 = z 


(1) for each € > 0. there € 
d(x,, xX) <È or equivalen y, 

n?’ | 

(x) centered on x, there exists a positiy, 


h open sphere S_(x 
@) sia ty auch that x, is in S_(*) for all n > n, 


The reader should observe that the first condition is a direct general iZation 
f convergence for sequences of numbers as defined in the introduction, and 
ee the second can be thought of as saying that each open sphere centered 
on x contains all points of the sequence from some place on. 

If we rely on our knowledge of what is meant by a convergent sequence 
of real numbers, the statement that {x} is convergent can equally well be 
defined as follows: there exists a point x in X such that d(x x) > 0. We 
usually symbolize this by writing 

xx 
rbally by saying that x, approaches x, or that x converges 


and we express it ve ; 
to x. It is easily seen from condition (2) that the point x in this discussion 
that x, > y with y # x is impossible. The point x is called 


is unique, that is, 
{x}, and we sometimes write x, — x in the form 


the /imit of the sequence 
lim xX, = X. 

The statements x, —> x and lim x, = 
mean exactly the same thing, namely, that (x,} is a convergent sequence with 
limit x. 
Every convergent sequence {x} has the following property: for each 
E> 0, there exists a positive integer n, such that m, n > n, => d(x» x,) <€ 
For if x. —> x, then there exists a positive integer no such that n, 2 n, 
=> d(x, x) < £/2, and from this we see that 

m,n 2 n, = d(x, x.) < d(x, x) + d(x, x.) < 6/2 + e/2 = €. 
ie f ee with this property is called a Cauchy sequence, and we have 
A eny this every convergent sequence is a Cauchy sequence. Loosely 
pet amounts to the statement that if the terms of a sequence 
aun a as they get close to one another. It is of basic importance 

€ converse of this need not be true, that is, that a Cauchy 
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sequence is no 
xX = (0, 1] of the re 
to be a Cauchy sequence in this space, 
0 (which it wants to converge to) is no 


notion of a convergent sequence i 
also depends on the structure of t 
sequence is not convergent 
the space. Some writers emphasi 
sequences and Cauchy sequences by calling the latter 


sequence is convergent. In rough terms, a met 
sequence in it which tries to converge is succe 
a point in the space to converg 


complete, but it evidently can 
form the slightly larger space [0, 1]. As a matter of fact, any 
if it isn’t already complete, can be made so by suitably adjoining additional 


points. 
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t necessarily convergent. Asan example, consider the subspace 
= |/n is easily seen 


al line. The sequence defined by x, ; 
but it is not convergent, since the point 


t a point of the space. 
The difficulty which arises in this example stems from the fact that the 
s not intrinsic to the sequence itself, but 
he space in which it lies. A convergent 
«on its own”; it must converge to some point in 
ze the distinction between convergent 
“intrinsically convergent” 


sequences. 
etric space in which every Cauchy 


A complete metric space is am 

ric space is complete if every 
ssful, in the sense that it finds 
e to. The space (0, 1] mentioned above is not 


be made so by adjoining the point 0 to it to 
metric space, 


It is a fundamental fact of elementary analysis that the real line is a 


complete metric space. The complex plane is also complete, as we see from 
the following argument. Let {z }, where z, = a, + ib, be a Cauchy sequence 


of complex numbers. Then {a} and {b } are them- selves Cauchy sequences 
of real numbers, since, 
and ja, —a| <|z,-z] 
lb, — bis iz, - Z 
By the completeness of the real line, there exist real numbers a and b 
such that a, —> a and b, — b. If we now put z = a + ib, then we see that 
z, — z by means of 
lz, — z| = \(a, + ib,) — (a + ib)| 
=e 4p) ib 5), 
< |a, — al + |b, — 
and the fact that both final terms on the right approach 0. 


The completeness of the complex plane thus depends directly on the 
completeness of the real line. In this space a Cauchy sequence must be 
constant (i.e., it must consist of a single point repeated) from some place on, 


and it converges with that point as its limit. 


etna arenes 
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z hi ce leads to the mod 
‘ a eden a 
f completing ts sp thes 
The pine and it would carry us too far afield to pursue this ma 

Lebesgue in A 

. tural conclusion. 
to its na ther hand, the space CO. g) defined. The completen ess of th 

x Saan similar to it, is one of the major focal points of to S 
space, an 


Pology 
is. 
and modem analys! | 
d steam Tit d limit point are often a source of confusion for 
The mit an 


3 ; peop] 
thoroughly accustomed to them. On the real line, for instance, the ¢ a 
not tho 


A Tai. Onstant 
parti | |, ...) is convergent with limit 1; but the set of Points 
seque > ; . 9 + 


f this sequence is the set consisting of the single element 1, the point 1 is 
0 limit point of this set. The essence of the matter is that a sequence at 
not > td set is not a subset of the set: it is a function defined on the Positive 
Gan with values in the set, and is usually specified by listing its valued 
as in {x,} = [Xp Xp os Xw G, where Xn is the value of the function at the 
integer n. A sequence may have a limit, but cannot have a limit point; ang 
the set of points of a sequence may have a limit point, but cannot have a limit. 
The following theorem relates these concepts to one another and is a usefy| 
tool for some of our later work. 


Theorem I: 


If a convergent sequence in a metric space has infinitely many distinct 
points, then its limit is a limit point of the set of points of the sequence. 


Proof: 


Let X be a metric space, and let {x } be a convergent sequence in X with 
limit x. We assume that x is not a limit point of the set of points of the 


sequence, and we show that it follows from this that the sequence has only 
finitely many distinct points. 


Our assumption implies that there exists an open sphere S (x) centered 
on x which contains no point of the sequence different from x. Howe ver, since 
x is the limit of the sequence, all x, S from some place on must lie in S {x), 
hence must coincide with x. From this we see that there are only finitely many 
distinct points in the sequence. 


Our next theorem guarantees the com i 
ete pleteness of many metric spaces 
which arise as subspaces of complete metric spaces. 


Theorem 2: 


Let X be a complete metric space, 


Y is complete < it is closed and let Y be a subspace of X. Then 


eo UU 
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Proof: 

We assume, first that Y is complete as a subspace of X, and we show 
that it is closed. Let y be a limit point of Y. For each positive integer n, 
Sa) contains a point y, in Y. It is clear that {y,} converges to y In X and 
is a Cauchy sequence in Y, and since Y is complete, y is in Y. Y is therefore 
closed. 

We now assume that Y is closed, and we show that it is complete. Let 
{y } be a Cauchy sequence in y. It is also a Cauchy sequence in X, and since 
X is complete, {y,} converges to a point x in X. We show that x is in Y- 
If {y,} has only finitely many distinct points, then x is that point infinitely 
repeated and is thus in Y. On the other hand, if {yn) has infinitely many 
distinct points, then, by Theorem A, x is a limit point of the set of points 
of the sequence; it is therefore also a limit point of Y, and since Y is closed, 
x isi Y: 

A sequence {A } of subsets of a metric space is called a decreasing 
sequence if 

Aa ae Aa A2- 


The following theorem gives conditions under which the intersection of 
such a sequence is non-empty. 


Theorem 3: 

(Cantor’s Intersection Theorem): Let X be a complete metric space, and 
let {F _} be a decreasing sequence of non-empty closed subsets of X such that 
d(F) — 0. Then F = R F, Fn contains exactly one point. 

Proof: 


It is first of all evident from the assumption d(F ) — 0 that F cannot 
contain more than one point, so it suffices to show that F is nonempty. Let 


x, be a point in F, Since d(F ) — 0, {x} is a Cauchy sequence. Since X 
is complete, {x,} has a limit x. 


We show that x is in F, and for this it suffices to show that x is in F, 
for a fixed but arbitrary no. If {x,} has only finitely many distinct points, then 
x is that point infinitely repeated, and is therefore in Fag . If {x,} has infinitely 
many distinct points, then a: is a limit point of the set of points of the sequence, 
it is a limit point of the subset {x, :n 2 n,} of the set of points of the sequence, 
it is a limit point of F,, and thus (since Fag is closed) it is in Fag- 


A subset A of a metric space is said to be nowhere dense if its closure 
has empty interior. It is easy to see that A is nowhere dense <> 4 does not 
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tain any non-empty ope? set <> each non-empty open set has a sii 
on ; $ ‘ 
k en subset disjoint from A © each non-empty open set has F nity 
p open subset disjoint from A & each non-empty open set contai ne 
empty OP _ Jf a nowhere dense set is thought of a ns an 


re disjoint from 
open sphere als) uch of the space, then our next theorem we a set 


i 7 very m 
which doesn't cover as 

> ot be covered by any sequen I a 
a complete metric space cann i cre Ñ 


Theorem 4: 
If {A,} isa sequence of no 
X, then there exists a point in 


where dense sets in a complete metric g 
X which is not in any of the A °s Pace 
aS. 


Proof: 
For the duratio 


spheres and closed spheres. 
A, is nowhere dense, there is an open sphere 5 
j 


Since X is open and 
of radius less than 1 which is disjoint from A,. Let F , be the concentric closed 
half that of S,, and consider its interior. Since 


sphere whose radius is one- 
A, is nowhere dense, Int (F,) contains an open sphere S, of radius less than 


1/2 which is disjoint from As. 
Let F, be the concentric closed sphere whose radius is one-half that of 


S, and consider its interior. Since A, is nowhere dense, Int (F ) contains an 
open sphere S, of radius less than 1/4 which is disjoint from A z Let F, be 
3 


the concentric closed sphere whose radius is one-half that of S 
p 


Continuing in this way, we get a decreasing sequence {F } of non-empty 
closed subsets of X such that d(F ) —> 0. Since X is complete, Theorem C 
guarantees that there exists a point x in X which is in all the F ,’s. This point 
is clearly in all the S,’s, and therefore (since S, is disjoint from A ) it is not 
in any of the A) ’s. 

For our purposes, the following equivalent form of Theorem D is often 
more convenient. 


n of this proof, we abandon our usual notations for op 
en 


Theorem 5: 


a s > complete metric space is the union of a sequence of its subsets, then 

a... one set in the sequence must have non- empty interior. 

We refi ka Bae tally one theorem expressed in two different ways. 
er to both (or either) as Baire’s theorem. 


however. a ye admittedly rather technical in nature. He will find, 
arises Baire’ a peed for it crops up from time to time, and when this need 
Po: s theorem is an indispensable tool. 


E 
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CONTINUOUS MAPPINGS 


evious section we exten 
e. We now 


h metrics d, and d, 
ous at a point X, 10 


ded the idea of convergence to the 
do the same for continuity. 

and let f be a 
x if either 


In the pr 
context of a general metric spac 


Let X and Y be metric spaces wit 
mapping of X into Y. f is said to be continu 
of the following equivalent conditions is satisfied: 

(1) for each € > 0 there exists 5 > 0 such that d,(x, Xo) $ 55 d f(x), 


f(xo)) < €; 


(2) for each open sphere S _(f(Xo)) centered on f(x,) there exists an open 


sphere S;(Xp) centered on a, such that f (S5(Xo)) ES -(f(X))- 


ce that the first condition generalizes the elementary 


The reader will noti 
o this chapter, and that the second 


definition given in the introduction t 
translates the first into the language of open spheres. 


Our first theorem expresses continuity at a point in terms of sequences 


which converge to the point. 


Theorem 1: 

Let X and Y be metric spaces and f a mapping of X into Y. Then f is 
continuous if and only if x, > x => f) > Sx). 

This result shows that continuous mappings of one metric space into 
another are precisely those which send convergent sequences into convergent 
sequences, or, in other words, which preserve convergence. Our next theorem 
characterizes continuous mappings in terms of open sets. 


Theorem 2: 


Let X and Y be metric spaces and f a mappi } ; 
i ipping of X into Y. Then f is 
continuous <> f'(G) is open in X whenever G is open in Y. d 


Proof: 


F ya ae assume that f is continuous. If G is an open set in Y, we must 
Oy rat f'(G) is open in X. f'(G) is open if it is empty, so we mity assume 
at it is non-empty. Let x be a point in f? (G). 


Th re : : 
cee we = and since G is open, there exists an open sphere S _(f(x)) 
asad sae = contained in G. By the definition of continuity, there 
iene e sphere S.(x) such that f(S,Q9)) C S_(f(x)). Since S (E) G 
ve f(S,(x)) c G, and from this we see that S,(x) c F'(G) S60 

= - 8 


is therefore an open sph 
pe pen sphere centered on x and contained in f!(G), so FG) 


: 
í 
p 
r 
f 
i 
l 
| 
| 
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We now assu 


f (G) is open whenever G is 
i sar o ʻ » and we Show th 
f is continuous. W F 


e show that f is continuous at an arbitrary point ts 
Let S_(f{x)) be an open sphere centered on f(x). This open sphere ig aa X. 
set, so its inverse image is an open set which contains x. By this, there Pen 
an open sphere S(x) which is contained in this inverse image. It iş olei 
f(S,(x)) is contained in S (f(x)), so f is continuous at x. Finally, sided rth 
taken to be an arbitrary point in X, f is continuous. XW, 


The fact just established—that continuous mappings are precise 
which pull open sets back to open sets—will be of great importane 
our work. 

We now come to the useful concept of uniform continuity. In o 
explain what this is, we examine the definition of continuity expre 
condition (1) at the beginning of this section. Let X and Y be metric 5 

with, metrics d, and d,, and let f be a mapping of X into Y. We assume di 
fis continuous, that is, that for each point x, in X the following is true: i " 
e > 0, a number 5 > 0 can be found such that d (x, x) < Sic d,(£(x), iu 
< e. The reader is no doubt familiar with the idea that if xa is held fix ; 
and e is made smaller, then, in general, 5 has to be made corresponding! 
smaller. Thus, in the case of the real function f defined by f(x) = 2x § 5 : 
always be chosen as any positive number < €/2, and no larger ô will do > 
general, therefore, 5 depends on e. Let us return to our examination oft 
definition. i 


ly those 
e for all 


rder to 
ssed in 


It says that for our given €, a ô can be found which “works” in the above 
sense at the particular point x, under consideration. But if we hold e€ fixed 
and move to another point x,, then it may happen that this ô no longer works: 
that is, it may be necessary to take a smaller ô to satisfy the requirement of 
the definition. We see in this way that ô nay well depend, in general, not only 
one but also on x,. Uniform continuity is essentially continuity plus the added 
condition that for each e we can find a & which works uniformly over the 


entire space X, in the sense that it d 
Peet E. oes not depend on x.. 
definition is as follows. P x,- The formal 


If X and Y are metric spaces with metrics d, and d,, then a mapping f 4 


aia Sap Wee iS p*s 


fX i PE i 
of X into Y is said to be uniformly continuous if for each € > 0 there exists ~ 


5>0 ' 
Ba such that d,(x, x') <6 > d (f(x), f(x')) < €. It is clear that any uniformly” 
ınuous mapping is automatically continuous. : 


functi ; 
ion g defined on R by g(x) =x? is continuous but notimi A contin 


Similarly, the continuo 
. i us fu ae 
uniformly continuous. cron h defined on (0, 1) by Gt) laa 
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n analysis. The following theorem 
hich is often useful. 


Uniformly continuous mapping 
continuous—are of particular significance 1 
expresses a property of these mappings w 


Theorem 3: 

Let X be a metric space, let Y be a complete metric space, and let A 
be a dense subspace of X. If is a uniformly continuous mapping of A into 
Y, then f can be extended uniquely to a uniformly continuous mapping g of 


X into Y. 


Proof: 

Let d, and d, be the metrics on X and Y. If A = X, the conclusion is 
obvious. We therefore assume that A + X. We begin by showing how to define 
the mapping g. If x is a point in A, we define g(x) to be f(x). Now let x be 
a point in X — A. Since A is dense, x is the limit of a convergent sequence 
{a} in A. Since {a } is a Cauchy sequence and f is uniformly continuous, 
{f(a,)} is a Cauchy sequence in Y. Since Y is complete, there exists a point 
in Y—we call this point g(x)—such that f(a) > g(x). We must make sure 
that g(x) depends only on x, and not on the sequence {a}. Let {b,} be another 
sequence in A such that b, —> x. Then d (a, b) > 0, and by the uniform 
continuity of f, d (f(a), f(b,)) > 0. It readily follows from this that f(b) > 
g(x). 

We next show that g is uniformly continuous. Let € > 0 be given, and 
use the uniform continuity of f to find 6 > 0 such that for a and a’ in A we 
have d,(a, a') < ô > d,(f(a), f(a')) < €. Let x and x' be any points in X such 
that d(x, x’) < 6. It suffices to show that d,(g(x), g(x’) < €. Let {2} and 
{a' } be sequences in A such that a, > x and a’ > x’. 

By the triangle inequality, we see that d(a, a’) < d (a, x) + d(x, x’) 
+ di(x', a' ). This inequality, together with the facts that d (a, x) — 0, d,(x, x’) 
< 6, and d(x’, a’) > 0, implies that d (a, a’,) < 5 for all sufficiently large 
n. It now follows that d,(f(a,), f(a')) < e for all sufficiently large n. 

d (g(x), g(x')) = lim d fa), fla’), 

and from this ed the previous statement we see that d (g(x), g(x')) < €. 
All that remains is to show that g is unique, and this is easily proved. 
There is an important type of uniformly continuous mapping which often 
arises in practice. If X and Y are metric spaces with metrics di and dt, a 
mapping f of X onto Y is called an isometry (or an isometric mapping) if 
d(x, x') = d (f(x), f(x')) for all points x and x' in X; and if such a mapping 
exists, we say that X is isometric to Y. It is clear that an isometry is necessarily 


“ety ot ss nie aati 


ee ) SO oll 
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rrespondence in such a way that the d istie 
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points are the same. 


The spaces therefore differ only in the nature of their na; 
is often unimportant. We usually consider isometric m Points, ana 
with one another. It is often convenient to be able to nee to be j ia is 
in the case of mappings which are not necessarily onto. mp terminoa 
X into Y which preserves distances in the above sense fa a Mapping: 
isometry of X info Y, or an isometry of X onto the sue en We cal 8 of 
this situation, we often say that Y contains an isometric ma b of y E 
e of X m 


the subspace f(X). amel 
y, 


one-to 
into one-to-one co 


can be 
of corresponding tween i a 
Its 


UNIFORM CONVERGENCE AND POINTWISE CONV 
Definition : Let < f (x,) > be a sequence in a metric sp ERGENCE 
ace 


sequence is said to converge pointwise to f (X, d). Thi 
to say, Oo a tah i 
: Is 
l 
i, di (na AEI Vex EX. 
By def. of point, 
given e > 0 and x € X, 3 m e N s.t. n > m 
SdF) f(x) < € 
Here m = m (e, x). 
If we keep £ fixed and v 
Py ary x, then we shall 
or different x € X. This set of values may or may ae We 
ve an upper bound 


If this set has an upper bound, say n., then 
0? 
y 
mae n2n,>d (f(x), fx)<eVx eX 
c i . 
ase sequence <f (x)> is called uniformly co 
nvergent. 


Definition : 4 se 

: quence defined j 

uniformly convergent if given € > 0 Jn e space (Xd) M 
, In, E€ 


s.t. 
nèn >d (f(x), fe) <eVx EX 
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p b3 - Is 
A ? ve reals. 
ab £ + where a, b are two non negative 

p 4 


Proof ` 


if a = 0 oF b = 0 the result is obvious. 


Now consider the case in which a # 9, b # 0. 


Lett La At At — * for0<A< r 
Then fi O=r= lal 
f'(t)= OAC See i. 
where A Am 140 
> t=l 


e (y= -AA-YE™ 
mate Lf O=- kD he 


df d?f 
Thus, a ee att = 1. 
dt dt“ 


This proves that f is minimum at t = iN 
: f(d) <f¢® 

This> L-A + 0-05 b= A 
1- ~A+at-t 20. 


or 
or =a Man (Put à = 1/p) 
1 
or f-t) 
p Poca 
bes 
But tose 
p q 
i pee 
Hence aah yeep E a? 
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CAUCHY SCHWARZ INEQUALITY 


ga gant 2 


(eadra) ” (Lera)”) 
dla < [fer] [Se f 


Proof : 


if we replace a, b, , p. q by |a;|, |b;|, 2, 2 respectively, then we get thi 
is 


inequality. An independent proof is given below : 
Write A = (a, 4 âp -- a), b= (b > bs b). 
The magnitudes of these vectors are given by 


: dP [oP LIF 


Ifa = 0 or b = 0, then the inequality reduces to equality 


So we suppose that a + 0. b = 0. We know that 
Geometric < mean Arithmetic mean. 
This> V (xy) < ~— 


g bl 2h 
set Ve = ppv = py 


daillo aif , [bil 


Then lalol Ja Jol 


x nalo] Dla? Elo 
E af jo 


or 2h i Sal]. 


Note : If a 


, > b are real numbers, then 
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NKOWSKI INEQUALITY 
fpr! and a,, 6, are non- nega 


Ec sm) [Sar ly (Ser) 


i=l 


tive real numbers, then 


By Holder's inequality, 


en — i al woe 


i=l i=l j=l (1) 
lle 
with aa se l 
E (2) | 
2 [ =: 1 = ... j 
By (2) qP-)<P (3) | 


va, ae = Deas + b)G; + b,)P 


i=l 
wees ae > i 
= >a; ( (a, +b)" + Db ( (a, +b)” 


Using (1) for each member of R.HLS., 
p 1/q 
>, (ai + bi) P < (Za) zon : | 
l Al 1/ 
« (zon) [zent | 
using E (a+ 6)” < (Za) [teh | 
(or) [Ee | 
Dividing by BE +b,)P ie we get 
[E(ai+b,)” be x (Sar)? 3 (go) 
: [Eton | <(Zat)” +(Zer)" 


ae 
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Note : Minkowski's inequality for mean l Inner Product Spaces 
[poro ERA \ "+ (fens : _faxbh fel tere 
where p > 1- | pividing by |a +b» we Bet 
MINKOWSKI'S DRN OF NORMS Ja +b]| < ljal|+ +|\dl| 
Let a = (4, > Pee eg b, , Djo , b.) be two n tuples or real or HOLDER'S INEQUALITY 
complex numbers, ‘then If a, b, are non- -negative real numbers, 
bol Jal] + [èl vp Va 
7 n n n 
= 2 n 2 cs n 2 Me i then na ajbi S Sat] (2) 
be + b,| < FJa; | ag >; | q p= i i= 1 
= i=l i=] i 
l j where Aa l and p > 1 
Pi roof: 5 2 l Proo f F 
We have fa + bl 7 Dla 5 4 > i Firstly we shall establish a lemma : 
t 7 
2 2 
or Ja lee La, | Lemma 2: 
yl ates : If a > 0, b > 0, p> 1, then 
le | = 2l | | aP bì 
: — +—2 ab 
paag 
where amran 2 l where Tyin 
i=l 7 q » 
feof = + al = Dla + bl-a; + 4 By the lemma, Ar B’ SAB 
i p q ass 
< Zla + a) (a+) | i o 
a ; 
À A = —— m, B = DESS comet 
< Da bla + Zla + 4 . 


Put \/p 
«Flatha + Elah) ja Fe 
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is uncountable. Recall that 

(0,2) Sie {9, 2}} 
f functions from N to 0, 2. In otherwords, 4 
e<Xx,7 where each x, ~ OO z- 


1.@., 


ie, (0, 27° the set 0 


{0, 2}" is the set of sequence 
Lap Be is one one onto 


Evidently, the map 0. x, X, X- 


| 
| 
E 


l l 
rar tA I/p 
pos 
(z=) (z) 
between E and £0, 275. 


This > 3 one-one onto map 
= |E| = |{0.2}"| 23 =C 


Cee 
But p Ta =]. 
i 1/p n 1/q os 
Hence bay (Es) >J ajbi — cardinal number of E is c. 
ie = i=l | Theorem 1: 
Notes: ‘SI ity ; | 
otes: (1) Holder's inequality bg compie numbers : | In any metric space (X, d) each open sphere is an open set. 
3 é P 2 I/q 
; : a Sigal Proof: 
> laibi] < [SP [Sb roof, i 
i=l izl ra Let (X, d) be a metric space. Let So ay De an pet sphere in X. 
(2) Holder's inequality for integrals : To prove that S,, Qo) is an Open set. 
DEFINITION CANTOR'S TENNARY SETS a E Sowo) be arbitrary, then d (x, X,) <T, 
= as rite r=r -d 
1. Let 1 = [0, 1]. Divide the closed interval | into three e = To (x, Xo)» mt 
remove the middle open interval (1/3 , 2/3), this leav ee and By definition, Sa fye X: d (y, x,) < r,} 
: : >, , es o E: ki 
aa ai t9; He and [2/3 , 1] each of length 1/3. This al oe x d x) <b. 
eat sn gar eae We now divide the remaining two closed We claim S, Seo 
; 3} an /3 : ] e : A j 
the middle open interval ( 1/9 ne a pe equal pars pi y € S, ,,be arbitrary. 
stage of our construction. Similarly at the nth ke e is the second T d (x, y) <r 
are remov ; > open intervals 
re ed each or length 1/3". The points which remain consti d (y, x) <d,x +d& x J 
ae ennary set. We denote this set by E. Let x = 0. a <r+ d(x, x,) = Ty 
e scale of three) be any point of E. Then 2 a d (y, x) < y 
< R- This=> ~~ on using (1) 
Dead re rages K s ye Sy 40) 
: 3a T È and yes, 
ence a_c eo t (x) 
S „can not take values 3 or greater than E ee = yeS, 
: ce the only possibility is that a, = 0, 1,2 y n This> 4.5% cig 
t the first ; n >l, i r (x) 10 (x0) 
step, all the points with a, = 1 are removed Si we have shown that 
i 
given any x E Sogn» 3T? Ost S cs 
ro) 10 (x0) ` 


Hence p 0 or 2 y n. 
2, 10 prove an By def on, this prov that S 
that j iti i is 
cardinal number of E is cC., one, aS ee oom! an open set 
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; metric Space, any closed sphere is a closed set. 
n any È 
* 


Proof: i 4 
Sr denote a closed sphere in a metric space (X, d). 
Jet © 0 [x0] 
` ic a closed set. 
To prove that Sr, [x0] es 


For this we must show that S' T, [x,] is open in X. 
S rary! 
Let x € S 1 poj be arbitrary 
SS oe S' To fx 
S da oa 
={fy ; 
So poj fyeX: diy, x) ary 
a d (x, Xo) a; To 
= dh 
= r> 0, on taking r = d (x, X) R 


uf) 


We claim S œE S' Ty 4x0) 
Let y € S,,) be arbitrary, SO that, d (y, x) < r. 
d (x, x,) < d X, y) + d (y, X,)- 
d (y, X,) 2 d (x, x,) — d &, y). 
Sade soci on using (1) 
d (Y, X) > T, 
=> y E ST po) 
Thus, any YES PYE Sy (x0) 
This=> S$, . [Sb jo) 
Given any x € ST, oy Jr>Ost5 )< Sy pao) 
This proves that S'r, ixo) is open in x. 
Theorem 3: 


Ifa, b (i= 1, 2... n) are non- negative real numbers and p > 1, then 


n p n n 
lara) < Yar + Vo 
i=] j=] i=] 
Proof : i 
Let f (x)=1+x-(l1+xF. 


Then taking derivative ; it can be shown that 
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f (x) 2 0 for x 2 9. 
or pexr—-(i t xp 20: 
or a+xps it 


put x = a/b, , we get 


n 
or S (4 + b; j $ 2a 2A 2b 


Theorem 4: 


Let (x, p) be a metric space, Show that Z and X are open sets in X. 


Proof : 
Let (X, p) be a metric space- 
To prove that Ø and X are open sets . 
To prove that Ø is open in X, it suffices to show that 
any x € Ọ® > J e> 0, st. $< ©. 


Since @ does not contain any element and hence this condition is 
automatically fulfilled. 


Corresponding to every point x € X, 3 an open sphere with its centre 
at x which is contained in X, showing there by X is an open . 


Example : Is the subset [0, 3] open in X = [0, 3] under the metric d 
given by d (x, y) = | x — y? 


Solution: 


Since ® and X both are open sets in any metric space (X, d). 
[ 0, 3] is open in x = [0, 3]. 
Theorem 5: 


In a metric space (X, p), 2 and X are closed sets. 
Proof : 


Let (X, p) be a metric space. 
To prove that Ø and X are closed sets. 
D(P)=Gc GS 
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p(@)« 8 


This > Z is a closed set. 


All the limiting points of X belong to X. For X is the universal e 
ie, any xeD (X)> X€ X 
DOCA | 
This > X isa closed set. a 


Theorem 6: j 
Let (X, d) be a metric space. Show that F c X, F is closed & F' js open, 


Proof: 
Let (X, d) be a metric space . 
Let C be a closed subset of X, so that D (F) C F. 


To prove that F' is open in X. 
Let X € F' be arbitrary. Then X ¢ F. 
pip creé F=s8 & D (F) 
SET Wnr 2 for some r > 0. 
Seen “xX€éF 
>S ps X-F 
>S ws E: 
- Given x € F' , J any an open sphere Sy s.t. 
Sys F 
By definition, this proves that F' is open. 
Conversely suppose that F' is open in X. 
To prove that F is closed in X. 


Let x e F' be arbitrary, then x ¢ F. 


A -- F isopen 3 rc R st, S @ © F' 
me mi> Su nF Ø 


we (5 (eae ee 
A >x ¢ D (F). 
Tong, any x € F' >x ¢ D (F). 
ie., any x € X -F 
>xexX-D(F) 
This > K-FexX-D(F) 
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or Dich) eke 
This => F is closed. 


Theorem 7: 
Let (X, d) be a metric space. Prove that 
(i) an arbitrary union of open sets is open in X. 


(ii) any finite intersection of open sets is open. 


Proofs: 
Let (X, d) be a metric space. 
Let G, c X be open X Vie N 
o n 
ret GGS ()S; 


i=l i=l 
To prove that 


(i) G is open in X. 

(ii) G is open in X. 

(i) By Theorem 7, each G; is a union of open spheres and hence G is 
the union of all open spheres arising in this way. 
Hence g is open in X. 


(ii) If G = ©, then G is open in X. For ® is open in X. 
n 
If G # ®, then 3 x ef )G; so that 


i=l 
x €G, for] <i<n. 


x € G,, G; is open 


= Jr e Ri st S w E Gi : 8 | 
This is true for each i ( = 1, 2, ..., n). 
Take 


r= min {r,, I, ... Se 


Then r Sf fort ai <a 


This >S, « © Si (x) for is i< n 


= S, (x) S Si (x) © G, 
>S wss; 


n 
r (x) N i G>S.qwCG 


by (1) 


ay «6X6 GS3reR ste 6G 


| 
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By definition, this => G is open in X. 
Remark: The intersection of an infinite number of open sets may or may 
not be open. If we take an open set, A, = ( —1/n , 1/n), then 
o0 
oj pays {0} = closed set] 
n= n 
Theorem 8: 
In any meiric space (X, d) , show that 
(i) an arbitrary intersection of closed sets is closed. 
(ii) any; finite union on closed sets is closed. 
Proof: 
Let (X, d) be a metric space 
Let F c X be a closed set Vie N 
00 n 
| OS F, F =U F 
Let i ai i 
Eg pa j| i 
i To Prove that F and F are closed sets in X. 
E By theorem 4, F, is closed <> F' is open. 
: ie! ' n ' 
; ee | 
i By, De Morgan's law, ~ ire = Me F )=F 
r= = 
F ta ie l 
f and G F'=(vU hija 
f I= i 1 
| From (1), F' , F' are open in X 
f 


ie., F, F are closed in X. [by Theorem 4] 


Remark: The union of an infinite number of closed sets may or may 
not be closed. 


n 
Let i = jo 
n+l 


Then UF, = [0, 1) =semi open set 
i= 


U F, is not closed, though each F_ is closed. 
n= p 


Theorem 9: 


Let (X, d) be a metric space and let G c X be an arbitrary set. Show 
that G is open © it is a union of open spheres. 
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Proof: 
Let (X, d) be a metric space. Let G c X be an open set. 


To prove that G is a union of open spheres. 
If G = Ø, the proof is trivial, 
If G + Ø, then by definition of an open set 


any xeG>J3reR' sts PE sah) 
In view of this statement we are justified to write. 
G= = {Sa = % E G} 


where each r, € R* is s.t. S satisfies the condition (1). 

Conversely suppose that (X, d) is a metric space. Let GC X be 
expressible as a union of open spheres, ie., G = = So 

To prove that G is an open set. 

Let x € G be arbitrary. 

Then x is a centre of some open sphere, say. 


Su r) = {Sae 
kJ a 
Then S, duci S a G, 
or S)  /e2G3 


r (x) 


any xeGoireR sts Geo 


By definition this proves that G is an open set. 
Examples: 
To find the boundary of set of integers Z and set of rational Q. 
Z2=U{GCR: Gis openandG cZ}=¢ 
(1) For every subset of R contains fractions also. 
R- Qe 
b(Z)=R-Z2 v (R-ZP=R-G VY G=R 
or, b (Z) =R 
b (Q) =R 


(2) Give two examples of limit points. 


(i) IfA = {i+ Iné N}, 


3 
aN 
a= {ds 


Similarly 


Similarly 


5S6 
ean then 


cAI RE 
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i . Lim (12) =1 
) is limit point of A for n>% m ; 


f, j LS = {ane nh, 
(i) fA = ll itara n 


then 0 is the limit point of A. 


(3) Since N has no limit Pn and sa D (N) = Ø For every open a 
d at any point of N other than that point. Phere 
N=NYUD(N=NU g=nNn 
N =N.: Nis closed 


centre 


or 
so that N' is open and so (N)? = N'. 
ext (N) = (N')? = N' 

b (N) = [N’ U ext (N)]' = ieee ih 
= (N) =N 
Note that N is non-dense set. 
For (NP =N = ¢ 
Ex. : Define non where dense set and give an anil 


(4) Consider the set R. Evidently Q c R. Every real ny 
point so that rational limit points belong to the set Q. 


It means that Di =k, DOr =F 
A =A UD (A) 
0 =0uD O =0 0R 


This proves that the closure 
metric no R is R. 


mber is q limit 


of the set of rational numbers w.r.t. usual 


Thus Q C R. , Q is countable and O =R. 
This proves that r with usual metric is separable. 
=ufGc R : G is open, G c QO=¢ 
Since every subset 


of R contains rationals and irrationals, Hence their 
exists NO open set. 


GER si 
Thus, Cee 


Similarly ext O) = R- Q E 


int (O) = int (R) =R wg 


Pace, 
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Ọ is some where dense set in R. 
b(QD=R-O U(R-Q”Y =R-GUG=R 
(5) If A = (a, b) or [a,b) or (a, b] or fa, bj, 
then in every case, 
A = [a, b], ÆA = (a, b), b(A) = fa, b). 
(6) If A = [0, 1), then ( A X) = [0, 1]° = 0, 1)# ģ. . 
and so A is somewhere dense set in R. 
(7) To show that N and Z are non-dense sets in R relative to the usual 
metric. 
D (N) = ¢ 
For if a is any real number, then any nbd = (a —e, a +e)c R does 
not contain any point of N other than a 


Z={n:neN} v {o f-n:ne N} 
D(D=$U pU REg 
or, DQ=¢ cz 
or, DUU EZ 
Z is a closed set. Similarly N is a closed set. 
For D (A) CA & A is closed. 
` Z=Zand y =N 
Int Z = Int (Z) = U{G © R: Gis open andGc Z}=¢ 
For any open subset (a, a) © R contains fractions also. 
Now Int (Z) = (Zp = p. 
Similarly (Wy? = @. 
Z and N are nowhere dense subsets of R. 


DEFINITION OF NEIGHBOURHOOD 
Let (X, d) be a metric space and x € X, A c X. 


A subset A of X is called a neighbourhood (nbd) of x if 3 open sphere 
Say Siti a c A. 


This means that A is nbd of a point x iff x is an interior point of A. 
From the definition of nbd it is clear that : 

(1) Every superset of a nbd of a point is also a nbd. 

(2) Every open sphere Six) Ís a nbd of x. 

(3) Every closed sphere Sig is a nbd of x. 


— O 
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(4) Intersection of two nbds of the same point is again a nbd of that pol 
j : int. 
(5) A set is open if it contains a nbd of each of its points. 
(6) Nbd of a point need not be an open set. 

Definition of Boundary of a Point 


(i) Boundary or Frontier of a set a is denoted by b (A) or F (A) 
is defined as b (A) = F. (A) = X-—A° U(K— AV. eae 
Elements of b (A) are called boundary points of A. 

(ii) The exterior of A is defined as the set (X — A)? and is denoted 5 
ext (A). hs 
Symbolically ext (A) = X — A®. 

(iii) A is said to be dense or everywhere dense in X if =X 
(iv) A is said to be somewhere dense if (7)? ' f, ie., if closure of A 


contains some open set. 
(v) A is said to be non where dense (or nonwhere dense set) if (7) =f 


(vi) A metric space (X, d) is said to be separable if $ A Ì X st 
A is countable and 4 = X. 3 


(vii) A is said to be dense in itself if A c D (A). 


Theorem 1: 
Let A be a subset of a metric space (X, d). Then x i i 
a). € X is a limit poi 
A iff every open sphere centred at x, contai infini ee 
of A, other than x, ; E E g 
Proof: 
Let a be a subset of a metric space (X, d) and let x € X 
. ‘ 
Step I : Given X, Is a limit point of A. 
Aim. S i infini i 
a ise ie an infinite number of points of A other than x a 
By def. of limit point, ; 
S {x,}) NAZ $ (1) 
for every open sphere centred at x : 
A 
Suppose (*) is not true. 
Th . . 
en S, «o Contains a finite number of points 
Ky X--,%, € A 
ae 7 oie 
Let r = min {d Wi) 2 PERE, n} E 


T ip os oes San 
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and Sro {x e X: @% A = 8, 
Evidently (S, oo) — (Xt) N A = (o 
This => X, is not a limit point of A. 


given . This contradict 
ber of points of A other than X, 


; i i ssumin 
This is contrary to what is ion arises pier: ac 
ins a finite num 
that S 4x0) conta 


required result follows. 
Step II: Given S 


than Xo: 
Aim. x, is a limit point of A. 


By assumption, Sigal = OAH ġ 
This => x, is a limit point of A. 
Corollary : If p is a limit point of A in a metric space, the 
N(p) contains infinitely many points of A. 
Or 


open sphere centred at a limit point of a sat in a metric 
the set. 
lace of Ny Here write step 


, contains an infinite number of points of A other 


n every nbd 


Every 
space contains infinitely many points of 


Hint : Open sphere S) can be taken in p 
I of the above Theorem 13. 


Theorem 2: 
Let (X, d) be metric space and A c X. Show that 


A tae eX: d(x, A) = 0}. 
Proof: 
Let (X, d) be metric space and A EK 
We claim |= €X: d(x, 4)= 0} 
Suppose d(x, A =eE>0 
Then (i) x ¢ A and 
(ii) (S €?2  - {xp AA=@ 

Evidently (ii) > x ¢ D (A). 


Thus, d(x, A) = ¢ >x € A, x ¢ D(A) 
>x¢AUD(A)=4 
=e A 

Finally, d@, Aj=s—= xe 7 


—T ~~ wv 
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Again d (x, A)=9 > 

(iii) x € A, 
(iv) Sy- INAP 

(iv) >xeD (A) 
Finally, d(x, A)=0=>x € Aorx eD (A) 
>xeAUD(A)=-4 >xe J 
Thus, we have shown that 

d(x, A)=0>XxE 4 

and d(x, A)=£€>0 >XE 4 
Furthermore, d (x, A) = 2 0. 
Consequently the required result follows : 


Theorem 3: 


A subset in a metric space is open iff it is a nbd of each of its point 


Proof: 
Let A be a subset of a metric space (X, d). 
Step I : Given A is and of each of its points. 


Aim : A is an open set. Recall that a set N is called nbd of a point 
xe Xifi open sttGc XstxeG EN: 


XstpeG c À. 

It is truey p € A. 

Take A = ù {G, : peG, G, is open set, G, c A} 
= An arbitrary union of open sets 
= open set. 

.. A is an open set. 


Step II : Let A be an open subset of X. 


Aim : A is a nbd of each of its points. By assumption, we can write 
PEA cAy pe A 
This = A is a nbd of each of its points. 


Theorem 4: 


A subset A of metric subspace (Y, d) 


in Y iff J an open sei G in (X, d) s.t. A of a metric space (X, d) is open 


=K AG 
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Proof: ; 
Let A © Y and let (Y, d) be a subspace of a metric space (X, d). 


Then a e EES AA) 
Step I: Let A be open in Y. (2) 
Aim : A = Y ^ G for some open set G in X. By def. of open set, 
y y € A = 4 open sphere S, y, in s.t. 
Sian FA ABD 
Then A is expressible as 
A= US VEA; fA) 
Suppose S(Y, r) is an open sphere in X. 
Then Sies Yee 
Now (4) is expressible as 
A {Syn 
-Yus 
A=YOG, 
G= {S YES) 
= arbitrary union of open spheres in X- 


AY:y eA} 
:y € A} 


= open set in X. 
A = Y © G, where G is open in X. 
For each open sphere is an open set. 
Step II : Let A= YAG 
where G is an open set in X. 
Aim : A is open in Y. 
By def. of open set in X, 
vw x € GC = 4 open sphere S,, ., in X. s.t. 
SE G 
Write Sw Na Suh 
Then S,,, ., is an open sphere in Y. 
By (6), Sug YS Gay 
Using (7), we get Siwe) £ Go Y =A, by (5) 
or, 4e€5,.5CA 
This = A is open in Y, be def. of open set. 
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Corollary : The necessary 
a metric subspace (Y, d) of a metric space 
Ja set F closed in (X, d) s.t. 


AaYroF. 
Proof: 
Firstly we shall prove a lemma : 


ein SA eS GOP 
the actual theorem. 


en in X. 


Now we come to the proof of 


F is closed in X > X - F is open in X. 


A is closed in Y © Y — A is open in Ne 
Be the lemma, 

BS VoAeV aaa 

or, Y= Yn- F- A 

or, Y-(VYAX-YOF)=A 

or, Pa a¥ OFS Ss 

or. Year 


Theorem 5: 
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and sufficient condition that a subset A of 
(X, d) be closed in (Y, d) is that 


If A, is an open set in (X, d) and A, is an open set in (X, d), then 


A, x A,is open in the product metric space (X,d), where X = X x X, 


Proof: 


Let x = (x,, X,) € A, x A, be arbitrary, then x, € A,, X, € A,. By def. 


of open set, 
J open spheres S (x, 1,), S (x, 1) S-t. 


S (x,n)c A } 
S(x3,m)¢ Ay 


Let r = min. {r,, ©}, thenr Sr, T ST 
S(x N eSa, DEA 
S (xT) ES GC DeC A 

This DSa AS rc ATA 
oe EE S KE) 
>SK DX SR E A,* A, 
=>xeS(x,r)cA,x A, 


It is true vxeA A, 


ae 


Rais ree oem 5 
POE a ea Te 
Re ee ee 
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i. A * A, is open subset of (X, d). 
Here S (x, r) is an open sphere in (X, d). 


Theorem 6: 
Let (X, d) be a metric space. A subset A of X is closed if given any 


Ce X -A d Ae 


Proof : 


Let (X, d) be a metric space and Ac X bean arbitrary closed set. 


To prove that 
given any X € x — A, d (x, A) #0 
A is closed => X — A is open. 
By definition of open set, 
anyx e X-A>JdreR'st. SwE X-A >S 
=> d (x, A ) 2 r => d &, A) + 0. 
Conversely let A be any subset of a metric space (X, d). Let 
any X € X-A=>d (x, A) #9 
To prove that A is closed. 
Let x e X —A be arbitrary so that, by assumption, 
d(x,A)=r#0>S5, nA=96 
=> Sm) = X-A 
E xeX-A>adreR*st Soc X-A. 
By definition, this => X — A is open 
=> A is closed. 


Theorem 7: 
Let (X, p) be a metric space. 
p(x, y) 
1+ p(x, y) 
Then (X, y) is metric space. 


Define d(x, y)= Vx,y, EX. 


Proof: 
Let (X, p) be a metric space 
P(x, y) 


: W Xs y Cam. 
1+ p(x, y) z 


Let d(x, y)= 


Sa nel 
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To prove that (X, d) is a metric space. 
Let x, Y, Z € X be arbitrary. 
(X, p) is a metric space. 
(i) p (x, y) 29 
(ii) p (x y) =P O, x) 
(iii) Py OIT =Y 
(iv) p@&yted z) > p (x, Z). 
Now (i)' d (x, y) 2 0 in accordance with (i). 
(iiy' d (x, y) = d O, X). 
ewa) 
For dG ) “1+ p(y, x) 
~ 1+ p(x, y) = d (x, y) in accordance wine 
(iid (x, y) = 0, iff x =y (i) 
ROD 
l+ p(x, y) zi 
> p (x = by 
ivyd a9) +4G,2)2¢ . A ° S xT ya a 


d(x, y)=0 ® 


For d (x y) + d 0, 2) = PES 2. p 
Px, l 
e koo 
1+ p(x, y) + p(y, z) 336 ce 
s fet Os A 
1+ p(x, y)+ p(y, z) 
> 2z) 
Er p(x;.2) 
= d (x, z) 
i.e., d (x, y) + d (y, z) > d (x, z) 


The results (i)', Gi 
, (ii)' (iii)' (iv)' 
> ; t k 
cone A )' taken together prove the required result. 


th Let (X, y) be a metr 
ere exists a metric d' 
with dX) <m. 


ic space 
for X iting m a positive real number. Show that 
at the metric space (X, y) is bounded 


Inner Product Spaces 
Proof: 
Let (X, y) be a metric space and m ~ 0. 


md (x,y) 
Me rey 


To prove that (X) (X, d) is a metric space and 
Let x, yY, X € X be arbitrary. 


m> 90. 


d is metric > d (x, y) € R 

Also m € R 

md (x, 
saamen A ER. 
(X, d) is metric space => 
(i) dœ, y) z0 
(ii) d (x, y) = d O, x») 
Gii) d (x, y) = 0 iff x =y 
ayd y +d 224 (x, y). 
(1) Evidently d' (x, y) z 9, according to (i) as m 7 0. 
2) d(x, y) =d O, x) 
md (y,x 

For d' (y, x) mah 


md ( xy) 
= Tadia ie (x.y) , according to (ii) 
= d' (x, y) 
d' (x, y) = 0 iff x = y. 
i md (xy) 
d (x, y) =0 1+ d (x,y) = 0 
<> md (x y) = 0 
= d(x, y) = 0 
<> x = y, according to (ili). 
(4) d' (x, y) + d Y, z) 2 d Kx, 2). 
3 md (x, 
For d wy +8 0.9" e mie) 
3 >Z 
: nf OS | 


l+d (x.y) l+d (y,z) 
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2m 


| dieg uf _ 4a yet 


piano tek 
1+d(x,y)+d(y.z) 1+d(x 
V+ d( 
2) 


sabes ies taD a a 
id (x.y) +d (952) |“ 1+ afea) 


=v (se) 
The results (1), (2), (3) and (4) taken together prove that (X, g'); 
mains to prove that d' is bounded. d) is Metric 
md (x,y) S m 


d (x, y) = I + d(x,y) 1 + 1 
d(x,y) 


space. Re 


d' (x, y)s<mVx,y, € X. 
This > (x, d') is a bounded metric space. 
Remark: If d' (x, y) = CCOR 

1+ d(x,y) 


Then d' (x, y) < | so that (X, d') is bounded. 


Theorem 9: 
Let (X, d) be a metric space and let 


d' (x, y) = min {l, d (x, y)}. 
Then d' is a metric for X. 
Proof: 
Let (X, d) be a metric space so that 
(i) d (x, y) 20 
(ii) d (x, y) = d (y, x) 
(iii) d (x, y) = 0 iff x= y 
(iv) d (x, y) + d (y, x) = d (x, z), where X% y, ZEX 
Let d' (x, y) = min, {1, d (x, y)}. | 


Then d'(x,y) = ie d (x,y) 
(2) d' (x, y) > 0, according to (1) and (i) 


(3) d' (x, y) = d' (y, x). 
For if d' = ! 
if d' (x, y) = 1, then d' (y, x) = 1 so that d’ (x, y) = d' (y, x) 
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the last two, WE get 
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Again if d' (x, y)=d (x, y), then d' (y, x)= d (y, x) using (ii) and combining 
d' (x, y) = d (y, X) 
In either case, d' (x, y= d (y, x) 


Mda S N i D aa 
For d' (x, y) = 0 2 d (x, y) = 0 according to (1) 
¿ x = y according to (iii). 


y, z) 2 d & 2) 


(5) To prove d' (x, y) + d ( 
Gaan and 


fd (x, y) = 1, then d' (x, z) = 1, d' 


odwytdy. 27 d' (x, Z) 
d (x, y) = d &, y), then 


d (y, z) = d Q, 2), 
deja (x, Z) 


and so d(ytdtya=4 (x, y) +d, 9 
> d (x, 2 = d, & z) d by (iv) 


S 
If we take 


or, d' (x, y) + d Y, z) 2d &, 2) 

-, (5) is true in both cases. 

From what has been it follows that d’ is a metric on X. 

Similar Problem : Show that if d is a pseudo metric on X and e(x,y) 
= min {1, d (x, y)}, then e is also a pseudo metric. 


Theorem 10: 
In any metric space, prove that difference between the two sides of a 
triangle is less than the third side. 
Or 
Let (X, d) be a metric space and let x, y, z be any three points of X. 


Then \d (x, 2-day, z)\ < d (x, y) 


Proof: 


Leto: 
If we show that |d (x, z) - d (y, zis d& y 


We know that 


z denote the co-ordinates of vertices of a triangle. 
), the result will follow. 


d (x, y) + d (y, D 2 d (X, 2 


Similarly d woti 22 d (y, z) 


that x >x aa TAY 
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From Which d (x, y) 2 d (x, z) — d (y, Z) 
and d (y, x) 2 - [d (x, z) — d (y, z)] 
The last gives — d (x, y) < d (x, z) — d (y, z) 
For d (x, y) = d (y, x). 
Combining (1) and (2), 
—~d(x,y)< d(x, z) — d (y, z) < d (x, y) 
This > |d (x, z) - d (y, Z| 2 d (x, y). 
Theorem I1: 


Let (X, d) be a metric space, then V x, y, x‘ y', 
(x'y) | <d (x, x) + dy, y). 


Proof: 
For proving the required result, we make repeated use of " 
inequality." 
d (x, y) Sd (x, x‘) + d(x’, y) 
S d(x, 4d (x, y) t dy, 
or, 


d (x, y) a d (x; y') <S d (x, T d (y', 

as Ay, = ady, 

Again d (x', y') < d (x', + d (x, y') 
Sd(x,+d(x,y)+d 

Using the fact that ’ d 

d (a, b) = d (b, a), 


we get d (x', y) -d (x, y) <d (x, +d (y. 


or, d(x y)~d(x, y)>- [d(x +d 
Combining (1) and (2), we get, 


Ue +d sda y-a ydede 
or, |d (x, y) - d (x', y)| < d (x, +d (y 


Theorem 12: 


Let (X, d) be a metric space. If 
then show that 
d (x, I > di y). 


(1) 


+(2) 


in X, ld 6e y _ op 


triangle 


(I) 


Ae 


(x, ) and ( Yn) are sequences in X, such 


Proof : 


Suppose (x,,) and (yn) are sequ 
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ences in a metric space (X, d). 


Let X, 7% Ye nk 


To prove that 


d(x, y,) > 4% Y). 


Let x, y, z € X be arbitrary. 


Firstly we shall prove that 


| d (x, Z) tet (y, z)| = d (x, y) 


Now write the proof of Theorem 20. 


X27 %&Y, 7 Y 
e > 0,4 n,m, ENSE 
Y n >n, > d (xp x) < 6/2 


Y n 2m, > d (yp Y) < £2 


Take o = max. {m,, ,} 
Then d E 3) = 2/2, d Y y) = 2/2 Vn2k, 
Now jd (x, yo -d (x, y)| 


This 


Let (X, d) be a metric space. Let ies) be a Cauchy sequence in X and 


(yn) be 


Theorem 13: 


= jd (x Y) -d&, Y) + d C&I) -d (x, y)| 
< jd (x, y) -d &, yl + Id &, Y) - d (x, y)| 
= jd (y, x) - d y, x)| + ld &, Y) - d Œ, y)| 
sd yo d (x, X), according to (3) 
LUA FLERE 
d (x, y - 4 @ y= e2 Vn2k, 
= i M d (x, y) 


MED 


a sequence in X s.t. 


d (ps Ya) <—V NEN. 
n 


Then show that 


(i) (Yn) is a Cauchy sequence, 


(ii) (yn) converges to x iff (x,) converges to x. 


a =a! 
p» then a, a,’ 


Proof : 
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Proof : 
Let (x \ be a Cauchy sequence. Then given £ > 0. 
"n i 


jn, € N st m,n 2n 


5 d Ea x,,) < ¢/3 
i ae -(1) 
Choose m, € N s-t. m 3 
l l E 
n2 mo => —<—— < =. 
Then A We 
)< mens me a 
or, d (Xn Yn n m a 
E 
x., y,) S- Vnzm 
or, d (Xn Ya) 3 0 ...2) 
Choose k, = max {1 m,}. 
Then Y n, m2k,, we have 1 
d (Y,. Ym) © d (y,, x,) + dG, x fd (Xv y,,) 
so + EC 
5*573 YOE 
or, dG, Yn) < E: 
Showing that (Yn) is a Cauchy sequence. 
(ii) Let lim x, = x, then 3 m, € N s.t. 
dE, I <3 Vn2m, 6) 
But d(y,, x sdy, x.) + d (x, x) (4) | 
Choose m,= max {m,, m,} ! 
Using (2) and (3), in (4). 
E 6 2E 
LYR E e 
(Yp X) eae 3 <6 Vn2m, 


This => lim y= x 


Similarly, y > x > x, > x. 
n 


Theorem 14: 


Any sequence in a metric space converges to the unique point. 


Or ] 
, A sequence in a metric space can converge to almost one point. 


Or, If (an) is a sequence in a metric space (X, p) s.t. a >a, a, > 
F A fs i v n 


Let (a„: n € N) be a sequence in metric space (X, p) s.t. 
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a > a, a, > ag> 
To prove that a, ~ Ane 
Suppose the contrary. 
Then a= a: 
Let p(a,, ae 2r. 
Then S, (a,) £ Sae ò. 
a, > a, a, > a, 
Given any r > 0, 3 n, n, € N st. 
y nzn,=> a, € S$ (a,) 
ynzn >a €E S(a,') 
Taking k, = max {ny n,'}, we obtain 
y n2zk >a € S(a,) a, € S$ (a,) 
= ee Sa.) 9 S(a,) 
=> Sar S(a,) = 9- A contradiction. 
Hence our initial assumption a, # a` is wrong. Consequently 
a, = a - 
Theorem 15: 


Let <f, (x)> be a sequence of continuous functions defined on a metric 
space (X,d). Let this sequence converge uniformly to f on X. Then f(x) is 
continuous on X. 


Or 


Uniform limit of a sequence of continuous function is continuous. 


Proof: 


Since <f (x)> converges uniformly to f on (X, d). Hence given € > 
0, 3 n, € N independent of x € Xst izh; 


> d (f(x), f(x) < € 3 ww k) 
Let a e X be arbitrary. To prove that f is continuous on X, we have to 
prove that f is-continuous at x = a. For this we have to show that given € 
>0,38>0,0st d@ a<s 
=> d (f(x), fla) < e G) 
Continuity of f at a € X 


collection. Let G 
andC WC = ġ 
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= dt, fix) <2 for d aye 


aware 82 hem "a 
if d (x, a) < ô, then 
ime ren E Sel” OS a f 
z fp ege € by (1 A n 
ee y (1), (3), & (4) 
or, d (f(x), fla)) < € for d (x, a) < 5. Hence the result (2). 
Theorem 16: 
Every non empty open set G CR is the union of ac 
of pairwise disjoint open intervals. a Collection 
Proof: 
Let G be a non-empty open subset of R and x € G be arbit 
1 rary, Th 
en 


3 an interval I, with centre x s.t. x € G. 


Let C, denote the union of all such open interv 

als then E 
el cG}. Evidently C, is the largest open inte a 
ae p rval containing : x6. ee c 


Moreover this also suggests that G = UC. 
v x,y € C, we have either C OC = or C nc 
Consider the case C NC #0 i e 
Evidently C ^ C is ai 
yE. , is an open inierval containing b 
sa C eC ue aG ; m 
C, CC URTE G: 
By def. of C 
y yandC, C uC cC, 
CuCcc 
Hence Bae) i ae 
or C= a AP 
x y 
Vv xy EG 
we have either = 
is COG * oC = e 
GS Co 
IInd Part: It remains to s 


3 {C } be a col 
for n # m. lection of open intervals s.t. C#OVn 


To prove that G is countable 


be the set of all rationals be 


number. Hence f is a well 
rational a € K s.t. f(a) = 


Theorem 17: 


how that the intervals C, form a countable 
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infinite number of rationals. Let K 


We know that each C, contains an 1 
a map f : K > G s.t. 


longing to Y Cy Define 
f (x) = C, where C, € G sts x EG: 


For each x € K, there is unique open interval C, containing x, the ratio 
Bae map. For each Crea, has at least one 


showing thereby f is onto. 


nal 


Also f(x) = fly) > Co C, 


where xe Cy ye Ce 


f is one-one onto. Hence K ~ G. But K is countable. Hence G is 


Now 


countable. 


For K c Q, QB countable > K is countable. 


Frechet Space: Let F be the set of 
x, y, z E F, then 


E E bie E >, 


n 


R 


i 
yoy >, 2-52 > 
& 


where x, IZ 


Proof: 


We define a map 

d:FxF:7Rst 
Pee re (xn — Yn) 
n=1 2 |i + 
To show that d is metric on F. 
(i) d(x, y) 2 0 For |x, - y|20V, 
(ii) d (x, y) =O OxK=Y 


cor (69) =9 E a (as = Jal a 
n=1 2 [1+ | 


A (Xn -= Yn) 


oix,t+y, = yn 


infinite sequences of real numbers. 


> 


v= 


— 
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eter, Geos 
(iii) d (x, Y) 7 d (y, X) 
Fo A yl = ly, + x,| 


(iv) d (x, Y) 24% z) + d (Z y) 
Here we use the fact that 


jar. lal 


1+la+4 I+la| EET 
In view of this we have 
Hoa en = Int 1 
Bear oS | n 


2 


1 Ms 


Be p Taa 
=d (x, z) t d (z, y): 


Thus d is metric on F. The pai i 
pA . 7 : pair (F, d i 
instore ase Gee aie ake ) is a metric space and this 


Theorem 18: 
In a metric space (X, d), prove that 
F is closed © D (F) CF. 
; Or 


Prove that a 
! subset F of a metri 
points iff X — F is open. f a metric space X contains all MANE 


Proof : 


EE 


Let (X, d) be a metric space and F c X 


Aim. D (F) G F. 


' Letxe X-F be 
; st (X- FAP = 4 


Ta or 
1S > IS not a limit Point of F 
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arbitrary, T i 
ry. The X ~F is an open set containing X 
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„xg D(F)>XE w a DE 
Thus, " X € CPS % = DP) ; 
X-Fax'-D®@®) 4 
or, D(F)cF y 
Step I : Given D(F) CF Al) F 


To prove F is closed. | 
Let y € x — F, then y £ F 
y¢F,D(F)CF> y e D(F) 

—> 3 open set G with y € G st 
G-a 
GnF=ġ¢ġasy Fé F 
s GERTE 

Thus we have shown that 

any ye X-F > 3 open set G with 

This > X — F is open > is closed. 


yeGstGcX-F 


Theorem 19: 


Let (x D be a sequence in a metric space (X, d) and t 


defined by 


he sets A, be 


A, = {Xp Xp Xy en? 
A, = {Xz Xy mR i | 
A, = Sy %_ ar jj, Yn EN. | 
Then the sequence < x,” is a Cauchy sequence iff d(A) =Oasn>@ | 
Proof : 
Let (x,,) be a sequence in a metric space (X, d) and let 


A, = Xan} VIE N so that 


=A 


pee ore 


r2n=> x, € Ap 


Step (i) : Let (x ey be a Cauchy sequence so that given any 
e>0, 3n € N st. 
f n,m2n,> d(x, x,) E 


To prove that d (A) = 0 as n > ©. 


=o NE E = 
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Let n 2 n, then 

d (A,) = sup {d (x, X): X X € A} 

= sup {d (x, x): 
d(A)<eVn2n, 


this i", d(4,) = 0 


Step (ii) : Let us suppose a eth (An) = 0, so that gir 
en an 


e> 0, 3n € N st 
nzn,>d(A)<é 


=> d (A,,) < €. 


To prove that < x, > is a Cauchy sequence, it is enough 
£9 to Proy 


d(x, x)<eVir,s2n. 
Now, r, S >= n> X, X, E AL, 
=> d (x, x.) <€ 
d (Ap) < € 
Theorem 20: 
Let A be a subset of a metric space (X d). 


Then A is non-dense in X & ( A J=X Ai dense i 
se in X 


Or 


Proof : 


Recall that a is dense in X if A 


nt I), =x and A is nowhere dense in X if 


Ai - 
is non-dense (or no where dense) in X 


int (4) = = o 
( ) b dn open nbd N of any point of A s.t. N A 
© R & 


© 4 contains no nbd. > S (x) ¢ F y r>0&V 
SSH O(A) 26 E 
© x is adherent point of 


© [(4)] = (AY Ve ex 


Theorem 2]: 


disj 


Let A and B 
be disjoi 
oint open sets G fois closed sets in a m 


rs2nh<cg by (1) (2) ie 


A closed Set i. d F 
is nowhere dense © Its complement is everywh de 
ere ense, 


sL ACG BCH etric space (X, d). Then 3 
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If either A or B is empty, 
Act, Bex 
Hence we may assume A # d, B # 9. 
Letae A, b eB arbitrary. 


AnB=¢, 
= ag B, bga 
= d (a, B) > 0, d (b, A) > 0; 


Take d (a, B) = 6, > 9 and d (b, B) 5, > 9. 


Set $= 3% 1/3 o) S (b, 1/3 5: 
Evidently aeS,be S 
Write Gan ({S,:a€ Ah H=0 (5 a € BP 


Being arbitrary union of open spheres, G and H are open sets. 
aes, >AcGandbe §, = Bier: 
Now we claim G > H = 9. 
If possible let p € G A H, then p € G, p € H. 
Consequently 3 a, € A, b, E B s.t. 
pe S (a, 1/3 6,,), P € S (b,, 1/3 4,,). Let d (a, b,) = © 7 0. 
Then d (a, B) = õp £ & d (b,, A) = 5 2 & 
e = d (a, b,) < d (a, P) + d (p, bo) 
l 1 E 3 26 2e 


<>a t=O Sot Se ee O ee 
g ee ee 3 


which is not possible. Hence G ^ H = d. 


SOLVED EXAMPLES 


Example 1: 


If A is any non-empty subset of a metric space (X, d), prove that 


|d (x, A) - d (y, A)| <d (x, y) 
for any points x, y € X. 


Solution: 


By def. of metric, 
d (x, a) < d (x, y) + d (y, a) 
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say A = , then J disjoint open sets , X s-t. 


2 
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Taking infimum over 4 e A, we obtain { w 
e > oe X > T ; or d (A u B) $ d (A) + d (B 
d (y, <d(y, x , 

d (x, A)-d(y, AVS d (x, y) Example 3: | 
dy, A)- d(x, A) sd (x, y) % Describe open spheres for the dis 


UB) <d(B) +d, Ara 
) + dA, B). 


and 
crete metric on a space X. 


Le, 


The last gives | Solution: 

d (x, A)-d(y, A) 2 - d (x, y) ’ Let (X,d) be a discrete metric $ 
From (1) and (2), d(x,y) X eed 
-d0 y) $ d(x A)— dG, A) aia te | Let x. € X andr > 0 be any real number. 
This=> |d (x, A) - d (y, A)| < d (x, y). i 0 six) = em ay oh 
| Case (i) : When r > K 


Let A, B be non-empty subsets of a metric space (X, d). By definition metric, any x € X, X # X, 
i sd S 


pace so that d is given by 


Example 2: 


Then show that i 
>d %) = i 


d (A ^B) <d (A) + d (B) + d (A, B) S,(x) 
>XE AXo 


Solution: 
, l Also x, ES) 
Let x, y € A A B be arbitrary. Then there arise four cases at x) = Se 
Dy xs A 
( fee: Combining these two results, we find that 
This > d (x, y) < d (A) any xeX>xe sS) 
For d (A) = sup {d (x, y): x,y € A} This => X = S(x) 
(ii) x, y €e B. . 
a i ; à Case (ii): when r < 1. 
x 
€ Aand yeB 3 => d(x, x) <r. >x € S) 
(iv) xe Band ye A x, € SX) 
In case (iii a 
(iii), we have 2 Thus, any x € X, x #X, => x € SX) 


d (x, y) < d (x, a) + d (a, y), ac A aa and x, € S) - 


eae < d (x, a) +d (a, b) + d (b, y), be B From this it follows that S(x,) = {x,}- 
rf X, y) < d (x, a) + d (a, b) + ; RENEA 
Similarly in case (iv), we ae » b) + d (b, y). e Finally, 5, (Gal= E frs 
Example 4: 


Describe open spheres for the usual metric on R, i.e., open spheres on 
the real line are precisely the bounded open intervals. 


d (x, y) < d 
This > (x, b) + d (b, a) + d (a, y) 
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Solution: 


Let d be the usual metric On R; then 


T a 


Let x, € R and r > 0 be any real number. 

SG) 7 {xe Rid, x) <1 
E 7? 
pe Rot rnan 
age Ricoto 8 SHS 
=(x,-f x, + 1). 


This proves that the open spheres on the real line R are open interya} 
ais, 


Example 5: 


Let d be a Pseudo metric on X Define a relation on X by settin 
iff d (x, y) = 0. Show that this relation is an equivalence relation a f: 
ose 


| Oe equivalence class can be made into a metric space in a natura] 
2 Si Solution: Let d be a Pseudo metric on X so that 
hen Y x, y, z € X we have 
ah. (1) d(x, y)? 0 
te (2) d(x, y) = d Q, x) 
Wi (3) d (x, x) = 0 


(4) d(x, y) + d (y, z) ° d (x, 2) 
Define a relation ~ on X s.t. 
x ~y iff d (x, y) = 0 
To prove that ~ is an equivalence relation 
(i) ~ is reflexive 
For d(x, x= 0 
= x ~ x, by (3) 
(ii) ~ is symmetric. 


For x~y >d(x,y)=0 


>y~x 


(ili) ~ is transitive. 
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For Ca¥ yak 

=> dj y)=0=4d0,3) 

=> E a 

E d (x, z) <0 

But d (x, Z) 2 0, by (1) 

mhe > d E 2) =O E ¥ 
Thus we have proved that ~ is an equivalence relation of X. b. 


X into family of disjoint subsets of X, 
lass determined 


6 = ee 


Hence the relation ~ decomposes 
known as equivalence classes. Let [X] denote the equivalence € 
by x € X and let C be the set of all equivalence classes, 

AR c-i 2 © A] 
f:CxC>Rst 
f ([x,]; I mS d (x, £) 

where [x,], klec 

Then f is a metric for C on account of the fact that d is a pseudometric 
on X. The metric f defined as above is called natural metric for C. 


Define a map 


Example 6: 


- Let X be a non-empty set and let d be a real valued function of ordered 
pairs of elements of X which satisfies the following conditions: 


Gdp =i ers 
(ii) d (x, y) så z) +d z) 
Then prove that d is a metric on X. 
Solution: 
(1) To prove d(x, y) 2 0. l 
By (ii), d (x, x) = d (x, z) + d (x, 2), on putting x = y- 
or, 0 < 2d (x, 2) by @) | 
or, d(x, z) 29 
or, dA 2 0 
(2) To prove d (x, y) = d (y, x): | 
putting z = x in (il), | 
d(x,y) <0+d0, xX) | 
or, d(x, y) <4, x) 
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interchanging x and y, 


dy, x) £ d (x, Y) 
Combining the last two, d (x, y) = d (Y, x). 


G) d & Y) = 0 © x = y by (Ù) 

(4) To prove d (% z) + d (z Yy) 2 d (x, y) 
using (2) in (ii), dO Y) $ d (x, 2) + d (z, y) 
o d(x 2 +d y) zd (x, y) 


Remark : This gives an alternative definition of metric 


Example 7: 


In any metric space (X, d), show that A C X is closed iff 4 


Solution: 


Let (X, d) be metric space and A C X . Firstly we shall establi 
ISh the 


following lemmas : 


(i) 4 Is closed and A c A. 
i (ii) F > A, F is closed > F > C 


By definition, 4 = O{F c X : F is closed, F > A} 


or A, (i) Since an arbitrary; intersection of clos i 
be d atl 
i 7 is closed i: 
Vy By (1), ADA 
re (ii) Suppose F c X is closed and F > A. 
i 


F > 4. -E.D. lemma (ii) 


Now we come to the proof of actual theorem 


ie = : ; 
ee A. We claim A is closed. By (i). A is closed 
A is closed, A= A = is closed | 


ae Conversely let A be closed. To prove that A = A 
* ; By the lemma (i), A c A. 


By the lemma (ii), f i 
, f is closed, F pT 
Since A > A for every set A 2A => hoo 


In particular (3) gi 
gives A is closed = 
From (2) and (4), A= 4 AD he ae 


! a This concludes the problem 
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Example 8: 


Describe open spheres for the usual metric on R’. 
Solution: 
Let d be the usual metric on R? so that d is given by 
de 9) 7 (1G, = BY tO a ba 
where x= (xX, y) = RY, y = y y) € Kz 
Let Z = Xy y) € R? and r > 0 be any real number 
SE) {(x, y) € R2: z= (x. y), 4G 2 r} 
= {(x, E E z= Mx - xP +O - WK 
= {(x, y) ER: &- a fase 8 yy =m) 
This proves that open sphere S(Z,) is the interior of the circle 
(x — Xx) + (y-y, = r?, where Z, = (ko Yo) 
Example 9: 


Describe open sphere of unit radius having the centre at (0, 0) for each 
of the following metric on R. 


e l (i) d, (2, z) = E * ly, - yal 
(ii) d, (Ep Z} = ma. i= S ly, - yV} 
where z, = (%p y) 4S (Y) € RE 
Solution: 
Let z, = (0, 9), 2 = (x, y) € R’. 
To determine S,(z,). 
S(z) ={a& yeR: d, (, 2) < 1} 


Step (i) 
= (x, y)e Rs k- Ary- 
= (x, y) € Re: kl + yi <B 
..(2) ; This shows that the open sphere S,(z,) is the interior of the square 
.Q) w bounded by the lines 
xty=1—-x-y=bL—-xty= l,x-y=l. 
(4) a Step (ii) Sz) = (x y) € R : d, © z) < 1) 


= {(x, y) € R? : max. {ix — 0l, ly- Ol} < 1} 
= {(x, y) € R? : max. {ix} ly} < 13 


bounded by the lines 


This proves that the open sphere S(z,) is the interior of the square 
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Example 10: 
Show that C the set of complex numbers is metric space un der th 
the 


d defined as follows: 
lz IFS | 


i heat) [iet] 


Solution: 
Let Z, Z, Z, be arbitrary complex numbers . It is given that 


lz =22| 


To prove that (C, d) is a metric space. 


ae 


We know that |z| > 0 for every complex number z 
If view of this, (1) says that d(z,, z,) 2 0. 
Since |z, - z,| = |z, - z,|. In view of this, (1) > “a 


d (z,, z,) = d (z, z,) 
(2) 


d(z,z)=0@ lzi -22| 


fı + |z, igi: fı + |z Fle 7 


S-zone 
2 =i 
d (z, z) = 0 © z =z, Te 
d(z,z)+d (z,, Z,) A 


= — al k-z 


[t+ P] [t+ feo f] heP] heef] 
> EA 
har PPI a a 
fise P] f+ P] fi + zs ak 
+ lz, -23| 


Loo ar o 
fi + lz, P| f Hg P] fı ie ff 


a f =a - 43 2 
[i + la P] [i + len P] [1+ zs (| 
kzı -23| 


[irap] [r+ Py” iet 


|z -Z3| 


vz =4 (21,23) 


4 |i + \z, ike |i + \z3 P| 


or d(z,,z)+d@,z) 2d @, Z) 


Example 11: 


(4) 
From (1), (2), (3) and (4), it follows that (C, d) is a metric space. 


Show that the function d defined by d (p, d) = lp -= q\\, where p, q are 


vectors in a normal space V, is a metric on V. 


Solution: 


Ifp,q,r eV and K is any scalar, then by def. of normed vector space, 


(N,) |p -al 29 WN) |p -a| =9 e P= 0 

(N,) [Hell = K le |, (Xd lle + alls lel + lal 

We have d (p, q) = lp - q| 

Using (N,) in (1), we find that d (p, q) 2 0 

Using (N,) in (1), we see that 

d (p,q) =0 = |p-q| =0 o> p=4q=0 

DETA 

or d (pẹ, 0 =0pF=q 

Using (N,) in (1), we see that 


1) 
M) 


...(M,) 
~M) 


d(q,p) =la - pl=\(- D æ -@)| =le -al = 4 (2.9) 


or d (q, p) = d (p, 9) 
Using (N,) in (1), we see that 


d(p,r) =p -r| =|(e -9) + (ar) < le- al+la -rl 


d (p, q) + d (q, r) 
d (p. r) < d (p, q) + d (q, 1) 
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From (M,), (M ), (M,) and (M,), it follows that (C, d) is a metric spad 
i 2 Pe 


Example 12: 
In a metric space (X, 
point of it. Prove that 3 an open 


D SESE r) is an open sphere and p i 
sphere T = S$ P, 9 54. T ES, ra 
Solution: 
p E S (Xy 
Take e < r, then x € Sped 
d(x, p) <T- d (P %) 


1) 2 d (px) <r >T- 9 @ %) =i O 
(x, p)<e <1, > d(x, p)<r 
1 


or 


or d (x, p) + d (P, AIET 

or d (x, X,) < d(x, p)+d(p, X,) <1 

or d (px) st 

or x € S (x,, 1) M) 
Thus xeS(p,£€) >XE S (X r). 


Hence S (p, £) E S Xy r)or TCS. 


Example 13: 

If G, G, are open sets in metric space (X, d) and (X, d) thenG x 
G, is open in the product metric space (X, d. : 
Solution: 


Let x = (x,, x), ¥ Yp y,) € X = X, x X, then x, y, € X, and x, y 
e X, Letx € G, x G,, then x, € Gs, eG a 


By def. of open set, 


KeG >ar > 0stS (&, 1) & G, me 
Similarly, S (x, r,) c G, ...(2) 
By (1) and (2), 

S (x, 17) x S (x, r) C Gx G, (3) 


Take r = min {r,, r,}, then 7 < MESE 
S (xp r) x S (xr) cs Gt) * Si ie G x G, 
or S(x, r) c G, * G, for any x € G xG 
; i 2 
By def., this proves that G, x G, is open. 
Example 14: 


In a metric space, prove that d (A) = d( A ) 
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Solution: 
Evidently A c B > d (A) < d (B). = 


But A c A and so that d (A) < dA} y 
Let x, y E€ A> then $ u, v € A St. i 
d (x, u) < r, d (u, v) < r where r > 0. |. 


But d (x, y) < d (x, u) + d (u, V) + d (v, Y) 

< d (u, v) + 2r < d (A) + 2r 
or d (x, y) <£ d (A) + 2r. 
For d (A) = sup d (x, y) where x, y € A. n 


This> d(q) <4 (A). 
Combining (1) and (2), d (A) = d(X )- 


Example 15: ! 
Every set in a discrete metric space is open. | 


Solution: 


Let (X,d) be a discrete metric space. Let x, y € X be arbitrary. | 
By def. of discrete metric, d (x, y) = a | 
Let r be any positive real number s.t. r < 1. | 
Then S(x) = {ye X:d0, x9 <r<1} | 


= {ye X:dty,x i 


= {y e X : d (y, x) = 0, by def. of d. | 
= fy e X : y= x} = {0}. | 
or, S = {0}- j | 
But every open sphere is an open set. | 


. {x} is an open set in X V x € X. 
If A= (kee 7 i= finite set c X, then 


n 
A= : Í 
el {x} = finite union of open sets. 


= open set. 
Hence every finite sub set of X is open set. hh) 
If B= {x, 3X5 ..} c X, then 


B is an infinite subset of X. 


E 
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B= W {x,} 


tai r=l Inner Product Spaces 


3 p, (x, z) + P3 (x, 2 =P & Z). 
From what has been done it follows that p is 4 metric on X- 
Moreover (1) = P (x, yY) Z Pi (x, y) for i= 1, 2. 


Hence p is the required metric. 


= Arbitrary union of open sets 
= open set, by Theorem 8. 
> B is an open set, j 
From (1) and (2); it follows that every subset (finite or infinit -A 4 
®) ig oe | Example 17: 
Show that the map d:R xR? R 
define by d (x, y) = max fx, -yb Pa yA- 
where x = Elh y= Or y) ER, 


is a metric on KE. 


open set in X. 


Example 16: 
Let P, and p, be metrics on the same set X, show that the 
p on X such that re exists q metri 
Ie 
plu y) 2p, 6 y fri=l,2 
and Vx, y E X. 4 
3 Solution: 
7 Let x = (x, X) Y 7 Op y,), 
let 
d (x, y) = max {|x, - y,b IX, — yal} 
(i) d(x, y) = 0- 


Solution: z= (Zp Z,) be arbitrary elements Or R?. Also 


Let p, and p, be metrics on the same set X, Let x, y 
»>J? 


z 
To prove that 3 a metric p on X st. E X be arbitrary 


p (x, y) 2p, & y) fori=1 2 f 
Wri X ; a Since modulus of uantity ;i Š i 
e (x, y) =p, (% y) + p, (% y). " d Ke 3 w me ic i poran 
ii claim p is metric on X. ai l Hdi: ; iff x =Y. 
(i p(x, y)20 i For d(x y) = 0 <> mardie, — Yib P= A A 
F ek -yl=0= xX- 
a p, (x, y) 20, p, (x, y) 2 0. a ! ee 1 Ş Ix, Yal 
p% y) = 0 iffx =y ae : eo : 
ot = (, x) T, Y 
j 1, 2, <2 


For 
S p(x,y)=0 ©p (x 
P, (% Y) +p, GG ym Pome, rected 
Since p, and >p (x, y) =0= eet Gi) doo = de s) 
p, both , P a 
f z are non-negative. 2 (x, Y). i For |a — b| = |b — al and so 


dii) PR Ox=y 2 max.{|x, — Yb IX, — Yal}= max fly, — Xb Y, — Xa} 
lenei P (x, y) a (iv) d(x, y) + d O, 224% 2) 
1 Y to (y n: fem = 
p (x oy x) = p, (x, y) + p, (x, y) = pe a y =m Oe 

p, (x, y) = ; i 4 = max. (K, =y, +V, — Zb a Yat Ya AP 

()p (%y) + p(y, 2) > ‘ X) P, (x, Y) = p, O, x) A < max. (x, = Yi) + y, ~ Zh Ba = y+ ya = AB 
For p (x, y) + p (y, a fi P (x, z) 3 < max. {\x,— Yı) IX, — Yıl} + max. ily, - zb Ya- z\}- 

Pi (x, Y) + P, (x, y) + p, (y, Z) + : -ewa 
1% z) + p, 0D The above facts lead to the conclusion that d is a metric on R? 


[p, (x, 
% Y) + p, O, 21+ Ip, x, y) +p, O, 2] 
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Example 18: 
In every metric Space, all finite sets are closed 
€ t 


Solution: 
Let (X, d) be a metric space. 
To prove that every finite subset of X is closed. 
For any subset A of X, we know that 
A =i Rid @ A) = 9) 
Let p € X be arbitrary. 


Then {p} = {x e X: d (x, {p}) = 0) 
= {p} 
d(x pj) =O>xeE {px =p 
tp} = {2} 


Showing thereby, {p} is closed in X. 


Hence every singleton set in X is closed. Moreover a finite un; 
closed sets is closed. A finite set is a finite union of singleton set union of 
every singleton set is closed. S in which 


Example 19: 


Given an example of two closed subset A and 
B 
that d (A, B) = 0, but A/B Ø. 4 


Solution: 


the real line p such 


Let d be the usual metric on R. Write 


N,-4{2,3,4,5...} = {0 1 nem 
A=, 3, A Sanch 


] 
B= (23. ne A, gf 
a ee ee Cae 
Then A and B are expressible as 


A= {n:neN}, 


l 
B=\nts nen, 
Ifn € A, then n + 


A 1/ . 
is I/n, which > 0 as n ig T B and the distance between n + I/n andn 


d (A, B) = 


inf {d(x y) : x E€ A,y € B} 
“ifix yji eA 


255 


Inner Product Spaces 


= inf (In: ne A,n+ In € B) = 0. | 
Thus, d (A, B) = 0. Also A cB = Z. > 


Therefore A and B are the required sets. 


> 

Example 20: i 
Every set in a discrete metric space is open. | 
Solution: \ 


Let (X,d) be a discrete metric space. Let x, y € X be arbitrary. 


7 lifx#y 
By def. of discrete metric, d (x, y) = nee sy 


Let r be any positive real number s.t. r < 1. 
Then srx) = fye X:d0, x% <r< l1} 
=fyeX:dty,x) i 

= {y € X : d (y, x) = 0, by def. of d. 
= fy eX: y= x} = {0}. 

or, S300 {0}. 

But every open sphere is an open set. 

z. {x} is an open set in X VxeX. 

If A = {X,, X os x,} = finite set C X, then 


n 
A= | {x} = finite union of open sets. 


= open set. 
Hence every finite sub set of X is open set. iG 
If B = {X,, X» Xp .-} C X, then 


B is an infinite subset of X. 
Now pou Gù 
r=1 
= Arbitrary union of open sets | 
= open set, by Theorem 8. 
z. B is an open set, .-A2) 


From (1) and (2), it follows that every subset (finite or infinite) is an l 
open set in X. 


Corollary : In a discrete metric space, every subset of X is closed. 
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Solution: We know that G is open 
ag = O's closed set. 
of a discrete metric space (X, d), then A ; 
S 


again sub set of X and so A' is open Cone 
í e 


ox 
Let A be a subset 
Also A' = X - A is 

A is closed. 
Thus every subset of 


Open, 
quently 


X is open as well as closed. 


Example 21: 
A finite set in any metric space has no limit point. 


Solution: 

Let A be a finite subset of a metric space (X, d). We know wad 
is a limit point of any set B if every open sphere S „contains an eo 
number of points of B other than x." ntinite 


This condition can not be satisfied here as A is finite set 


Hence A has no limit point. 


Example 22: 


Let C be the set of all real valued bounded conti j 
bpw ntinuous functions defined 


If d is defined by 
d f g0 = sup (f (x) -8 (x) |:x €[ 0, 1} 
then d is a metric on C, where f, ge C. 


Solution: 


Let f, g, h € C and x € [0, 1] be arbitrary. Then 
(1) d (f, g) > 0. For mod of any thing > 0. 
(2) d (f, g) = d (g, f). For |f (x) 

, Ê). -= 8 &) = le @&)-f@)|. 
G)d(£g)=-0Oof=g A 


For sup {|f (x) - g (x) |: x € [0, 1]} =0 @ |f (x) -g @) |] =0 


© f (x) - g (x) Vx 


| 
: 


ga ? 


© fs g S { 

K To prove d (f, h) < d (f, 2) +d (gh) oe 

“a If-hl=|f-g+g—n | A 

< |f- g| + |g — hi a 
This => sup : 


f Ei 
E69 = h GO| < sup |f (x) — g (x) + sup Ig C — HOO 
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= d (f, h) < d (f, g) + d (g, h) 


From what has been it follows that d is a metric on C. 


Example 23: 
Let X be a non-empty set and let d be a real valued function of ordered 
pairs of elements of X which satisfies the following conditions: 


(i) d (x, y) =0 ©x=y 
(ii) d (x, y) <d (x, z) + d (y, 2) 


Then prove that d is a metric on X. 


Solution: 
(1) To prove d(x, y) 2 0. 
By (ii), d (x, x) < d (x, z) + d (x, z), on putting x = y. 
or, 0 < 2d (x, Z) by (i) 
or, d(x, z) 20 
or, d(x, y) 20 
(2) To prove d (x, y) = d (y, x). 
putting z = x in (ii), 
d (x, y) < 0 + d (y, x) 
or, d (x, y) < d (y, x) 
Interchanging x and y, 
d (y, x) < d (x, y) 
Combining the last two, d (x, y) = d (y, x). 
(3) d (x, y) = 0 & x = y by (i) 
(4) To prove d (x, z) + d (z, y) 2 d (x, y) 
Using (2) in (ii), d (x, y) < d (x, Z) + d (z, y) 
or, d (x, z) + d (z, y) 2 d (x, y) 
Remark : This gives an alternative definition of metric. 


Example 24: 
In any metric space (X, d), show that A c X is closed iff A = 4 


Solution: 


Let (X, d) be metric space and A c X . Firstly we shall establish the 
following lemmas : 
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(i) F is closed and A c A. 
(ii) F > A, F is closed > F > i 


By definition, AANE CA F is closed, F > A}, 


(i) Since an arbitrary; intersection of closed sets is closed and heri 


7 is closed. 
By (1), ADA 
(ii) Suppose F C X is closed and F > A. 


- F is one of those members whose intersection is A and benti 
F> 4. ED. lemma (ii) 
Now we come to the proof of actual theorem. 
Let A = J. We claim A is closed. By (i). A is closed. 
7 is closed, A = A = is closed. 
Conversely let A be closed. To prove that A = A: 
By the lemma (i), Ac 4. 


2 By the lemma (ii), f is closed, F > A >F > A. e 
Pei Since A > A for every set A. 
re In particular (3) gives A is closed, A > A => A > A (4) 
From (2) and (4), A= A. 
Pa This concludes the problem. 


Example 25: 
/n any metric space (X, d), prove that A is open 
© A’ = A. 


Solution: 


Let A be a subset of a metric space (X, d). By def. of interior, 
A =u {S.. z es c A} AL) 


Since every open s 
: phere is an open set and arbitr. i 
sets is open. Consequently, ary union Of aay 


A° is an open set. 


oF Re ie 
By (1), it is clear that A° c A a 
and A° is largest open subset of A. A) 
(i) Given A = A° 6) 


Aim. A is an open set 
(2) and (5) > A is an Open set. 
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(ii) Given A is an open set (6) 
Aim, ARA 
(4) and (6) > = A A® 
Example 26: 
Show that a subset F of a metric space X is closed iff 
ix eX: dt =O ar 


Solution: 
Let (X, d) be a metric space. 
Let F c X be closed. 
To prove that 
{fx oe Xd FA oe 
We know that F ={x € X: dF) = 9), 
F is closed => F =F> FCF 
=> {x e X: d(x, F)=0} cP. on using (1) 


Conversely suppose that F is a subset of a metric space (X, d) with the 
property that 


xex: da Eek she} 
To prove that F is closed, it suffices to show that F = F. 
But F = {x e X: d (x, F) = 0} for any set Fc X. pee 
Now (2) and 3) > F cF AA) 
But Fc F VF 5) 


Combining (4) and (5), F =F. 
Example 27: 


In every metric space, all finite sets are closed 


Solution: 
Let (X, d) be a metric space. 
To prove that every finite subset of X is closed. 
For any subset A of X, we know that 
A = {xe X:d (x, A) = 0} 
Let p € X be arbitrary. 
Then {P} = {x € X: d(x, {p}) = 9) 


ný 


uy 


Solution: 


Solution: 


Example 28: 
If d is a metric on X, prove that the metric p defined b 
d(a,b) 4 
1+ d(a,b) 


Show 
Hence every single 
closed sets is closed. A 


= {p} 


dix, phare Po *"P 


{p} = {P} » 


p (a,b) = 


is also a metric on X. 


Example 29: 


Let R be the set of all real numbers and let 
d(x,y) = 


Prove that d is a metric for R. 


Do yourself. 


BAe 
1+|x- y| 


Let x, y, z € R be arbitrary. 


Let p(x,y) =|x - yl. 

Then (1) => p (x, y) 2 0. 

For modulus of an 

y quantity is always $ ; 
(2) p(x, y)=0  iffx = y YS non-negative 
For 
P (x, y)=0 
(3) 


(4) 


For 


>|x-y/=0>5x=y, 


P (x, y) = p (y, x). 


k- y= ly- xl 
P (x, y) + p (y, Z) = p(x 2) 


ing thereby, {p} is closed in X. 

ton set in X is closed. Moreover a fj 
finite set is a finite union of single 
every singleton set is closed. Accordingly every finite set in a 


is closed. 


for all x, y, € R. 
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For 


1.2.5 


The above argume 


pa y) + PO 2) = 


sik yt y= 
p (x, y) +p 2 


\x -3| 


yi +y - 4 
= x-z = p &% 2) 


>p (x, Z). 


nts prove that p is a metric on R. 


By what is given d = 14 |x- yl 


This is expressible as 


where p is a metric on R. W 


Example 30: 


Let p, and p, be metrics on the 
pon X such that 
p(x, y) 2p, % y) fori 


and Vx, y €%. 


Solution: 


Let p, and p, be metrics 0 


p (x,y) 


aD) = Te p(x) 


e have to prove that d is a metric on R. 


same set X, show that there exists a metric 


=1,2 


n the same set X, Let x, y, Z e X be arbitrary. 


To prove that 3 a metric p on X s-t. 


Write 
We claim p is metric on X. 


(i) 


(ii) 


For 


p (x, y) 29 
p (x, y) 20, P, & y) =O 
p (x, y) = 0 iffx=y 


p (x, y) Z Pi (x, y) fori=1,2 
p (x, y) = P, & Y) + Pr (x, y). 


eee) 


p (x, y) =9 © p, (% ¥) +P, % ¥) = 9 


ep (% y) = 9= 7, & y) 


Since p, and P, both are non-negative. 


(iii) 


For 


a i ah 
pyp y) 
p(y, x) =P, & *) + 
p (x, Y) 


p, Y, x) =P, & Y) + Pr (x, y) 


} 
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p, (x. y) = Pi CY, Xs Pa (X, Y) = p, O, x) 
äv) p xy +p O, z) 2P% z) 
For p (x, y) + P ©, Z) = P, (% Y) + P, X, Y) + p, (y, z) + 
[p, % y) +p, % 2] + [P, &% Y) + p, (y, 2] 
> p, (x, Z) + P, (x, Z) = p (x, 2). 
From what has been done it follows that p is a metric on x 
Moreover (1) > p (x, y) 2 p, (x, y) for i = 1, 2, 
Hence p is the required metric. 


EXERCISES 


1, Let X be a metric space. Show that every subset of X is 
subset of X which consists of a single point is open o 


2, Let X be a metric space with metric d, and ] 
> etd, be th i 
Show that the two metric spaces (X, d) and (x. d a ies defined, 
the same open sets. (Hint: show that they have the sine p oo 
with one exception. What is this exception?) “Per spheres 


3. IfX=X, x X, x... X X, is the product, and if d 
on X defined in that problem, show that the two 
and (X, d) have precisely the same open sets 
case the spaces do not have the same open sp 

4. Let Y be a subspace of a metric s 


the metric space Y. Show that A 
the intersection with Y ofa set w 


and 3 are the metrics 
metric spaces (X, d) 
Observe that in this 
heres. 

pace X, and let A be a subset of 
1S Open as a subset of Y <> jt j 
aa | hich is open in X : 
- Describe the interior of each of the | 


the set of all integers: 
gers; the set of all rati : 
(0, 1); [0, 1]; (0, 1) U 41, 2}. Dot onale; the set of all irrationals; 


subsets of the com 


lex plane: {7- 
[z:R(z) is aan ne Aes 


6. Let X be an ue 
y topological s 
that the projection mac.,: pace and let Y beac 
F projection mapping w edod ee ompact space. Show 
- Show that each pr Pping of X x Y into Y. 


ojection ma 
m pr, of ; 
ap onto X, x, Of the product space is a continuous 


8. Show that 
the product s 
completely regular spac 5 ace of two completely regular spaces is a 
9. Let x 3) i=] 2 
collection B IEA 
base for a to 


ry > N be 
=I {G, £ G, A 


pology for Kite sae voy MY IS 


P, (y, 2) 


pen > each 
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[The topology W generated by B in exercise 10 above is called the 
product topology for the set X, * X, * o X,, = X, say and (X, W) 
is product space of the given spaces. The mapping Ty: X> X: 
n, a ¥ x € X where X = XAA N is called the 


x 
i-th projection mapping or the i-th projection]. 


10. Show that the product space of two separable spaces is a separable 
space. 

11, Suppose X ard Y are compact spaces and v is an open cover of 
x x Y. Prove that for every y € Y there exists an open set vy in Y 
containing Y such that, X x V, is covered by finitely many members 
of U. Hence show that X x Y is compact. 

12. Prove that X is Hausdroff if and only if the diagonal in X is a closed 
subset of X x X. 

13. Prove that the product of two locally connected spaces is locally 
connected. 

14. Show that the product topology W is the smallest topology for the 
set X, x X, x... * X, for which each projection 7, is continuous. 

15. Let f: X Y be onto, where Y is a topological space. If X is given 
the weak topology induce by f, show that f becomes a quotient map. 

16. Show that each coordinate space X of a product space Xx {XÀ 
e L} has a quotient topology induced by the projection 1,- 

17. Let X and Y be topological spaces and if X/R is the quotient space 
of X, show that any continuous function f : X —= >Y induces a 
continuous functions g from X/R onto Y, provided (x, y) € > f (x) 
= f (y), Le, R c (04 y) : £&) = EG 


18. A function g of a quotient space X/R into a space Y is continuous 
if and only if the compositive function g O 7, where m denotes the 


quotient map is continuous on the space X. 


19. Let f : g be maps from a set X onto two topological spaces Y, and 
Y and let X have the weak topology induced by {f, g}. Show that 


g need not be the quotient map. 


20. Show that a space X is. Hausdorff if and only if its diagonal 


L = {x, x): x € X} is a closed set in the product space X x X. 
21. 


— 


in X = nX, where à is an infinite set ?- 
AES 
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If F, is a proper closed set in X,, is it true that F = nF, is closed 
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22. Let X = x {Xx 4 € A) be a product space. Prove that x { 
e A} is dense in X iff A, is dense in X, for every À e 4 AL:A 
23. Let X = x {X : € A} be a product space. If A, CNE 
à e A, show that x {A,. à e A} (where each A, has the ae each 
topology has the same topology as it is considered as a subeat eae 
o 
24. Assuming that the product of two connected spaces is conn X. 
prove that the product of any non-empty family of connected ected, 
is connected. Spaces 
25. Show that the product space X = x {X,: 4 € A} is T,-s i 
3 -space 
coordinate space X, is To. o-Space iff each 
26. Prove that a non-empty, product space of a countable numb 
separable spaces is separable. er oi 
27. Show that a non-empty subset A of a Banach space is bounded 
there exists a real number K such that ||f| < K for every x in a 


28. Let X and Y be metric spaces with metrics d} and d,, and {f } {f 
be a sequence of mappings of X into Y which converges kee 
to a mapping f of X into Y, in the sense that f (x) + f(x) for re 
x in X. Define what ought to be meant by the statement eo 
converges uniformly to f, and prove that under this asin i i; 
continuous if each f, is continuous. BZ 
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